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HE Opinions of the Moderns concerning the Author of 
the Elements of Geometry, which go under Euclid's 
name, are very different and contrary to one another. Peter 
Ramus aſcribes the Propofitions, as well as their Demonſtra- 
tions, to Theon; others think the Propoſitions to be Euclid's, 
but that the Demonſtrations are Theon's; and others main— 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own. John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this laſt, and the greater 
part of Geometers have ever fince been of this Opinion, as 
they thought it the moſt probable. Sir Henry Savile, after 
the feveral Arguments he brings to prove it, makes this Con- 
cluſion (Page 13. Praelect) “ That, excepting a very few 
© Interpolations, Explications, and Additions, Theon altered 
« nothing in Euclid.” But, by often conlidering and com— 
paring together the Definitions and Demonſtrations as they 
are in the Greek Editions we now have, I tound that Theon, 
or whoever was the Eaitor of the preſent Greek Text, by 
adding ſome things, ſuppreſſing others, and mixing his own 
with Euclid's Demonſtrations, had changed more things to 
the worſe than is commonly ſuppoſed, and thoſe not of tmall 
moment, eſpecially in the Fifth and Eleventh Books of the 
Elements, which this Editor has greatly vitiated; for inſtance, 
by ſubſtituting a ſhorter, but inſufficient Demonſtration of 
the 18th Prop. of the 5th Book, in place of the legitimate 
one which Euclid had given; and by taking out ot this Book, 
beſides other things, the good Definition which Eudoxus or 
Euclid had given of Compound Ratio, and giving an abſurd 
one in place of it in the 5th Definition of the 6th Book, 
which neither Euclid, Archimedes, Appollonius, nor any 
Geometer before Theon's time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in any of 
their Writings ; and, as this Definition did much embaraſs 
Eeginners, and is quite ulelefs, it is now thrown out of the 
Elements, and another, which, without doubt, Euclid had 
given, is put in its proper place among the Definitions of the 
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sth Book, by which the Doctrine of Compound Ratios is ren ; 
dered plain and eaſy. Beſides, among the Definitions of the 
11th Book, there is this, which is the 1oth, viz. “ Equal 
| & and ſimilar ſolid Figures are thoſe which are contained by 
[i « ſimilar Planes of the ſame Number and Magnitude.” Now, 
| this Propoſition is a Theorem, not a Definition ; becauſe the 
f equality of Figures of any kind muſt be demonſtrated, and 
not aſſumed; and, therefore, though this were a true Propo- 
| ſition, it ought to have been demonſtrated. Bat, indeed, this 
| Propoſition, which makes the 1oth Definition of the 21th 
| Book, is not true univerſally, except in the caſe in which each 
| 


of the ſolid angles of the Figures is contained by no more than 
three plane Angles; for, in other Caſes, two ſolid Figures may 
be contained by fimilar Planes of the ſame Number and Mag- 
nitude, and yet be unequal to one another ; as ſhall be made 
evident in the Notes ſubjoined to theſe Elements. In like 
manner, in the Demonſtration of the 26th Prop. of the 11th 
Book, it is taken for granted, that thoſe ſolid Angles are e- 
qual to one another which are contained by plain Angles of A 
| the fame Number and Magnitude, placed in the ſame Order; 3 
but neither is this univerſally true, except in the caſe in which 3 
| the ſolid Angles are contained by no more than three plain 
Angles; nor of this Cate is there any Demonſtration in the 
) Elements we now have, though it be quite neceſſary there 
| ſhould be one. Now, upon the toth Definition of this Book 
depend the 25th and 28th Propoſitions of it; and, upon the 
| 25th and 26th depend other eight, viz. the 27th, 31ſt, 32d, 
33d, 34th, z6th, 37th, and 40th of the ſame Book; and the 
12th ot the 12th Book depends upon the eighth of the ſame, 
and this 8th, and the Corollary of Propoſition 17th, and Prop. 
18th of the 12th Book, depend upon the gth Definition of the 
11th Book, which is not a right Definition ; becauſe there may 
be Solids contained by the ſame number of ſimilar plane Figures, 
which are not ſimilar to one another, in the true Senſe of di— 
milarity reccived by all Geometers; and all theſe Propoſitions 
have, tor theſe Reatons, been inſufficiently demonſtrated ſince 
Theon's time hitherto. Beſides, there are ſeveral other things, 
\ which have nothing of Euclid's accuracy, and which plainly 
Mew, that his Elements have been much corrupted by unſkil- 
ful Gcometers; and, though theſe are not ſo groſs as the o- 
thers now mentioned, they ought by no means to remain un- 
corrected. | | 
Upon theſe Accounts it appeared neceſſary, and I hope will 
prove acceptable to all Lovers of accurate Reaſoning, and of 
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Mathematical Learning, to remove ſuch Blemiſhes, and re- 
flore the principal Books of the Elements to their original Ac- 
curacy, as far as I was able; eſpecially ſince theſe Elements 
are the Foundation of a Science by which the Inveſtigation and 
Diſcovery of ufeful Truths, at leaſt in Mathematical Learn- 
ing, is promoted as far as the limited Powers of the Mind al- 
low; and which likewiſe is of the greateit Uſe in the Arts 
both of Peace and War, to many of which Geometry 1s abſo- 
lutely neceſſary. This I have endeavoured to do, 10 taking a- 
way the inaccurate and falſe Reaſonings which unſkilful Edi— 
tors have put into the place of ſome of the genuine Demonſtra— 
tions of Euclid, who has ever been juſtly celebrated as the moſt 
accurate of Geometers, and by reſtoring to him thoſe Things 
which Theon or others have ſuppreſſed, and which have theſe 
many ages been buried in Oblivion. | 

In this Sixth Edition, Ptolemy's Propoſition concerning a Pro- 
perty of quadrilateral Figures in a Circle is added at the End of 
the ſixth Book. Alſo the Note on the 29th Prop. Book iſt, is 
altered, and made more explicit, and a more general Demon- 
ſtration is given, inſtead of that which was in the Note on the 
* — —zoth Definition of Book 1th ; beſides, the "Tranſlation is much 
* amended by the friendly Aſſiſtance of a learned Gentleman. 

To which are alſo added, the elements of Plane and Spherical 
Trigonometry, which are commonly taught after the Elemeats 
of Euclid. 
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1 LEM EN TS 


BOOK L 


DEFINITIONS. 


I. 


4 Point is that which hath no parts, or which hath no mags Sec Notes, 
2 nitude. 


2 | II. 
A line is length without breadth. 
: | III. 
The extremities of a line are 8 
A ſtraight line is that which lies evenly between its extreme 
points. 

6 ; * V. 

ſuperficies is that which has only length and breadth, 

| VI. 
The extremities of a W - lines. 


A plane ſuperficies is that in which any two points being taken, Se N. 
the ſtraight line between mew ' wholly in that ſuperficies. 
* A plane angle is the inclination of two lines to one another See N. 
&« in a plane, which meet together, but are not in the ſame 
„ direction.“ | | 
| | IX, pt b 

\ plane rectilineal angle is the inclination of two ſtraight lines 

to one another, which meet together, but are not in the 
lame ſtraight line. 


N. B. 


Book J. 
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© N. B. When ſeveral angles are at one point B, any one 4 


© of them is expreſſed by three letters, of which the letter that 
© js at the vertex of the angle, that is, at the point in which 
© the ſtraight lines that contain the angle meet one another, is 
put between the other two letters, and one of theſe two is 
ſomewhere upon one of thoſe ſtraight lines, and the other 
upon the other line: Thus the angle which is contained b 
the ſtraight lines AB, CB is named the angle ABC, or CBA; 
that which is contained by AB, DB is named the angle 
ABD, or DBA ; and that which is contained by DB, CB is 
called the angle DBC, or CBD ; but, if there be only one angle 


at a point, it may be expreſſed by a letter placed at that point; 
as the Angle at E. 
X. 


When a ſtraight line ſtanding on ano- 
ther ſtraight line makes the adjacent | 
angles equal to one another, each of 
the angles 1s called a right angle; 
and the ftraight line which ſtands 
on the other 1s called a perpendicular 
to it. | " r 

1 <q 
An obtuſe angle is that which is greater than a right angle. 
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XII. 


An acute angle is that which is leſs than a tight angle. 


« A term or boundary is the extremity of any thing.” 
XIV. o 
A figure is that which is incloſed by one or more boundaries. 


? 
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| XV. Book I, 
A circle is a plane figure contained by one line, which is cal 
led the circumference, and is ſuch that all ſtraight lines 
drawn from a certain point within the figure to the circum- 
ference, are equal to one another: 


XVI. 3 
And this point is called the centre of the circle. 
>, 
A diameter of a circle is a ſtraight line drawn through the See N. 
centre, and terminated both ways by the circumference. 
XVIII. | $45 
A ſemicircle is the figure contained by a diameter and the part 
of the circumference cut off by the diameter. 
A ſegment of a circle is the figure contained by a ſtraight 
% line, and the circumference it cuts off.” 
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- = | XX. 
Rectilineal figures are thoſe which are contained by ſtraight 
lines. | | | 
XXI. 


: Trilateral figures, or triangles, by three ſtrai lines. 
XXII. FE 


* Quadrilateral, by four ſtraight lines. 
; XXIII. . 
Multilateral figures, or polygons, by more than four ſtraight 
lines. | 
XXIV. 


Of three ſided figures, an equilateral triangle is that which has 
three equal ſides. | , 
| XXV. ) 


V An iſoſceles triangle, is that which has only two ſides equal- 
4 XXVI. 
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XXVI. 
A ſcalene triangle, is that which has three unequal ſides. 
| ST 
A right angled triangle, is that which has a right angle. 
. Sen XXIII N 


An obtuſe angled triangle, is that which has an obtuſe angle. 
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XXIX. | 1 

An acute angled triangle, is that which has three acute angles. T 
Of four ſided figures, a ſquare is that which has all its ſides ; 
equal, and all its angles right angles. ; 
wp | 
| . 

1 = 
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- XXXI. 
An oblong, is that which has all its angles right angles, but 
has not all its ſides equal. | 
| XXXII. 
A rhombus, is that which has all its ſides equal, but its angles 
are not right angles. | 


ml 


— 


225 xXXII. 
Sce N. A rhomboid, is that which has its oppoſite ſides equal to one 
another, but all its ſides are not equal, nor its angles right 


XXXXIV. 


OF EUCLID. 
XXXIV. 


4 XXXV. 
Parallel ſtraight lines, are ſuch as are in the ſame plane, and 
7 which, being produced ever 10 far both ways, do not meet. 


POSTULATES. 


- I. 
ET it be granted that a ſtraight line may be drawn from 
any one point to any other point. 


1 
* 
9 


bat a terminated ſtraight line may be produced to any * 
L in a ſtraight line. u. 
I 


And that a cirele may be deſcribed from any centre, at any 
= diſtance from that centre. 


les 


AXIOM Ss. 


J. 
| 1HINGS which are equal to the ſame are equal to one an- 
5 II. 


1 equals be added to equals, as wholes are equal. 
II 


ö Ui equals be taken from equals, the remainders are qual. 


1 equals be added to unequals, the wholes are unequal. 
1 equals be taken from unequals, the remainders are unequal. 


[Things which are double of the ſame, are equal to one another. 
| Things which are halyes of vg ſame, are equal to one another. 
III. 


| Magnitudes which coincide with one another, that is, which 
exactly fill the ſame ſpace, are equal to one another. 
IX. 


one 
ght 


IV. 


all other four ſided figures beſides theſe, are called Trapeziums. ore 
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Book I. IX. 
fue whole is greater than its ** 


Two ſtraight lines cannot incloſe a ſpace- 


All right angles are equal to ons another, 

te If a ſtraight line meets two ſtraight lines, ſo as to make the] 
te two interior angles on the ſame fide of it taken together 
&« Jeſs than two right angles, theſe ſtraight lines being con. 
tc tinually produced, ſhall at length meet upon that fide on 
& which are the angles which are leſs than two right angles. 
See the notes on Prop. 29. of Book I.” 


P R OP . 


- PROPOSITION I PROBLEM, Book I. 
O deſcribe an equilateral triangle upon a given f 
nite ſtraight line. | 
Let AB be the given ſtraight line ; it is required to deſcribe 


an equilateral triangle upon it. 


» the From the centre A, at the di- O 
ther BY ſtance AB, deſcribe * the circle a. 3. Poſtu- 
con. BCD, and from the centre B, at late. 
e on the diſtance BA, deſcribe the 
les. circle ACE ; and from the point 4 
C, in which the circles cut one 
another, draw the ſtraight lines d b. ad. Poſt. 
CA, CB to the points A, B; ABC 
ſhall be an equilateral triangle. | 
Becauſe the point A is the centre of the circle BCO, AC is 
equal to AB; and becauſe the point B is the centre of the © 15th De- 
circle ACE, BC is equal to BA: But it has been proved that CA fin 
is equal to AB; therefore CA, CB are each of them equal to 
Az; but things which are equal to the ſame are equal to one 
another 4; therefore CA is equal to CB; wherefore CA, AB, d. 16 Axi- 
BC are equal to one another; and the triangle ABC is there- om. 
fore equilateral, and it is deſcribed upon the given, ſtraight line 
AB. Which was required to be done. 
0. 8 PROP. II. PR OB. * 
LRoM a given point to draw a ſtraight line equal to 
; a given ſtraight line. 
| Let A be the given point, and BC the given ſtraight line; it is 
| required to draw from the point A a ſtraight line equal to BC. 
From the point A to B draw * 2. 1, Poſt, 
/ the ſtraight line AB; and upon it | 
” [IK defcribe® the equilateral triangle By IP 
{ DAB, and produce © the ſtraight <6. Sul. 
lines DA, DB, to E and F; from 
the centre B, at the diſtance BC, 
deſcribe 4 the circle CGH, and d. 3. Poſt. 


from the centre D, at the diſtance 
DG, defcribe the circle GK L. AL 
call be equal to BC. 


Becauſe 


16 
Bock l. 
Was 
e. 15. Def. 
f. 3. Ax, 


THE ELEMENTS 


Becauſe the point B is the centre of the circle CGH, BC i, 
equal? to BG; and becauſe D is the centre of the circle Gl, 
DL is equal to DG, and DA, DB, parts of them, are equal : 
therefore the remainder AL is equal te the remainder f BG: 
But it has been ſhewn, that BC is equal to BG; wherefore Al, 
and BC are each of them equal to BG; and things that are 


equal to the fame are equal to one another; therefore the 


a. 2. 1. 


b. 3. Poſt. 


c. I. Ax 


ſtraight line AL is equal to BC. Wherefore from the given 
| war A a ſtraight line AL has been drawn equal to the given 
raight line BC. Which was to be done. oy 


* 
7 


= RO P. M. PROB., 


ROM the greater of two given ſtraight lines ro cut 
off a part equal to the leſs, 


Let AB and C be the two gi- 
ven ſtraight lines, whereof AB is 1 
the greater. It is required to cut | 
off from AB, the greater, a part 
equal to C the leſs. 

From the point A draw * the 
ſtraight line AD equal to C; 
and from the centre A, and at 
the diſtance AD, deſcribe b the 
circle DEF; and becauſe A is | 
the centre of the circle DEF, AE ſhall be equal to AD ; but the 
ſtraight line C is likewiſe equal to AD; whence AE and C are 
each of them equal to AD; wherefore the ſtraight line AE is 
equal toe C, and from AB, the greater of two ſtraight lines, 
a part AE has been cut off equal to C the leſs. Which was to 


be done. 


C2 


PROP. IV. THEOREM. 


F two triangles have two ſides of the one equal to two 
ſides of the other, each to each; and have likewiſe 
the angles contained by thoſe ſides equal to one another; 
they ſhall likewiſe have their baſes, or third ſides, equal; 
and the two triangles ſhall be equal; and their other 
angles ſhall be equal, each to each, viz, thoſe to which 

the equal ſides are oppoſite. | 
Let ABC, DEF be two triangles which have the two ſides 
AB, AC equal to the two ſides DE, DF, each to each, viz. 
AB 


AB to DE, and AC to DF; 
and the angle BAC equal 
to the angle EDF, the baſe 
BC ſhall be equal to the 
baſe EF; and the triangle 
ABC to the triangle DEF ; 
and the other angles, to 
which the equal ſides are 


to the angle DEF, and the 
angle ACB to DFE. 
For, if the triangle 


A 


OF EUCLID. 


oppoſite, ſhall be equal each 
to each, viz. the angle ABC B 


CE” 


F 


ABC be applied to DEF, ſo that the point 


ut A may be on D, and the ſtraight line AB upon DE; the point 
B ſhall coincide with the point E, becauſe AB is equal to DE; 
and AB coinciding with DE, AC ſhall coincide with DF, be- 
cauſe the angle BAC is equal to the angle EDF; wherefore 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal to DF: But the point B coincides with 
the point E; wherefore the baſe BC ſhall coincide with the baſe 


EF. becauſe the point B coinciding with K, and C with F,.if 


the baſe BC does not coincide with the baſe EF, two {traight 


lines would incloſe a ſpace, which is impoſtible . Therefore a 10. Ax. 


the baſe BC ſhall coincide with the baſe EF, and be equal 
toit, Wherefore the whole triangle ABC ſhall coincide with 


| angles of the one ſhall coincide with the remaining angles of 

re the other, and be equal to them, viz. the angle ABC to the 

is angle DEF, and the angle ACB to DFE. Therefore, if two tri- 

es, angles have two ſides of the one equal to two ſides of the other, 

to each to each, and have likewiſe the angles contained by thoſe 
ſides equal to one another, their baſes ſhall likewiſe be equal, 
and the triangles be equal, and their other angles to which the 
equal ſides are oppolite ſhall be equal, each ro each. Which 

v0 as to be demonſtrated. ; | 

ile 

r; PROP. V. THE OR. 

4 HE angles at the baſe of an Iſoſceles triangle are 

er | ; 

ch equal to one another; and, if the equal ſides be 

8 produced, the angles upon the other ſide of the baſe 

| all be equal. 

es 

12, Let ABC be an Iſoſceles triangle, of which the ſide AB is e- 

AB | B qual 


\ 


the whole triangle DEF, and be equal to it; and the other 
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Book T. qual to AC, and let the ſtraight lines AB, AC be produced to I 
D and E, the angle ABC ſhall be equal to the angle ACB, and 
the angle CBD to the angle BCE. - 3 


7 


In BD take any point F, and from AE, the greater, cut-off 1 
3 1% A equal* to AF, the leſs, and join FC, GB. 1 
| Becauſe AF is equal to AG, and AB to AC, the two ſides © 
FA, AC are equal to the two GA, AB, each to each; and 
they contain the angle FAG com- file 
mon to the two triangles AFC, A 
AGB; therefore the baſe FC is e- N 
b 43. 1. qual to the baſe GB, and the tri- 
angle AFC to the triangle AGB; 
and the remaining angles of the one 
are equal Þ to the remaining angles 
of the other, each to each, to which 
the equal ſides are oppoſite ; viz. 


# 


þ 
® By * 

: Ft p, 
* | 
_ 
ty 
= 


8 „ 4: 


the angle ACF to the angle ABG, | 1 

and the angle AFC to the angle F G 9 

AGB: And becauſe the whole AF is 'Y 
f equal to the whole AG, of which the D F ; 
ix parts AB, AC, are equal; the re- 


c 3- Ax. mainder BF ſhall be equal © to the remainder CG; and FC was 
proved to be equal to GB; therefore the two ſides BF, FC are 
equal to the two CG, GB, each to each; and the angle BFC is 
equal to the angle CGB, and the baſe BC is common to the two Þ 

1 triangles BFC, CGB ; wherefore the triangles are equal, 

| and their remaining angles, each to each, to which the equal | 

ſides are oppoſite; therefore the angle FBC is equal to theangle Þ 

GCB, and the angle BCF to the angle CBG : And, fince' it has 

been demonſtrated, that the whole angle ABG is equal to the 

whole ACF, the parts of which, the angles CBG, BCF are alſo 
equal; the remaining angle ABC is therefore equal to the re. 

_ maining angle ACB, which are the angles at the baſe of the 

| triangle ABC: And it has alſo been proved that the angle FBC |? 

1 is equal to the angle GCB, which are the angles upon the 0 

| ther fide of the baſe. Therefore the angles at the baſe, &c 

| | CoROLLARY, Hence every equilateral triangle is alſo equi- Wk 

angular. | 


PROP. v. THEOR. 
F two angles of a triangle be equal to one another, 


the ſides alſo which ſubtend, or are oppoſite to, the 2 
equal angles, ſhall be equal tO one another, | | 
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Let ABC be a triangle having the angle ABC equal to the Book 1. 

Engle ACB ; the fide AB is alſo equal to the fide AC. Ng 

off For, if AB be not equal to AC, one of them is greater than 

Ihe other: Let AB be the greater, and from it cut“ off DB e- a 3. 1. 

*Kaual to AC, the leſs, and join DC; there- A 

ore, becauſe in the triangles DBC, ACB, | 
D 


Pb is equal to AC, and BC common to 
poth, the two fides DB, BC are equal to 
he two AC, CB, each to each; and the 
Engle DBC is equal to the angle ACB ; 
nerefore the baſe DC is equal to the 
*Daſe AB, and the triangle DBC is equal | 
o the trianglebd ACPB, the leſs to the 
reater; which is abſurd. Therefore Þ — — C N. 
In is not unequal to AC, that is, it is 
qual to it. Wherefore, if two angles, &c. Q E. D. 

Con. Hence every equiangular triangle is alſo equilateral. 


PROP. VI. THEOR. 


PON the ſame baſe, and on the fame ſide of it, see N. 
| there cannot be two triangles that have tkeir ſides 
hich are terminated in one extremity of the baſe equal 

yo one another, and likewiſe thoſe which are terminated 

MW the other extremity, 


lk it be poſſible, let there be two triangles ACB, ADB, up- 
In the ſame baſe AB, and upon the ſame (ide of it, which have 

heir ſides CA, DA, terminated in the extremity A of the 

Paſe, equal to one another, and like: 6 5 

File their ſides CB, DB that are ter- | 

Pinated in B. 

join CD; then, in the cafe in 

WF hich the vertex of each of the tri- 
Ingles is without the other triangle, 
 , Eccaulſe AC is equal to AD, the angle | 3 
£9" cb is equal“ to the angle ADñC: N 

Pat the angle ACD is greater than 1 Parts 7 
e angle BCD; therefore the angle | B : 

ADC is greater alſo than BCD; 

puch more then is the angle BDC greater than the angle BCD. 
gain, becauſe CB is equal to DB, the angle BDC is equal“ to 
Wc angle BCD; but it has been demonſtrated to be greater 
Wan it; which is impoſſible. 


B 2 But, 
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YN angle ACB; produce AC, AD to E, F; 


&' 8. Is 


- 


tained by the two ſides equal to them, of the other. 


THE ELEMENTS 


bo 
N 


But, if one of the vertices, as D, be within the other tri- 


"A 
1 — 
I 4 * 
9 4 


therefore, becauſe AC is equal to AD 
in the triangle ACD, the angles ECD, 
FDC upon the other fide of the baſe 
CD are equal“ to one another, but the 
angle LCD is greater than the angle 
BCD ; wherefore the angle FDC is like- 
wiſe greater than BCD; much more 
then is the angle BDC greater than the 
angle BCO. Again, becauſe CB is equal A 
to DB, the angle BDC is equal * to the vn 
angle BCD; but BDC has been proved to be greater than the 
ſame BCD; which is impoſſible. The caſe in which the ver- 
tex of one triangle is upon a fide of the other, needs no de- A 
monſtration. : ; 

Therefore upon the ſame baſe, and on the ſame fide of it, 
there cannot be two triangles that have their ſides which are 
terminated in one extremity of the baſe equal to one another, FR 
and likewiſe thoſe which are terminated in the other extremity, FR 


PROP. VII THEOR. 


F two triangles have two ſides of the one equal to two 
ſides of the other, each to each, and have likewiſeF 
their baſes equal; the angle which is contained by the] 
two ſides of the one ſhall be equal to the angle con- 


- * 
4 > af, 9 p 
. 


r Ao SIRE; 


Let ABC, DEF be two triangles having the two ſides Al,“ 
2s N . to = two tides DE, DF, each to each, yiz. AB to 

E, and AC to | 1 8 | 3 
DF; and alſo the A Db G 
baſe BC equal to 
the bale EF. The 
angle BAC is e- 
qual to the angle 
EDF. | 

For, if the tri- \ | | 3 
angle ABC be ap- | | 7 He 
lied to DEF, 1 5 CE f 1 
that the point B be on E, and the ſtraight line BC upon EF; 
the point C {hall alſo coincide with the point F, * Vn 


1 OF EUCLID. 
1 BC is equal to EF; therefore BC coinciding with EF, BA and 


ri. 
Ac ſhall coincide with ED and DF; for, if the baſe BC coin- 
X cides with the baſe EF, but the ſides BA, CA do not coin- 
"XX cide with the ſides ED, FD, but have a different ſituation, as 
EG, FG; then, upon the ſame baſe EF, and upon the ſame 
= ſide of it, there can be two triangles that have their ſides 
u hich are terminated in one extremity of the baſe equal to one 
another, and likewiſe their ſides terminated in the other extre- 
I mity : But this is impoſſible =; therefore, if the baſe BC coin- 
cides with the baſe EF, the ſides BA, AC cannot but coincide 
> with the ſides ED, DF; wherefore likewiſe the angle BAC 
XX coincides with the angle EDF, and is equal® to it, There- 


X tore if two triangles, &c. Q. E. D. 


er- | 
de- | PROP. IX PROB. 
u, 2 O biſect a given rectilineal angle, that is, to divide 
"ny 4 : it into two equal angles, 
er, 
ity, RF Let BAC be the given rectilineal angle, it is required to bi- 
A ſect it. 
Take any point D in AB, and from AC cut a off AE e- a 3. x, 
qual to AD; join DE, and upon it de- 
ſcribe b an equilateral triangle DEF; A i. . 
two] then join AF; the ſtraight line AF 
wiſe | biſects the angle BAC. 
the! & Becauſe AD is equal to AE, and 
A is common to the two triangles D E. 
on Af, EAF; the two ſides DA, AF, 
Fare equal to the two ſides EA, AF, 
each to each; and the baſe DF is e- B 
AB, qual to the baſe EF; therefore the F O 
B to fangle DAF is equal © to the angle e 3. 1. 


EAF; wherefore the given rectilineal angle BAC is biſected 


by the flraight line AF. Which was to be done. 


PROP. X. PROB. 


To biſctt a given finite ſtraight line, that is, to divide 
| it into two equal parts. 


> Let AB be the given ſtraight line; it is required to divide ic 
into two equal parts, 
cauſe 
BC Equal varts in the poiny D- 
5 B 3 Becauſe 


$ Deicribe a upon it an equilateral triangle ABC, and biſect a 2. r. 
the angle ACB by the ſtraight line CD. AB is cut into two b g. 1 


Book T. 
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Becauſe AC is equal to CB, and CD 
common to the two triangles ACD, 
BCD; the two ſides AC, CD are e- 
qual to BC, CD, each to each ; and the 
angle ACD is equal to the angle BCD; 
therefore the baſe AD is equal to the 


baſe e DB, and the ſtraight line AB is 
divided into two equal parts in the 


point D. Which was to be done. A Db 56 


PROP. XI. PROB. 


O draw a ſtraight line at right angles to a given 
| ſtraight line, from a given point in the ſame. 


Let AB be a given ſtraight line, and C a point given in it; 
it 1s required to draw a ſtraight line from the point C at right 
angles to AB. 1 

Take any point D in AC, and make CE equal to CD, and 
upon DE deſcribe “ the equila- 
teral triangle DFE, and join F 
FC ; the ſtraight line FC drawn 
from the given point C is at 
right angles to the given ſtraight 
line AB. | 

Becauſe DC is equal to CE, 
and FC common to the two 
triangles DCF, ECF; the two A 
ſides DC, CF, are equal to the | 
two EC, CF, each to each; and the baſe DF is equal to the 
baſe EF; therefore the angle DCF is equal © to the angle ECF; 
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and they are adjacent angles. But, when the adjacent angle 


which one ſtraight line makes with another ſtraight line ar: 
equal to one another, each of them is called a right 4 angle; 
therefore each of the angles DCF, ECF, is a right angle. 
Wherefore, from the given point C, in the given ſtraight line 


AB, FC has been drawn at right angles to AB. Which wa 
to be done. 


Cos. By help of this problem, it may be demonſtrated, that ; 


two ſtraight lines cannot have a common ſegment. 


- 


1 


{ 


If it be poſſible, let the two ſtraight lines ABC, ABD bare? 


the ſegment AB common to both of them. From the point Þ 


draw BE at right angles to AB; and becauſe ABC is a ſtraight | 
: line, 


- 
E 


0 
* 


_ 


2 the point C. 
| other ſide of AB, and from 


0 F EUCLID. 23 


line, the angle CBE is equal a E Book l. 
to the angle EBA; in the ſame | 

manner, becauſe ABD is a 
ſtraight line, the angle DBE is 
*X equal to the angle EBA; where- | 
fore the angle DBE is equal to | | 
the angle CBE, the leſs to the | D 


greater; which is impoſſible; ___ 
therefore two ſtraight lines can- A B C 


not have a common ſegment. 


PROP. III. PR OB. 


; b i br draw a ſtraight line perpendicular to a given 


ſtraight line of an unlimited length, from a given 


3 point without it. 


Let AB be the given ſtraight line, which may be produced 


to any length both ways, and let C be a point without it. It 
is required to draw a ſtraight C 


line perpendicular to AB from 
Take any point D upon the 


the centre C, at the diſtance 
CD, deſcribe® the circle EGF > 
meeting AB in F, G; and bi- A F 5 
ſect e FG in H, and join CF, 
CH, CG; the ſtraight line CH, drawn from the given point C, 
is perpendicular to the given ſtraight line AB. 
Becauſe FH is equal to HG, and HC common to the two 
triangles FHC, GHC, the two ſides FH, HC are equal to the 
two GH, HC, each to each; and the baſe CF is equal d to the d 18. Def. 
baſe CG; therefore the angle CHF is equal e to the angle CHG; . 
and they are adjacent angles; but when a ſtraight line ſtanding © * . 
on a ſtraight line makes the adjacent angles equal to one ano- 
ther, each of them is a right angle and the ſtraight line which 
ſtaads upon the other is called a perpendicular to it ; therefore 
trom the given point C a perpendicular CH has been drawn to 
the given ſtraight line AB. Which was to be done. 


PROP. XII. T HE O R. 


HE angles which one ſtraight line makes with an- 
other upon the one ſide of it, are either two right 

angles, or are together equal to two right angles. 
B 4 Let 


Ne 
— b 3. Poſt. 


3 


C IQ 1 


a def. 10. 


. 


e 2. Ax. 


d r. Ax. 


of AB, make the adjacent angles 
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| Let the ſtraight line AB make with CD, upon one ſide of 
it, the angles CBA, ABD; theſe are either two right angles, 
or are together equal to two right angles. 


For, if the angle CBA be equal to ABD, each of them is a 
P ly 


—_ EE A. F4 
* — 


B "+: 


right a angle; but, if not, from the point B draw BE at right 
angles d to CD; therefore the angles CBE, EBD are two right 
angles a; and becauſe CBE is equal to the two angles CBA, ABE 
together, add the angle EBD to -ach of theſe equals ; there- 


fore the angles CBE, EBD are equal e to the three angles CBA, 


ABE, EBD. Again, becauſe the angle DBA is equal to the 
two angles DBE, EBA, add to theſe equals the angle ABC; 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC; but the angles CBE, EBD have been de- 
monſtrated to be equal to the ſame three angles; and things 
that are equal to the ſame are equal d to one another; therefore 
the angles CBE, EBD are equal to the angles DBA, ABC; but 
CBE, EBD are two right angles; therefore DBA, ABC are 
together equal to two right angles. Wherefore, when a itraight 
line, &c. Q. E. D. 


PROP. XIV. THE OR. 


F, at a point in a ſtraight line, two other ſtraight lines, 

upon the oppoſite ſides of it, make the adjacent angles 
together equal to two right angles, theſe two ragt 
lines ſhall be in one and the fame ſtraight line. 0 


At the point B in the ſtraight | | 
line AB, let the two ftraight lines A. 
BC, BD upon the oppoſite ſides 


ABC, ABD equal together to 
two right angles. BD is in the 
ſame ſtraight line with CB. 

For, if BD be not in the ſame ____ 
ſtraight line with CB, let BE be C __ 
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the ſame ſtraight line with it; therefore, becauſe the ſtraight Book I. 

ine AB makes angles with the ſtraight line CBE, upon one 

ae of it, the angles ABC, ABE are together equal*to two 13. 1. 

3 2 Fight angles; but the angles ABC, ABD are likewiſe together 
Equal to two right angles; therefore the angles CBA, ABE are 

qual to the angles CBA, ABD: Take away the common angle 

KA BC, the remaining angle ABE is equal b to the remaining b 3. Ax. 

Ingle ABD, the leſs to the greater, which is impoſſible; there - 

ore BE is not in the ſame ſtraight line with BC. And, in like 

manner, it may be demonſtrated, that no other can be in the 

Fame ſtraight line with it but BD, which therefore is in the ſame 

Mraight line with CB. Wherefore, if at a point, &c. Q. E. D. 
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"i 
ht PROP. XV. THE OR 
cht 1 . . 
BE IF two ſtraight lines cut one another, the vertical, or op- 
1 * 
re- FRE poſite, angles ſhall be equal. 
A, 6. ? 
the | Let the two ſtraight lines AB, CD cut one another in the 


C; Point E; the angle AEC ſhall be equal to the angle DEB, and 
les PEB to AED. 


gs Hecauſe the ſtraight line AE 
ore makes with CD the angles CEA, 
but AED, theſe angles are toge- C | 
are ther equal a to two right angles. E 
ght * becauſe the ſtraight line - 


JF makes with AB the angles 
AED, DEB, theſe allo ae A E B 
Rogether equal à to two right 


es, engles; and CEA, AED have D 


a T3. 1. 


les been demonſtrated to be equal to 

7 two right angles; wherefore the angles CEA, AED are equal 

1 Fo the angles AED, DEB. Take away the common angle 
AE, and the remaining angle CEA is equal b to the remain- b 3. Ax. 

J ing angle DEB. In the ſame manner it can be demonſtrated 

that the angles CEB, AED are equal. Therefore, if two 


ſtraight lines, &c. Q. E. D. 

3 Cor. 1. From this it is manifeſt, that, if two ſtraight lines 
cut one another, the angles they make at the point where they 
Fut, are together equal to four right angles. 

Con. 2. And conſequently that all the angles made by any 
number of lines meeting in one point, are together equal to 


: our right angles. pros 


Book I. 


a, 10. I, 


b. 15. I. 


c. 4. Is 


d. 15. 1. 


2, 16. 1. 
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PROP. XVI. THE OR. . 
T one ſide of a triangle be produced, the exterio 
angle is greater than either of the interior oppoſitt: 
angles. : 3 
Let ABC be a triangle, and let its ide BC be produced to, ö 
the exterior angle AC D is greater than either of the interio 
oppoſite angles CBA, BAC. 3 
Biſect a AC in E, join BE A 3 
and produce it toF, and make 3 
EF equal to BE; join alſo 3 
FC, and produce AC to G. 3 
Becauſe AE is equal to 3 
EC, and BEto EF; AE, EB 4 
are equal to CE, EF, each to S 
each; and the angle AEB is IF 
equaldto the angle CEF, be- B 4 
cauſe they are oppoſite ver- 1 
tical angles; therefore tre — 
baſe AB is equaleto the baſe 4 
CF, and the triangle AEB to I 
the triangle CEF, and the AF 
remaining angles to the remaining angles, each to each, to which ; 
the equal ſides are oppohte; wherefore the angle BAE is equi 
to the angle ECF; but the angle ECD is greater than the angl 
ECF; therefore the angle ACD is greater than BAE: In th 
ſame manner, if the fide BC be biſected, it may be demonſtrate! 
that the angle BCG, that is d, the angle ACD, is greater tha 
tne angle ABC. Therefore, if one fide, &c. Q. E. D. IF 
= 

PROP. XVIL THILO. 2 
NY two angles of a triangle are together leſs tha 
two right angles. i 
Let ABC be any triangle; 4 
any two of its angles together - 
are leſs than two right angles. 3 
Produce BC to D; and be- 4 
cauſe ACD is the exterior angle 4 
of the triangle ABC, ACD is 4 
greater a than the interior and B 2 
oppolite angle ABC; to each of C : ? 


ow 
| — of 


neſe add the angle ACB; therefore the angles ACD, ACB are Book I. 
i 4 greater than the angles ABC, ACB; but ACD, ACB are to- ENS 
erio' Wether equal b to two right angles j therefore the angles ABC b. 13. 1. 
oſite PCA are leſs than two right angles. In like manner, it may be 
emonſtrated, that BAC, ACB, as alſo CAB, ABC are leſs than 
two right angles. Therefore any two angles, &c. Q. E. D. 
to D, | 
teri PROP. XVIII. THE OR. 


= HE greater ſide of every triangle is oppoſite to the 
* = greater angle. 


Let ABC be a triangle, of 
zhich the ſide AC is greater 
khan the fide AB; the angle 
43 BC is alſo greater than the 
____ *RKngle BCA. 
D | 4 ls AC is greater than 


AB, make * AD equal to AB, 


8. 3.1 
Fend join 5D: and becauſe ADB . | - 
is the exterior angle of the tri- B + 
angle BDC, it is greater b than b. 16. x, 


the interior and oppoſite angle DCB ; but ADB is equal e to e. 5. 1. 
e AB, becauſe the fide AB is equal to the ſide AD; there- 
equl fore the angle ABD is likewiſe greater than the angle ACB; 
e ange Wwherefore much more is the angle ABC greater than ACB. 
In t Therefore the greater fide, &c. Q. E. D. 


iſtratel 3 

er ag PROP. XIX. T HE OR. 
3 HE greater angle of every triangle is ſubtended by 

3 the greater fide, or has the greater fide oppoſite to it. 


s tha Let ABC be a triangle, of which the angle ABC is greater 
than the angle BCA z the ſide AC i Is likewiſe greater than the 


iſide AB. 
For, if it be not greater, AC 
3 muſt either be equal to AB, or A 


leis than it; it is not equal, be- 
3 aue then the angle ABC would 
be equal à to the angle ACB; As F. I. 
* W but it is not; therefore AC is 
not equal to AB; neither is it 
leſs; becauſe then the angle B 
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ABC would be leſs® than the angle ACB; but it is not; there. 


Rn fore the ſide AC is not lefs than AB; and it has been hen 3 


bi 


See N. 


a 3.1. 


d 5. 1. 


c 19. 1. 


Ste N. 


that it is not equal to AB; therefore AC is greater than AB, 1 
Wherefore the greater angle, & c. Q. E. D. | 


PROP. XX. THEOR. 


A two ſides of a triangle are together greater than L 
the third fide. | 


Let ABC be a triangle; any two ſides of it together are 3 


. 
5 N Fa LE L - 
ry r 

* * ok 8 & N 
, = k L * * wy . 
dd. c = _ 5 


greater than the third ſide, viz. the ſides BA, AC greater than 
the ſide BC; and AB, BC greater than AC; and BC, Car 
greater than AB. 2 
Produce BA to the point D, 'Y 
and make AD equal to AC; DB 
and join DC. f 
Becauſe DA is equal to AC, A — | 5 


the angle ADC is likewiſe equal 
bto ACD; but the angle BCD 
is greater than the angle ACD; 
therefore the angle BCD is great- B C 

er than the angle ADC; and be- 

cauſe the angle BCD of the triangle DCB is greater than its | 
angle BDC, and that the greater © ſide is oppoſite to the greater 
angle; therefore the fide DB is greater than the ide BC; but BY 
DB is equal to BA and AC; therefore the ſides BA, AC are 


greater than BC. In the ſame manner it may be demonſtrated, 


that the ſides AB, BC are greater than CA, and 171 ca 
greater than AB. Therefore any two ſides, &c. Q.E.D 


PROP. A. THEOR. 


> from the ends of the ſide of a triangle, there be 
drawn two ſtraight lines to a point within the triangle, 
theſe ſhall be leſs than the other two ſides of the tri- 
angle, but ſhall contain a greater avgle. 


Let the two ſtraight lines BD, CD be drawn from B, C, 
the ends of the ſide BC of the triangle ABC, to the point Þ 
within itz BD and DC are leſs than the other two hides BA, 
AC of- the triangle, but contain an angle BDC greater than tbe 
angte BAC. 

Produce BD to E; and becauſe two ſides of a triangle arc 


greater than. the third ſide, the two ſides BA, AE of the tri- 


anglc 


Freater than BE, EC: Again, 
Fccauſe the two ſides CE, ED 
It the triangle CED are great- 
RH r than CD, add DB to each 
pf theſe; therefore the ſides 

than J E, EB are greater than CD, 


A, AC are greater than BE, 
EC; much more then are BA 
AC greater than BD, DC. 


make DF equal to A, FG 
to B, and GH equal to C; 
and from the centre F, at 


0 the circle DKL; and D 
from the centre G., at the 

1 diſtance GH, deſcribe b 
another circle HLK, and 
join KF, KG; the tri- | | 

angle KFG has its ſides 4 — 
equal to the three ſtraight 


OF EUC EI D. 


B; but it has been ſhewn that — i 


Again, becauſe the exterior angle of a triangle is greater than 


he interior and oppoſite angle, the exterior angle BDC of the 
friangle CDE is greater than CED; for the ſame reaſon, the ex- 
Rcrior angle CEB of the triangle ABE is greater than BAC; and 
It has been demonſtrated that the angle BDC is greater than 
the angle CEB; much more then is the angle BDC greater than 
the angle BAC. Therefore, if from the ends of, &c. Q. E. D. 


ROT. . FRO 


O make a triangle of which the ſides ſhall be equal 
to three given ſtraight lines, but any two whatever 


| pf theſe mult be greater than the third *, 


Let A, B, C be the three given ſtraight lines, of which any 
two whatever are greater than the third, viz. A and B greater 


| than C; A and C greater than B; and B and C than A. It is 


required to make a triangle of which the ſides ſhall be equal to 


: A, B, C, each to each. 


Take a ſtraight line DE terminated at the point D, but un- 
limited towards E, and 


the diſtance FD, deſcribe 


lines, A, B, C. 
| Becauſe the point F is the centre of the circle DKL, FD i 
. equal 


Ingle ABE are greater than BE. To each of theſe add EC; BookT. 
erefore the ſides BA, AC are A WY 


See N, 


a 20. 1. 


2 3. 1. 


——— * 2 — — — — 
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Book I. equal e to FK; but FD is equal to the ſtraight line A; there. 
fore FK is equal to A: Again, becauſe G is the centre of th: 
c. 15. Def. circle LKH, GH is equal eto GK; but GH is equal to C; 9 
therefore alſo GK is equal to C; and FG is equal to B; there. 

fore the three ſtraight lines KF, FG, GK are equal to-the three 

A, B, C: And therefore the triangle KFG has its three ſide; © . 

KF, FG, GK equal to the three given ſtraight lines A, B, C. 7 

Which was to be done. 1 


* 4 7 4 

. ** 3 

ann. BE . —_— 
WA OE 4 4 oo SORES 


* 
il 
„ 
1 
s + 
8 
mA 
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Jan oo 


P R'O-P. Anl.,  P'R'QOB, 


T a given point in a given ſtraight line, to make: ; 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and A the given point in it, 
and DCE the given rectilineal angle; it is required to make an 
angle at the ene | N 
A in the given ſtraight 
line AB, 1 ſhall be C A 
equal to the given rec- 
tilineal angle DCE. 
Take in CD,CE, any 
points D, E, and join 
a. 21. 1. DE; and __ 2 
triangle AFG the ſides — 
of which ſhall be equal E G 
to the three ſtraight 
lines CD, DE, CE, ſo | B 
that CD be equal to AF, CE to AG, and DE to FG; and becauſ: 
DC, CE are equal to FA, AG, each to each, and the baſe DE | 
b. 3. 1. to the baſe FG; the angle DCE is equal b to the angle FAG. 
Therefore, at the given point A in the given ſtraight line AB, 
the angle FAG is made equal to the given rectilineal angle!“ 


N 88 2 * 

* 1 2 . 
- * 8 dd! gs AO FER TS SAT 
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DCE. Which was to be done. | 

| | . 

PROP. XXIV. THE OR. x, 

See N. I two triangles have two ſides of the one equal to two 


ſides of the other, each to each, but the angle con- 
tained by the two ſides of one of them greater than the 
angle contained by the two ſides equal to them, of the 
other; the baſe of that which has the greater angle hail MW 
be greater than the baſe of the other, =_ 


Let ABC, DEF be two triangles which have the two. ſides 
| AB, 
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\B, AC equal to the two DE, DF, each to each, viz. AB equal Book I. 


1 4c DE, and AC to DF; but the angle BAC greater than the 
Ingle EDF ; ; the baſe BC i is alſo greater than the baſe EF. 


Of the two ſides DE, DF, let DE be the fide which is not 


1 Freater than the other, and at the point D, in the ſtraight line 
p, make * the angle EDG equal to the angle BAC; and make 4. 23. I. 
DG equal b to AC or DF, and join EG, GF. b. 3. I. 


Becauſe AB is equal to DE, and AC to DG, the two ſides 


9 A, AC are equal to the two ED, DG, each to each, and the 
Angle BAC is equal 


þ Z > the angle EDG; A D 


"KHereſfore the baſe BC 
g <qual<to the baſe 
"XG; and becauſe DG 
. equal to DF, the 

"Engle DFG is equal © 


-2ule 


AG. 
AB, 


two 
con- 
| the 
the 
{hall 


"Ro the angle DGF; 
put the angle DGFis L. 
Freater than the angle B 
GF; therefore the F 
I $"glc DFG is greater than EGF ; and much more is the angle 


DE 


one greater than the baſe of the other; 
contained by the ſides of that which has the greater baſe, 
hall be greater than the angle contained by the ſides e- 
qual to them, of the other. 


EFG greater than the angle EGF ; and becauſe the angle EFG 


L ff the triangle EFG is greater than its angle EGF, and that 

he greater e fide is oppoſite to the greater angle; the fide ON 
23s therefore greater than the fide EF; 
nd therefore alſo BC is greater than EF. 
triangles, &c. 2 E. D. 


but EG is equal to BC; 
Therefore, if two 


Por o. THEOR. 


ar) 4 F two triangles have two ſides of the one equal to two 
gle WE 


ſides of the other, each to each, but the baſe of the 
the angle alfo 


Let ABD, DEF be two triangles which have the two ſides 


5 AB, AC equal to the two ſides DE, DF, each to each, viz. AB 
equal to DE, and AC to DF; but the baſe CB is greater than the 
bale EF; the angle BAC is likewiſe greater than the angle EDF. 


For, 


W 


— — by dt NE a ets aan _ 
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le; but the angle BAC is not equal to the angle EDF, U 


a4. T. 


b 24. 1. 


THE ELEMENTS N 


For, if it be not greater, it muſt either be equal to it, 
cauſe. then the baſe b. 
BC would be equal * A D 
to EF; but it is not; 
therefore the angle 
BAC is not equal to j 
the angle EDF; nei - 4 
ther is it leſs ; becauſe I 
then the baſe BC | 4 
would be leisÞ than 1 | Bt 
the baſe EF; but it 25 — 
is not; therefore the C E F 2 
angle BAC is not leſs than the angle EDF; and it was ſhewl® 
that it is not equal to it; therefore the angle BAC is great 
than the angle EDF. Wherefore, if two triangles, &. Q. E. I 5 


1, 
. 


PROP. XXVI THE OR. 


F two triangles have two angles of one equal to tu 
angles of the other, each to each; and one fidee 
qual to one fide, viz, either the ſides adjacent to the equi 
angles, or the ſides oppoſite to equal angles in each; the 
ſhall the other ſides be equal, each to each ; and alſo tif 
third angle of the one to the third angle of the other, 


Let ABC, DEF be two triangles which have the angles AB( 3 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, a» 
BCA to EFD; alſo one fide equal to one ſide; and firſt let thai 
ſides be equal which are adjacent to the angles that are equal i 
equal to DE, one of B 


the two triangles, viz. | 
C * 7 
them muſt be the 


BC to EF; the other A. 
greater. Let AB be the greater of the two, and mal i 


ſides ſhall be equal, 

each to each, viz. AB 

BG equal to DE, and join GC; therefore, becauſe 56 
| equi 


to DE, and AC to DF; 
and the third angle 
BAC to the third 
angle EDF. 

For, if AB be not 


EF hich are oppoſite to 
qual angles in each 
iangle be equal to 
Ine another, viz AB 
© DE; likewite in 
is caſe, the other 
des ſhall be equal, 


WC to DF, and B B He F 


OF EUCLID. 


ual to DE, and BC to EF, the two ſides GB, BC, are equal Book I. 
o the two DE, EF, each to each; and the angle GBC is equal \wwwd 
o the angle DEF; therefore the baſe GC is equal 2 to the baſe * 41. 
r, and the triangle GBC to the triangle DEF, and the other 
Magles to the other angles, each to each, to which the equal 
ales are oppoſite ; therefore the angle GCB is equal to the 
*Sngle DFE ; but DFE is, by the hypotheſis, equal to the angle 
DCA ; wherefore alſo the angle B 

DCA, the leſs to the greater, which is impoſſible; therefore 


CG is equal to the angle 


B is not unequal to DE, that is, it is equal to it; and BC is 
qual to EF; therefore the two AB, BC are equal to the two 
E, EF, each to each; and the angle ABC is equal to the angle 
EF; the baſe therefore AC is equal® to the baſe DF, and 


Wc third angle BAC to the third angle EDP. 


Next, let the ſides | D 


| 


EF; and alſo the 


ird angle BAC to the third EDF. | 
For, it BC be not equal to EF, let BC be the greater of them, 


nd make BH equal to EF, and join AH; and becauſe BH is 


qual to EF, and AB to DE; the two AB, BH are equal to 
Ne two DE, EF, each to each; and they contain equal angles; 
Pereſore the baſe AH 1s equal to the baſe DF, and the triangle 
BH to the triangle DEF, and the other angles ſhall be equal, 
cb to each, to which the equal ſides are oppolite ; therefore 


Wc angie BHA is equal to the angle EFD; out EFD is equal 
the angle BCA; therefore alſo the angle BHA is equal to 
: e angle BCA, that is, the exterior angle BH A of the triangle 
LIC is equal to its interior and oppolite angle ECA; which 
W :mpollible b; wherefore BC is not unequal to EF, that is, b 16. r. 
s equal to it; and AB is equal to DE; therefore the two AB, 
WC arc equal to the two DE, EF, cach to each; and they contain 
$1val angles; wherefore the baſe AC is equal to the baſe DF, 
d the third angle BAC to the third angle EDF. Therefore, 
two triangles, &c. Q. E. D. 
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Book I. | R. 
=. PROP. XXVII. THEO 


IF a ſtraight line falling upon two other ſtraight line 


*% 


makes the alternate angles equal to one another, the: 2 4 
two ſtraight lines ſhall be parallel. one 


1 
Let the ſtraight line EF, which falls upon the two ſtraigh 
lines AB, CD, make the alternate angles AEF, EFD equal 
one another; AB is parallel to CD. LLS a 2þ Ld 9 
For, if it be not parallel, AB and CD being produced ſhall 8 
meet either towards B, D, or towards A, C; let them be produce: 
and meet towards B, D in the point G; therefore GEF is a tri. 8 
a 16. 1. angle, and its exterior angle AEF is greater a than the interio 4 1 
and oppoſite angle EFG; = 

but it is alſo equal to it, 

which is impoſſible ; there- 

fore AB and CD being pro- — 


_ duced do not meet towards ry G ; : 
B, D. In like manner it may r od 9 


; 
, 
* 
5 


*, 

* 

E 
1 
% 


be demonſtrated that they do C {* D = 


not meet towards A, C; but 
thoſe ſtraight lines which 
meet neither way, though » 
b 35. Def, Produced ever ſo far, are parallel® to one another. AB therefor: 
is parallel to CD. Wherefore if a ſtraight line, &c. Q. E. D, 


PROP. XXVIIII. THEOR. * 

JF 2 ſtraight line falling upon two other ſtraight lin 1 
makes the exterior angle equal to the interior and of 
poſite upon the ſame fide of the line; or makes the u 
terior angles upon the fame fide together equal to tu 
right angles; the two ſtraight lines ſhall be parallel to oz 
another. 3 
Lt the ſtraight line EF, which 3 
falls upon the two ſtraight lines 3 
AB, CD, make the exterior angle 3 
EGB equal to the interior and Na 4 
oppoſite angle GHD upon the A a —þ 1 
ſame ſide; or make the interior f 2 
angles on the ſame fide BGH, . | 


GHD together equal to two right 57 —— 
angles; AB is parallel to CD. | H 

Bocunie the angle EGB is e- | 
qual to the angle GHD, and the 


. d 
p 
«7 % 
"= o 
* 
> : I, 
G * Y 
7.4 
: 
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angle EGB equal“ to the angle AGH, the angle AGH is equal Book l. 
to the angle GHD; and they are the alternate angles; therefore , ” 3. x: 
AB is parallel > to CD. Again, becauſe the angles BGH, GHDS 27. I. 


are equal © to two right angles, and that AGH, BGH are alſo < By Hyp. 


equal to two right angles; the angles AGH, BGH are equal d 13. k. 
to the angles BGH, GHD: Take away the common angle 
BGH, therefore the remaining angle AGH is equal to the re- 


maining angle GHD; and they are alternate angles; there- 


fore AB is parallel to CD. Wherefore, if a ſtraight line, &c. 
Q. E. D. | 


PROP, XXIX. T HE OR. 


F a ſtraight line falls upon two parallel ſtraight lines, it ses the 
makes the alternate angles equal to one another; and jj, put po- 

the exterior angle equal to the interior and oppoſite upon ſition, 

the ſgme fide ; and likewiſe the two interior angles upon 


the ſame fide together equal to two right angles. 


_ Let the ſtraight line EF fall upon the parallel ſtraight lines 

AB, CD; the alternate angles AGH, GHD are equal to one 

another; and the exterior angle EGB is equal to the interior 

and oppoſite, upon the ſame fide, 

GHD ; and the two interior R 

angles BGH, GHD upon the ſame 

fide are together equal to two right — - — 

angles. | A G B 
For, if AGH be not equal to GHD, 

one of them muſt be greater than the — 


other; let AGH be the greater; and C | N D 
F | 


becauſe the angle AGH is greater 

than the angle GHD, add to each of 

them the angle BGH; therefore the angles AGH, BGH are 

greater than the angles BGH, GHD; but the angles AGH, 

BGH are equal to two right angles; therefore the angles à x1, 1. 
BGH, GH are leſs than two right angles; but thoſe ſtraight 

lines which, with another ſtraight line falling upon them, make 

the interior angles on the ſame fide leſs than two right angles, 

do meet * together if continually produced; therefor: the * 72. ax. 
ſtraight lines AB, CD, if produced far enough, ſhall mect; but = the 
they never meet, ſince they are parallel by the hypotheſis; 70, 
therefore the angle AGH is not uncqual to the angle GH, fuion. 
that is, it is equal to it; but the angle AGH 1s equal ® to the b 15. 1. 
angle EGB ; therefore likewiſe EGB 1s equal to GHD ; add to 


G.3z each 
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1 ; Book I. each of theſe the angle BGH; therefore the angles EGB, BGH 1 
1 are equal to the angles BGH, GHD; but EGB, BGH are e 
1 N qual © to two right angles; therefore alſo BGH, GHD are e. 
[Wi qual to two right angles. Wherefore, if a ſtraight line, Ge, | 
"Wt ** D. 
14 | 
1 PROP. XXX. THE OR. 
1 Smasur lines which are parallel to the ſame gg 1 
1 line are parallel to one another. 1 
117 
5 j Let AB, CD be each of them parallel to EF; AB is alſo Þ « . 
7 i parallel to CD. 
140 Let the ſtraight line GHE cut AB, EF, cD; and becauſc 
| GHE cuts the parallel ſtraight 
N 1 lines AB, EF, the angle AGH 
BY is equal * to the angle GH. G h 
1060 Again, becauſe the ſtraight line A ⁊x(yq =: 
. GK cuts the parallel ſtraight lines TT 5 
1 EF, CD, the angle GHF is eq qual E. H/. — 
to the angle GKD; and it wass / 
ſhewn that the angle AGE is e- C K — b 
qual to the angle GHF; there 
fore alſo A GK is equal to GED; Fa 
and they are alternate angles; 
ba7.z, theretore AB is parallel d to CN. Wherefore ſtraight lines, &c. 
Q. E. D. 
Nr -P'R.O B. 
7 draw a ſtraight line through a given point paral- 
lel to a given ſtraight line. 
Let A be the given point, and BC the given Qraight line; it 
is required to draw a ſtraight line AF 
through the point A, paralle! to the E — 
ſtraight line BC. n 
In BC take any point D, and join . 
AD; and at the point A in the . 
a 23. 1. fra ght line AD make“ the angle B P 7 C 
DALE equal to the angle ADC; and 
produce the ſtraight line EA to F. 
Becauſe the ſtraight line AD, which meets the two ſtraight 
lincs BC, EF, makes the ee angles EAD, ADC equal to 
b 2). 1. One another, EF is parallel b to BC, 4 


herefore the ſtraight line 
EAT 
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EAP is drawn through the given point A parallel to the given 


A traight line BC. Which was to be done. 
2 PROP. XXXII. THEOR. 
4 


Ir a ſide of any triangle be produced, the exterior angle 
is equal to the two interior and oppoſite angles; and 


lit the three interior angles of every triangle are equal to 
two right angles. 
Iſo : 


Let ABC be a triangle, and let one of its ſides BC be pro- 

uf. | duced to D; the exterior angle AC is equal to the two inte- 
Frior and oppoſite angles CAB, ABC; and the three interior 
Fangles of the triangle, viz. ABC, BCA, CAB are together e- 
qual to two right angles. 

B Through the point C draw 
CE parallel“ to the ſtraight 


Book I. 
2 


A 31. 1. 


F line AB; and becauſe AB is A 
: parallel to CE and AC meets | E 
D them, the alternate angles 
BBAC, ACE are equal b. A- 
gain, becauſe AB is parallel 
io CE, and BD falls upon - 


gc. them, the exterior angle ECD C — 5 


is cqual to the interior and 3 
Zoppolite angle ABC; but the angle ACE was ſhown to be equal 
to the angle BAC; therefore the whole exterior angle ACD 
is equal to the two interior and oppoſite angles CAB, ABC; 
ral. to theſe equals add the angle ACB, and the angles ACD, ACB 
are equal to the three angles CBA, BAC, ACB; bur the angles 
Ab, ACB are equal to two right angles; thercfore alſo the 
engles CBA, BAC, ACB are equal to two right angles. 

? EW herefore, if a fide of a triangle, &c. Q. E. D. 

F Cox. 1. All the interior angles 

of any rect linea figure, together 
with four right angies, are equal 
to twice as many right angles as 

— the figure has ſides. 
C 7 For any rectilineal figure 
EABCDE can be divided into as 
an triangles as the figure has 
des, by drawing ſtraight lines 
om a point F within the figure 


C 3 to 


C 13. I 


38 


a 2, Cor. 
15. 1. 


49. Is 


Book I. to each of its angles. And, by the preceding propoſition, ali 
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the angles of theſe triangles are equal to twice as many right 
angles as there are triangles, that is, as there are ſides of the 
figure; and the ſame angles are equal to the angles of the fi. 
gure, together with the angles at the point F, which is the com. 
mon vertex of the triangles; that is a, together with four right 
angles. Therefore all the angles of the figure, together with "2 
four right angles, are equal to twice as many right angles as the © 
figure has ſides. 1 
Cor. 2. All the exterior angles of any rectilineal figure, are 4 
together equal to four right angles. | TOR | b 
Becauſe every interior angle 4 
ABC, with its adjacent exterior | 3 
ABD, is equal to two right a * 
angles; therefore all the interior, ; 
together with all the exterior 
angles of the figure, are equa] 
to twice as many right angles as 
there are ſides of the figure; that 
is, by the foregoing corollary, D B 
they are equal to all the inte- | 
rior angles of the figure, toge- * 
ther with four right angles; therefore all the exterior angles att 
equal to four right angles. . | 
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PROP. XXXIII. TH E OR. 


HE ſtraight lines which Join the extremities of two! : 
equal and parallel ſtraight lines, towards the ſame þ 2 


CREE wn 
AU 


. 
x 


parts, are alſo themſelves equal and parallel, 
Let AB, CD be equal and pa | x 


rallel ſtraight lines, and joined 
towards the ſame parts by the 
itraight lines AC, BD; AC, BD 
are alſo equal and parallel. 

Join BC; and becauſe Ah is pa- 4 ; 
rallel to CD, and BC meets them, F 'D 
the alternate angles ABC, BD 3 NY 
are equal“; and becauſe AB is equal to CD, and BC common 
to the two triangles ABC, DCB, the two ſides AB, BC are « 
qual to the two DC, CB; and the angle ABC is equal to the 
angle BCD; therefore the baſe AC is equal d to the baſe BD, 
and the triangle ABC to the triangle BC D, and the other angles 


t 


| 


l 


two 
ame 


60 
_ 
_. 
"— 


to the other angles b, each to each, to which the equal ſides are Book I. 
oppoſite ; therefore the angle ACB is equal to the angle CBD AN 
and becauſe the ſtraight line BC meets the two ſtraight lines d 4. 1. 
AC, BD, and makes the alternate angles ACB, CBD equal to 

one another, AC is parallele to BD; and it was ſhown to be e 25. m. 
equal to it. Therefore ſtraight lines, &c. Q. E. D. 


PROP. XXXIV. THE OR. 


HE oppoſite ſides and angles of parallelograms are 
equal to one another, and the diameter biſects them, 
that is, divides them in two equal parts. 


N. B. A parallelogram is a four fided figure, of which 
the oppoſite ſides are parallel; and the diameter is the 


: : ſtraight line joining two of its oppoſite angles. 


Let ACDB be a parallelogram, of which BC is a diameter ; 


dhe oppoſite ſides and angles of the figure are equal to one an- 


other; and the diameter BC biſects it. 
© Becauſe AB is parallel to CD, A 
and BC meets them, the alter- 
nate angles ABC, BCD are e- 
qual® to one another; and be- 
cauſe AC is parallel to BD, and 
BC meets them, the alternate 
angles ACB, CBD are equal“ 
to one another; wherefore the two triangles ABC, CBD have 
two angles ABC, BCA in one, equal to two angles BCD, CBD 
in the other, each to each, and one ſide BC common to the 
two triangles, which is adjacent to their equal angles; there- 
fore their other ſides ſhall be equal, each. to each, and the 
third angle of the one to the third angle of the other Þ, viz. b 26. 1. 
the fide AB to the fide CD, and AC to BD, and the angle 
BAC equal to the angle BDC : And becauſe the angle ABC is 
equal to the angle BCD, and the angle CBD to the angle ACB, 
the whole angle ABD is equal to the whole angle ACD: And 
the angle BAC has been ſhown to be equal to the angle BDC; 
therefore the oppolite ſides and angles of parallelograms are e- 
qual to one another; alſo, their diameter biſects them; for 
AB being equal to CD, and BC common, the two AB, BC 


Ra 29 1. 


are equal to the two DC, CB, each to each; and the angle ABC 


C 4 1s 


| 
of 4 | | 
1 


40 THE ELEMENTS 


| Book. js equal to the angle BCD; therefore the triangle ABC is «. 
WV qual to the triangle BCD, and the diameter BC divides th: 
© 4. parallelogram ACDB into two equal parts. Q. E. D. P 
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gee N. ARALLELOGRAMS upon the ſame baſe and between 1 | 
the ſame parallels, are equal to one another. 'Y 


i 


PROP. XXXV. THE OR. 


See the ad Let the parallelograms ABCD, EBCF be upon the ſanic 
and 3d fi baſe BC, and between the ſame parallels AF, BC; the paralie. 
WEE logram ABCD ſhall be equal to the parallelogram EBCF. 
It the ſides AD, DF of the pa- 
rallelograms ABCD, DBCF oppolite A Db F 
to the baſe BC be terminated in the " 
ſame point D; it is plain that each | 
a- 34. 1. of the parallelograms is double of | 
the triangle BDC; and they are there- 
fore equal to one another. — — 
But, if the fides AD, EF, oppoſite B 96 
to the baſe BC of the parallelograms | | 
ABCD, EBCF, be not terminated in the ſame point; then, be- 
cauſc ABCD is a parallelopram, AD is equal to BC; for the 
b x. Ax. ſ\mereafon EF is equal to BC; wherefore AD is equal b to 
| EF; and DE is common; therefore the whole, or the remain- 
e 2. or 3, der, AE is equal to the whole, or the remainder DF; AB al- 
Ax. ſo is equal to DC; and the two EA, AB are therefore equal to 


ren 
the two FD, DC, each to each; and the exterior argle FDC 
d 29. 1. js equal d to the interior EAB; therefore the baſe EB is equal 
e 4.1. to the baſe FC, and the triangle EAB equal to the triangle 
FDC; take the triangle FDC from the trapezium ABCF, and 
from the ſan.e trapezium take the triangle EAB; the remain- 
f 3. Ax. ders therefore arc equal f, that is, the parallelogram ABCD is 


equal ro the parallelogram EBCF., Therefore parallelograms ' 
upon the ſame baſe, &c. Q. E. D. 
PROP. 
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OF EUCLID : at 
PROP. XXXVI. THE OR. = 


the 5 | 
I ARALLELOGRAMS upon equal baſes, and berween the 
fame parallels, are equal to one afiother. 


Let ABCD, EFGH be | 

parallelograms upon e A hes DE N H 

val baſes BC, FG, ang-qg | —\ 

Petween the ſame paral- X 

eis AH, BG; the paral- 

felogram ABCD is equal | 

1 oin 5 3 an 5: | 

A Jo BC is equa! to B C F G 

"FG, and FG to a EH, BC is equal to EH; and they are pa- a 34. I. 

pllels, and joined towards the ſame parts by the ſtraight lines 

PE, CH : But ftraight lines which join equal and parallel 

fraight lines towards the ſame parts, ate themſelves equal and 

Parallel b; therefore EB, CH are both equal and parallel, and b 33. 1. 
**EBCH is a parallelogram; and it is equal © to ABCD, becauſe e 35. 1. 
= is upon the ſame baſe BC, and between the ſame parallels BC, 

be- FAD : For the like reaſon, the parallelogram EFGH is equal to 

the the ſame EBCH : Therefore alſo the parallelogram ABCD is 

» to qual to EFGH: Wherefore parallelograms, &c. Q. E. D. 


in- 


le- 


1 PROP. XXXVII. THE OR. 
FT 'R1axGLEs upon the fame baſe, and between the 
: ſame parallels, are equal to one another. 
Let the triangles ABC, DBC be upon the ſame baſe BC and 
tween the fame parallels | | 
AD, BC: The 2 ABC E A D F 
equal to the triangle 
PBC. 4 5 
De Produce AD both ways 
ual Wd the points E, F, and thro? 
glc WS draw BE parailel to CA; | . To 
and Wand thro' C draw CF paral- B | 
11n- Wl to BD; Therefore each C ' 
) 15 WT the figures EBCA, DBCF is a paralielogram; and EBCA is | 
105 ua to DBCF, becauſe they are upon the ſame baſe BC, and b 35. 1. 


Wtween the ſame parallels BC, EF; and the triangle ABC is 
I the 
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Book I. the half of the parallelogram EBCA, becauſe the diameter Aj 
A biſects e it; and the triangle DBC is the half of the parallel 

tam DBCF, becauſe the diameter DC biſects it: But " I 
—— of equal things are equal 4; therefore the triangle A 
is equal to the triangle DBC. Wherefore triangles, 80 


Q. E. D. 


0 34. I. 
d 7. Ax. 


PROP. XXXVI. THE OR. 3 


R1ANGLES upon equal baſes, and between the ſam 
parallels, are equal to one another. * I 
Let the triangles ABC, DEF be upon equal baſes BC, E,98 
and between the ſame parallels BF, AD: The triangle A 
is equal to the triangle DEF. 
Produce AD both ways to the points G, H. and through I 
2 fr. 1. draw BG parallel a to CA, and through F draw FH parallel 
ED : Then each of G A D H £1 
the figures GBCA, \ 4 ; 

DEFH is a paralle- 

logram ; and they 

b 36. 1. are equal tob one an- 

other, becauſe they 
are upon 71 baſes 577 $3 
BC, EF, and between * | * 
the ſame parallels B C E . * 4 
c 34. 1. BF, GH; and the triangle ABC is the half © of the parallelogru 
GBCA, becauſe the diameter AB biſeQs it; and the triany| 
DEF is the half e of the parallelogram DEFH, becauſe the d. 
4 7. Ax. ameter DF biſeCts it : But the halves of equal things are equal 
therefore the triangle ABC is equal to the triangle DEM 


= Yn 


| Wherefore triangles, &c+ Q. E. D. 


PROP. XXXIX. THEO R. 73 


oA triangles upon the ſame baſe, and upon th 
lame fide of it, are between the ſame parallels, 


Let the equal triangles ABC, DBC be upon the ſame bi 
BC, and upon the ſame fide of it; they are between the ſan: 
parallels. 

Join AD; AD is parallel to BC; for, if it is not, throup 
2 31. 1. the point A draw ® AE parallel to BC, and join EC; The t 


ang: 


r 
28 N rr - - 
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A ole ABC is equal ® to the triangle EBC, becauſe it is upon Book I. 
lels e tame baſe BC, and between the ſame A D — 
th a rallels BC, AE : But the triangle b 37-1, 

ABCS BC is equal to the triangle BDC; 
ereſore alſo the triangle BDC is e- 
ual to the triangle EBC, the greater 
e leis, which is impoſſible: There- 
re AE is not parallel to BC. In the 8 
me manner, it can be demonſtrated B C 

Pot no other line but AD is parallel to 

BC; AD is therefore parallel to it. Wherefore equal triangles 
I 2 pon, &c. Q. E D, 


— 


PROP. XL. THE OR. 


. : | | QU AL triangles upon equal baſes, in the ſame 
1 ſtraight line, and towards the ſame pacts, are be- 
ween the ſame parallels, 


Let the equal triangles ABC, DEF be upon equal baſes BC, 
FF, in the ſame ſtraight | | 


ine BF, and towards the A D 
ame parts; they are be - 8 
Tween the ſame parallels. e 


Jjñoin AD ; AD is paral- 
Del to BC: For, if it is not, 

hrough A draw a | 2 31. 1. 

Tallel to BF, and join GF: * 

be triangle ABC * equal B C E F » 38. 1. 

Jo the triangle GEF, becauſe they are upon equal baſes BC, 

E, and between the ſame parallelis BF, AG{ But the triangle 

Ahé is equal to the triangle NEF; therefore alſo the triangle 

PDEf is equal to the triangle GEF, the greater to the leſs, which 

is impoſſible: Therefore AG is not parallel to BF: And in the 

me manner it can be demonſtrated that there is no other paral- 

Nel to it but AD; AD is therefore parallel to BFH. Wherefore 

equal triangles, &c. Q. E. D. 


PROP. XII. THE OR. 


o 


2 
I 
2 
GY 
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I a parallelogram and triangle be upon the ſame baſe, 


and between the ſame parallels ; the parallelogram 
Wall be double of the triangle. | 8 
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p 37. 1. 


b 34. 1. 


a 10. 
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THE ELEMENTS 


Let the parallelogram ABCD and the triangle EBC be ups; k 
the ſame baſe BC, and between the ſame parallels BC, AE; 
the parallelogram ABCD is double of 


the triangle EBC. e 


Join AC; then the triangle ABC 
is equal“ to the triangle EBC, be 
cauſe they are upon the ſame baſe 
BC, and between the ſame parallels 
BC, AE. But the parallelogram 
ABCD is doubled of the triangle 
ABC, becauſe the diameter AC di- ” 5 | 
vides it into two equal parts ; where- B C 
fore ABCD is alſo double of the tri 8 
angle EBC. Therefore, if a parallelogram, &c. Q. E. D. 


PROP. XLII. PRO B. 


* 


15 deſcribe a parallelogram that ſhall be equal to: 
. given triangle, and have one of its angles equal toi 


a given rectilinecal angle, 


Let ABC be the given triangle, and D the given rectilinei 
angle It is required to defcribe a paralletogram that ſhall he 


equal to the given triangle ABC, and have one of its angle 


equal to D. 

Bifet*® BC in E, join AE, and at the point E in the ſtraight 
Ine EC make>the angle CEF equal to D; and through A dray 
©AG parallel to LC, and through F 
C draw CG © parallel to EF: A 8 
Therefore FECG is a parallelo- 
graft: And becaufe BE is equal 
to EC, the triangle ABE is like- 
wife equal to the triangle AEC, 
ſince they are upon equal baſes 
BE, EC; and between the fame | 
parallels BC, AG ; therefore the 
triangle ABC is double of the B E C 
triangle AEC: Aud the paral- | | 
lelogram FECG is likewiſe double e of the triangle AFC, be 


_ cauſe it is upon the ſame baſe, and between the ſame pr 


rallels : 'Theiefote the parallelogram FECG is equal to th: 
triangle ABC, and it has one of its angles CEE equal to thi 
given angle D: Wherefore there has been deictibed a paralle- 


4 Jogram 
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or gram FECG equal to a given triangle ABC, having one of Book J. 


Ks angles CEF equal to the given angle D. Which was to be 


PROP XIII. THE OR. 


HE complements of the parallelograms which are 
1 about the diameter of any parallelogram, are equal 
p one another, | 


Let ABCD be a parallelogram, of which the diameter is 
FAC, and EH, FG the paral- 

&lograms about AC, that is, A H 
rough which AC paſſes, and 

k, KD the other parallelo E 
ams which make up the 

Whole figure ABCD, which 
01 Fe therefore called the com- 
| i ements: The complement 
is equal to the comple- 


dent KD. B 6 C 
© Bccauſe ABCD is a paral- 


4 


nei 


e triangle ADñC: And, becauſe EKHA 1s a parallelogram, the 
Wameter of which is AK, the triangle AEK is equal to the tri- 
nen le AHK: By the ſame reaſon, the triangle KGC vs equal to 
Ae angle KFC : Lhen, becauſe the triangle AEK is equal to 

: triangle AHK, and the triangle KGC ro KFC; the triangle 

EK, together with the triangle KGC is equal to the triangle 
HK together with the triangle KFC: But the whole triangle 
RBC is cqual to the whole ADC ; therefore the remaining 
Emplement BK is equal to the remaining complement KD. 
W icrctore the complements, &c. Q. E. D. 


les 


PROP. XLIV. PRO B. 


O a given ſtraight line to apply a parallelogram, 


be. which {hall be equal to a given triangle, and have 
e pe ot its angles equal to a given rectilincal angle. 

to the EY : | 

n Let AB be the given ſtcaight line, and C the given triangle, 
alles D the given rectilineal angle. It is required to apply to 


: [traight line AB a parallelogram equal to the triangle E, 
Make 


| having an angle equal to D. 


1 logram, and AC its diameter, the triangle ABC is equal ® to a 44. f. 


46 
Book 1. 
i 4 
a 42. 1. 


equal to the 


b 31. 1. 
C 29. I. 


d 12. Ax, 


© 43. 1. 


f 15. 1. 


triangle C, and has the angle ABM equal to the angle D: 


4 42. 1. 


b 44. 1. 


THE ELEMENTS 
Make * the F E k 


arallelogram nad 
EFG equal 
to the triangle 
C, and having 
theangleEBG 


4. 


= — 
angle D, ſothat | ; 
= ane oy | n 
ame ſtraight | 
line with AB, | H A L | 
and produce FG to H; and thro' A draw AH parallel to N { 
or EF, and join HB. Then, becauſe the ſtraight line HF H 
upon the parallels AH, EF, the angles AHF, HFE, are tog- 
ther equal © to two right angles; wherefore the angles BH, 
HFE are leſſer than two right angles: But ftraight lines wid 
with another ſtraight line make the interior angles upon h 
ſame ſide leſs than two right angles, do meet 4 it produced fx 
enough: Therefore HB, FE ſhall meet, if produced; let then 
meet in K, and through K draw KL parallel to EA or FH, a 
produce HA, GB to the points L, M: Then HLKF is a par i 
lelogram, of which the diameter is HK, and AG, ME are th 
parallelograms about HK; and LB, BF are the complements; 
therefore LB is equal? to BF: But BF is equal to the triangle(; 
wherefore LB is equal to the triangle C: And becauſe the angl 
GBE is equal f to the angle ABM, and likewiſe to the angleÞ; 
the angle ABM is equal to the angle D: Therefore the parle 
logram LB is applied to the ftraight line AB, is equal to te 


Which was to be done. 


PROP. XLV. PROB. 


W . deſctibe a parallelogram equal to a given red 
J neal figure, and having an angle equal to a girl 
tectilineal angle. 6 


Let ABCD be the given rectilineal figure, and E the gi 
rectilineal angle. It is required to deſcribe a parallelogtam 
qual to ABCD, and having an angle equal to H. 

Join DB, and deſeribe à the parallelogram FH equal to the m. 
angle ADB, and having the angle HKF equal to the angle 
and to the ſtraight line GH apply the parallelogram GM equi 


OF EUCLID. 


the triangle DBC, having the angle GHM equal to the angle Book 1. 


and becauſe the angle E is equal to each of the angles 
KH; GHM, the angle FKH is equal to GHM ; add to 
cb of theſe the angle KHG; therefore the angles FKH, 


ns are equal 7 1 

=D the angles A 5 . D F * G L 
SHG GHM; N 

Wt FKH, KHG 
We equal? to two 
aht angles; 
erefore alſo 
SHG, GHM N 
We equal to two 
Naht angles; and R CK H M 
Wecauſe at the _ 

int H in the ſtraight line GH, the two ſtraight lines KH, HM, 
pon the oppobte ſides of it make the adjacent angles equal to 


E 


nd becauſe the . line HG meets the parallels KM, FG, 
e alternate angles MHG, HGF are equal“: Add to each of 

Peſe, the angle HGL : Therefore the angles MHG, HG are 
aal to the angles HGF, HGL: But the angles MHG, HGL 
re equal e to two right angles; wherefore alſo the angles HGF, 
o are equal to two right angles, and FG is therefore in the 
ame ſtraight line with GL: And becauſe KF is parallel to 


Nee parallels; wherefore KFLMis a parallelogram; and becauſe 
ye triangle ABD is equal to the parallelogram HF, and the 
Wriangle DBC to the parallelogram GM; the whole rectili— 
Neal figure ABC D is equal to the whole parallelogram KFLM ; 
Wherefore the parallelogram KFLM has been deſcribed equal to 


val to the given angle E. Which was to be done, 

Con. From this it is manifeſt how to a given ſtraight line to 
Wpply a Te which ſhall have an angle equal to a 
ien rectilineal angle, and ſhall be equal to a given rectilineal 
Pram equal to the Art triangle ABD, and having an angle e- 
Wual to the given angle. 


PROP, 


”—”— ——— —— 


e 29. I, 


ro right angles, KH is in the ſame ſtraight line 4 with HM 3d 14. : N | 


G, and HG to ML; KF is parallel to ML: And KM, FLe 39. r. 


| N do given rectilineal figure ABCD, having the angle FEM e- | 


igure, viz. by applying ® to the given ftraight line, a parallelo- “ 44+ 7+ 
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PV! 


a II, r. 
b 3. Is 

| e 31. 1. 
d 34. 1. 


e 29. I. 


4 46. I. 


THE ELEMENTS 


PROP. XLVI. PRO B. 
To deſeribe a ſquare vpon a given ſtraight line. 


Let AB be the given ſtraight line; it is required to deſcril 

a ſquare upon AB, | 

From the point A draw AC at right angles to AB; a 
make® AD equal to AB, and through the point D draw Di 
parallel © to AB, and through B draw BE parallel to AD; ther 
fore ADEB is a parallelogram ; whence AB is equal*to DE, au 
AD to BE: But BA is equal to AD; C | ; 
therefore the four ſtraight lines BA, | 
AD, DE, EB are equal to one ano= | 
ther, and the parallelogram ADEB D 2 1 
is equilateral, likewiſe all its angles 1 


are right angles; becauſe the ſtraight 
line AD meeting the parallels AB} 
DE, the angles BAD, ADE are e- | 
qual e to two right angles; but BAD | 

is a right angle; therefore alſo ADE | 
is a right angle; but the oppolite A 3 
angles of parallclograms are equal 4; | 
therefore each of the oppoſite angles ABE, BED is a right 
angle; wherefore the figure ADEB is rectangular, and it hai 


been demonſtrated that it is equilateral ; it is therefore a ſquar, iſ 
and it is deſcribed upon the given ſtraight line AB: Whiaif 


was to be done. 


Cor. Hence every parallelogram that has one right ang: 
has all its angles right angles. | 


PROP. XLVII THE OR. 


IN any right angled triangle, the ſquare which is dif 

ſcribed upon the fide ſubtending the right angle, 
equal to the ſquarcs deſcribed upon the fides which cou-if 
tain the right angle. > 


Let ABC be a right angled triangle having the right angk 
BAC; the ſquare deſcribed upon the fide BC is equal to te 
ſquares deſcribed upon BA, AC. | 

On BC detcribe*the ſquareBDEC, and on BA, AC the ſquare 

| GD, 
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d through A draw® AL parallel to BD or CE, and Book J. 

; then, becauſe each of the angles BAC, BAG is N 

WS right angles, the two G © ze. del. 
Wraight lines AC, AG up- 

In the oppoſite lides of AB, 

Sake with it at the point Am 

ie adjacent angles equal to 

Wo right angles; therefore 

TCA is in the ſame ſtraight 

Snc1iwith AG; for the ſame B 
eaſon, AB and AH are in 

She ſame ſtraight line; and | 

ecauſe the angle DBC is e- | | | 
ual to the angle FBA, each | | 
f them being a right angle, 

dd to each the angle ABC, A 

Ind the whole angle DBA is D 1. E 

qual to the whole FBC; and becauſe the two ſides AB, BD e 2. Ax. 

ee cqual to the two FB, BC, each to each, and the angle 

DBA equal to the angle FBC; therefore the baſe AD is e- 

Dual f to the baſe FC, and the triangle ABD to the triangle f“ *. 

BBC: Now the parallelogram, BL is double of the triangle g 41. . 

SABD, becauſe they are upon the ſame baſe BD, and between 

Whe ſame parallels, BD, AL; and the ſquare GB is double of 

Whe triangle FBC, becauſe theſe alſo are upon the fame baſe 

B, and between the ſame parallels FB, GC But the doubles 

Wt equals are equalÞ to one another: Therefore the parallelo- h 6. Ax. 

pram BL is equal to the ſquare GB: And in the ſame manner, 

Wy joining AE, BK, it is demonſtrated that the parallelogram 

Lis equal to the ſquare HC: Therefore the whole ſquare 
WDEC is equal to the two ſquares GB, HC; and the ſquare 

WB DEC is deſcribed upon the ſtraight line BC, and the ſquares 

CB, HC upon BA, AC: Wherefore the ſquare upon the fide 

WC is equal to the ſquares upon the ſides BA, AC. Therefore, 

Wn any right angled triangle, &c. Q. E. D. | 


FRO P. XLVIIII. THEO R. 


Hr the ſquare deſcribed upon one of the ſides of a tri- 
angle, be equal to the ſquares deſcribed upon the o- 
Wacr two ſides of it; the angle contained by theſe two 
des is a right angle. | 


D If 
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If the ſquare deſcribed upon BC, one of the ſides of the t; 


YM angle ABC, be equal to the ſquares upon the other ſides BA 


a 11. 1. 


b 47. 1. 


C 8. 3. 


AC; the angle BAC is a right angle. | 

From the point A draw * AD at right angles to AC, | 
make AD equal to BA, and join DC: Then, becauſe DA 
equal to AB, the ſquare of DA is equal + 
to the ſquare of AB: To each of theſe D 
add the ſquare of AC; therefore the ſquares 
of DA, AC, are equal to the ſquares of 
BA, AC: But the ſquare of DC is equal 
b to the ſquares of DA, AC, becauſe DAC 
is a right angle; and the ſquare of BC, by 
hypotheſis, 1s equal to the ſquares of BA, 
AC; therefore the ſquare of DC is equa] £.. =} 
to the ſquare of BC; and therefore alto B CF 
the ſide DC is equal to the fide BC. And A 
becauſe the fide DA is equal to AB, and AC common to tle 
two triangles DAC, BAC, the two DA, AC are equal to th 
two BA, AC; and the baſe DC is equal to the baſe BC; there 
ſore the angle DAC is equal © to the angle BAC: But DA 
is a right angle; therefore alſo BAC is a right angle. Ther 
fore, if the ſquare, &c. Q. E. D. | 
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"FIT, VERY right angled parallelogram is ſaid to be contained 
| 13 by any two of the ſtraight lines which contain one of the 
right angles. = 

In every parallelogram, any of the parallelograms about a dia- 

= meter, together with the 3 

two complements, 1s called A I D 

a Gnomon. Thus the pa- | 

© rallelogram HG, toge- 

* ther with the comple- 

ments AF, FC, is the gno- Þ 

mon, which is more brief 11 

* ly expreſſed by the letters | 

© AGK, or EHC which are B A 

© at the oppoſite angles of | 

the parallelograms which make the gnomon.? 
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TF there be two ſtraight lines, one of which is divided 
into any number of parts; the rectangle contained by 
thc two ſtraight lines, is equal to the rectangles contain. 
d by the undivided line, and the ſeveral parts of the 
Tivided line. 


D 2 Let 


32 


Book II. 


a 11. 1 


93. To 
Cc 31. Is 


d 34- Ts 


G. E, D. | 


THE ELEMENTS | 
Let A and BC be two ſtraight lines ; and let BC be divide; | 


into any parts in the points D, E; the rectangle contained b) 
the ſtraight lines A, BC is equal t. 
to the rectangle contained by A, B in * 
BD, together with that contain- | - 


ed by A, DE, and that contained 
by A, EC. 

From the point B atew” e 
at right angles to BC, and make — 
BG equal®to A; and through 
G draw © GH parallel to BG; 
and through D, E, C draw< DK F 
EL, CH parallel to BG; then the 
rectangle BH is equal to the rectangles BK, DL, EH; and 
BH is contained by A, BC, for it is contained by GB, BC, and 
GB is equal to A; and BK is contained by A, BD, for it is 
contained by GB, BD, of which GB is equal to A; and DL i; 
contained by A, DE, becauſe DK, that is, 4 BG, is equal to A; 
and in like manner the rectangle EH is contained by A, EC: Wt Pe 
Therefore the rectangle contained by A, BC is equal to the ſe. WW? © 
veral rectangles contained by A, BD, and by A, DE; and allo WW 
by A, EC, Wherefore, if there be two ſtraight lines, &, We - 


— 


PROP. II. T HE OR. 13 
| if ſtraight line be divided into any two parts, the ; A 

rectangles. contained by the whole and each of the c 
parts, are together equal to the ſquare of the whole a 
line, A 


Let the ſtraight line AB be divided into — C WW: 
any two parts in the point C; the rect- 
angle contained by AB, BC, together with 1 
the rectangle * AB, AC, ſhall be equal to [ 

ty 


the ſquare of AB. | 
Upon AB deſcribe * the ſquare ADEB, | — 
and through C draw ® CF, parallel to AD, | 


or BE; then AE is equal to the rectangles L—. — th 
AF, CE; and AE is the ſquare of AB; D F E 
| | at 

N. B. To avoid repeating the word contained too ſrequently, the reQanz' th 


8 by two flraight lines AB, AC is ſometimes ſimply called the reCtang! tw 
AB, AC. | . 
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ind AF is the rectangle contained by BA, AC; for it is con- Book Ii. 
= tained by DA, AC, of which AD is equal to AB; and CE \wywwd 
is contained by AB, BC, for BE is equal to AB; therefore the | 
= rectangle contained by AB, AC, together with the rectangle 

AB, BC, is equal to the ſquare of AB. If therefore a ſtraight 

line, &c. Q. E. D. 


PROP. IL THE OR. 


Fa ſtraight line be divided into any two parts, the 


| 


; rectangle contained by the whole and one of the 
parts, is equal to the rectangle contained by the two 
parts, together with the ſquare of the foreſaid part. 


_ — 


Let the ſtraight line AB be divided into any two parts in the 
point C; the reCtangle AB, BC is equal to the rectangle AC, CB, 
together with the ſquare of BC. 

= Upon EC deſcribe a the ſquare A C B . 1 
Cb EZB, and produce ED to F, and 1 
through A draw Þ AF parallel to CD} 
or BE; then the rectangle AE is e- | 
qual to the rectangles AD, CE; and | 


* ö — 7 
— ——— — — . by * — * 
— — * w * — +. » < 
wl - n . = 
—: ee ee ee to . Oe I IH 
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b 31. 1. 


| 


Ak is the reCtangle contained by AB, 
Bc, for it is contained by AB, BE, 
of which BE is equal to BC; and 
AD is contained by AC, CB, for Det FOUR BP CER ETD 
CD is equal to CB; and DB is the FF D E 
ſquare of BC; therefore the rectangle 

AB, BC is equal to the rectangle AC, CB together with the 
ſquare of BC. If therefore a ſtraight line, &c. Q. E. D. 


- 
— —— —— 


— 


N. Ha. 


F a ſtraight line be divided into any two parts, the 
ſquare of the whole line is equal to the ſquares of the 
two parts, together with twice the rectangle contained by 
the parts, 


- ? 2 833 8 1 * © a ws 8 2 * 2 . 
> ele — — 1 — ov — . — 2 -_ 1 wh a . 
Y P —_— 
8 . — * 3 n 4 - 7 _ p 
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” 1 — P a . 
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” — at - 
. — < 
a & — — — — — — — > — bb - — — — 
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Let the ſtraight line AB be divided into any two parts in C; 
the ſquare of AB is equal to the ſquares of AC, CB and to 
twice the rectangle contained by AC, CB, 

W343 Upon 


_——_> . — — 
* : 


34 ” wm _— — 2 
— =o — 
— — 2 ” 
4 3 War a . "mz 
OY 


54 
Book IT. 


WYV through C draw CGF 


3T 


6. I. 
9. 


5 43, 7. 
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Upon AB deſcribe a the ſquare ADEB, and join BD, and 
parallel] to AD or BE, and through G draw 
HK parallel to AB or DE: And becauſe CF is parallel to AD, 
and BD falls upon them, the exterior angle BGC is equal © tg 


the interior and oppoſite angle ADB; but ADB is equal to F 


the angle ABD, becauſe BA is equal to AD, being ſides of a 


ſquare ; wherefore the angle CGB 

is equal to the _ GBC; and there- A C 
fore the fide BC is equal © to the 

fide CG: But CB is equal f alſo to G 
GK, and CG to IK; wherefore H — * 


the figure CG KB is equilat ral: It is 
likewiſe r:Qangular ; for CG is pa- 
rallel to BK, and CB meets them; 
the angles KBC, GCB are therefore — | 
equal to two right angles; and KBC D F E 
is a right angle; wherefore GCB is a right angle; and thereſore 
allo the angles f CGK, GKB oppoſite to theſe are right angles, 
and CCKù is rectangular : But it is alſo equilateral, as was 
demonſtrated; wherefore it is a ſquare, and it is upon the fide 
CB: For the ſame reaſon HF alfo is a ſquare, and it is upon the 
ſide HG which is equal to AC: Therefore HF, CK are the 
ſquares of AC, CB; and becauſe the complement AG is equal 
sto the complement GE, and that AG is the rectangle contain- 
ed by AC, CB, for GC is equal to CB; therefore GE is alſo equal 


to the rectangle AC, CB; wherefore AG, GE are equal to 


twice the rectaugle AC, CB: And HF, CK are the ſquares of 
AC, CB; wherefore the four figures HF, CK, AG, GE arc 


Equal to the ſquares of AC, CB, and to twice the rectangle 


AC, CB: But HF, CK, AG, GE make up the whole figure 
ADEB, which is the ſquare of AB: Therefore the ſquare of AB 
is equal to the ſquares of AC, CB and twice the rectangle AC, 
CB. Wherefore, if a ſtraight line, &c. Q. E. D. 

Cor. From the demonſtration, it is manifeſt, that the pa- 
rallelograms about the diameter of a ſquare are likewile ſquares. 


PROP, 


PROP. v. THE OR. 


r a ſtraight line be divided into two equal parts, 
and alſo into two unequal parts; the rectangle con- 
Jained by the unequal parts, together with the ſquare of 
The line between the points ot ſection, is equal to the 
Jquare of half the line. 


Let the ſtraight line AB be divided into two equal parts in 
the point C, and into two unequal parts at the point D; the 
krectangle AD, DB, together with the ſquare of CD, is equal 
to the ſquare of CB. | | 
| Upon CB deſcribe a the ſquare CEFB, join BE, and through = 46. 1. 
D driaw® DHG parallel to CE or BF; and through H draw b 31. 1. 
KLM parallel to CB or EF; and alſo through A draw AK pa- 
rallel to CL or BM: And becauſe the complement CH is e- 
quale to the complement HF, to each of theſe add DM; © 43: f. 


therefore the whole CM 
is equal to the whole DF; A C D B d 36. 1. 
_£|_ nA 


but CM i, ne d to Al., 
becauſe AC is equal to 

CB; therefore alſo AL is K L H 
equal to DF. To each of | 
theſe add CH, and the 5 Wt 
hole AH is B58 to 1 
DF and CH: But AH is . * 

the reQangle contained by K G F 
AD, DB, for DH is equal | | 
to DB; and DF together with CH is the gnomon CMG; © Cor. 4. 
therefore the gyomon CMG js equal to the rectangle AD, DB: ok 
Jo each of theſe add LG, which 1s equal ꝰ to the ſquareof CD; 
therefore the gnomon CMG, together with LG, is equal to the 
tectangle AD, DB, together with the ſquare of CD : But the 
gnomon CMG and LG make up the whole figure CEFB, which 

is tne ſquare of CB: Therefore the rectangle AD, DB, together 

with the ſquare of CD, is equal to the ſquare of CB. Wheretore, 

if 2 ſtraight line, &c. Q. E. D. 

From this propolition it is manifeſt, that the difference of the 

| ſquares of two unequal lines AC, CU, is equal to the rectangle 

{ contained by their {um and difference. 


D , PROP; 
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WR) PROP. VI. THE OR. 


F a ſtraight line be biſected, and produced to an; 
gots the rectangle contained by the whole line thu; 
produced, and the part of it produced, together with Þ 
the ſquare of half of the line biſected, is equal to the 
ſquare of the ſtraight line which is made up of the half 
and the part produced, | 4 


Let the ſtraight line AB be biſected in C, and produced t 
the point D; the reQtangle AD, DB, together with the ſquare Þ 
of CB, is equal to the ſquare of CD. | 
6. . Upon CD deſcribe * the ſquare CEF, join DE, and throug qu 
b 31. 1. B draw BHG parallel to CE or DF, and through H draw KLM mc 
parallel to AD or EF, and alſo through A draw AK parallel to CL CI 


or DM: And hecauſe AC Al 
is equal to CB, the rectangle A . 9 B 4 D ad, 
„ » 4 equal to CH; but an 
d 43. 1. CH is equal d to HF; there- 1 H to 
fore alſo AL is equal to K — M en 
HF: To each of theſe add j = wh 
CM ; therefore the whole | an 
AM is equal to the gno— tw 
mon CMG: And AM is f — W 
; 


/ 
1 the rectangle contained by F 
| AD, DB, tor DM is equal 
* Cor. a. 2. eto DB: Therefore the gnomon CMG is equal to the red. 
angle AD, DB: Add to each of theſe LG, which is equal to 
the ſquare of CB; therefore the rectangle AD, DB, together 
with the ſquare of CB, is equal to the gnomon CMG and the 
figure LG : But the gnomon CMG and LG make up the 
whole figure CEFD, which is the ſquare of CD; ther fore 
the rectangle AD, DB, together with the ſquare of CB, is e- © 
qual to the ſquare of CD. Wherefore, if a ſtraight line, &c. PA 
Q. E. D. m 


'q * = J * * N 5 — * . * * 
y — 
T4 \ TY A a5 U N 
. M "At: 3 A 


BY 7s 4 Bp: © 
8 


PROP. VII. THE OR. 


I a ſtraight line be divided into any two parts, the | 19 
ſquares of the whole line, and of one of the parts, arc W of 
equal to twice the rectangle contained by the whole and 


| that part, together with the ſquare of the other part. 5 
| Let the ſtraight line AB be divided into any two paits in th 


the 


0 
F + 


he point C; the ſquares of AB, BC are equal to twice the Book 11. 
Fectangle AB, BC together with the ſquare of AC. 

Upon AB deſcribe * the ſquare ADEB, and conſtru the à 46. 1. 
Figure as in the preceding propoſitions : And becauſe AG is 
equal b to GE, add to each of them CK; the whole AK is > 43. l. 
therefore equal to the whole CE; 
therefore AK, CE are double of A C i B 
FAK : But AK, CE are the gnomon 

AK together with the ſquare CK; | 
| 1 the gnomon AK, toge -H G 
„ther with the ſquare CK, is double | E 
of AK: But twice the rectangle AB, | 
he js double of AK, for BK is e- 
aqaaual e to BC: Therefore the gno- BY 
13 — AKF, together with the ſquare — — phe ok 
CK, is equal to twice the rectangle D 

AB, BC: To each of theſe equals 

add HF, which is equal to the ſquare of AC; therefore the 
gnomon AKF, together with the ſquares CK, HF, is equal to 
twice the rectangle AB, BC and the ſquare of AC: But the 
7 gnomon AKE, together with the ſquares CK, HF, make up the 
whole figure ADEB and CK, which are the ſquares of AB 
and BC: Therefore the ſquares of AB and BC are equal to 
twice the rectangle AB, BC, together with the ſquare of AC. 
EZ Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. VIL THEO. 


0 


- 


% 


: If a ſtraight line be divided into any two parts, four 
I tunes the reQangle contained by the whole line, and 
once of the parts, together with the ſquare of the other 
part, is equal to the ſquare of the ſtraight line which is 
made up of the whole and that part. 


| Let the ſtraight line AB be divided into any two parts in the 
point C; four times the reCtangle AB, BC, together with the 
iquare of AC, is equal to the ſquare of the ſtraight line made up 
of AB and BC together, 
| Produce AB to D, ſo that BD be equal to CB, and upon 
AD deſcribe the ſquare AEFD ; and conſtruct two figures 
luch as in the preceding. Becauſe CB is equal to BD, and 
that CB is equal * to GK, and BD to KN; therefore GK is a 34. r. 
| | equal 


kl 


——— 
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Book Il. equal to KN: For the ſame reaſon, PR is equal to RO; ant | 

1 

2 43. 1. CK is equal d to BN, and GR to RN: But CK is equal eu | 
RN, becauſe they are the complements of the parallelogrin Þ 
CO; therefore alſo BN is equal to GR; and the four rea. 
angles BN, CK, GR, RN are therefore equal to one another, 
and ſo are quadruple of one of them CK : Again, becauſe C3 


\ * becauſe CB is equal to BD, and GK to KN, the rectan 


is equal to BD, and that BD is 


4 Cor. 4. 2. equal dato BK, that is, to CG; 


and CB equal to GK, that 4 is, to A A C B D 
GP; therefore CG is equal to | 
GP: And becauſe CG is equal to M 
GP, and PR to RO, the rectangle 
AG is equal to MP, and PL to - 
4. RF: But MP js equal e to PL, | 
becauſe they are the complements 
of the parallelogram ML; where | 
fore AG is equal allo to RFT: _ . 
Therefore the four rectangles E HL F 
AG, MP, PL, RF are equal 
to one another, and fo are qua- 
druple of one of them AG. And it was demonſtrated, that 
the ſour CK, BN, GR, RN are quadruple of CK : Therefore 
the eight rectangles which contain the gnomon AOH, are 
quadruple of AK: And becauſe AK is the re. angle contain- 
ed by AB, BC, for BK is equal to BC, four times the reQ- 
angle AB, BC is quadruple of AK: But the gnomon AUOH 
was demonſtrated to be quadruple of AK; therefore four 
times the rectangle AB, BC is equal to the gnomon AO.. 
& Cor. 4. 2. To each of theſe add XH, which is cqual to the ſquare of 
AC: Therefore four times the rectangle AB, BC, together 
with the ſquare of AC, is equal to the gnomon AQH and the 
ſquare XH: But the gnomon AOH and XH make up the f. 
gure AEFD which is the ſquare of AD : "Therefore four times 
the rectangle AB, BC, together with the ſquare of AC, is e- 
qual to the ſquare of AD, that is, of AB and BC added toge- 
tber in one ſtraight line. Wherefore, if a ſtraight line, &c. 


Q E. D. 


PROP, 
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Book II. 


PROP. IX. THE OR. 


a ſtraight line be divided into two equal, and alſo in- 

to two unequal parts; the ſquares of the two unequal 
arts are together double of the ſquare of half the 
Ine, and of the ſquare of the line between the points of 


Aion. 


Let the ſtraight line AB be divided at the point C into two 

qual, and at D into two unequal parts: Ihe ſquares of AD, 

)B are together double of the ſquares of AC, CD. 
From the point C draw * CE at right angles to AB, and a 11. 1. 
make it equal to AC or CB, and join EA, EB; through D draw 

d DF parallel to CE, and through F draw FG parallel to AB; b 31. 1. 
n join AF: Then, becauſe AC is equal to CE, the angle 
EAC is equal“ to the angle AEC; and becauſe the angle © 5+ 7+ 
ACE is a right angle, the two others AEC, EAC together 
E one right angle 4; and they are equal to one another; 
ach of them therelore is half E 
of a right angle. For the ſame 
Feaſon each of the angles CEB, 
EBC is half a right angle; and 2 F 
therefore the whole AEB is a 
right angle: And becauſe theangle 
GEF is half a right angle, and 


EGF a right angle, for it is e- A C D B 


Aual“ to the interior and oppo- 
ute angle ECB, the remaining angle EFG is half a right angle; 
therefore the angle GEF is equal to the angle EFG, and the 
Wide EG equalf to the fide GF: Again, becauſe the angle at Bf 6. 1. 
Is half a right angle, and FDB a right angle, for it is equal 
to the interior and oppolite angle ECB, the remaining angle 
BID is half a right angle; therefore the angle at B is equal 
to the angle BFD, and the fide DF tof the fide DB: And be- 
cauſe AC is equal to CE, the ſquare of AC is equal to the 
iquare of CE; therefore the ſquares of AC, CE are double of 
che ſquare of AC: But the ſquate of EA is equal ss to fheg 47. 1. 
Pquares of AC, CE, becauſe ACE is a right angle; therefore 
the Iquare of EA 1s double of the ſquare of AC: Again, be- 
(cauſe EG is equal to GF, the ſquare of EG is equal to the 
Fquare of GF; therefore the ſquares of EG, M are double ol 
| | the 


d 32» I» 


e 29.1, 


4 


I 47. 1. 


a II. 1. 
d 31. Is 


E 29. 1. 
d 12. Ax. 


e 5. I. 


132. I, 


the ſquare of GF; but the ſquare of EF is equal to the ſquz;yf 4 


a 
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of EG, GF; therefore the ſquare of EF is double of the [qui 
GF: And GF is equal® to CD; therefore the ſquare of Ep; 
double of the ſquare of CD: But the ſquare of AE is likey;. 
double of the ſquare of AC; therefore the ſquares of AE, H 
are double of the ſquares of AC, CD: And the ſquare of Af, 
equal i to the tquares of AE, EF, becauſe AEF is a right ange 
therefore the ſquare of AF is double of the ſquares of A 
CD: But the ſquares of AD, DF are equal to the ſquare g 
AF, becauſe the angle ADF is a right angle; therefore i 
ſquares of AD, DF are double of the ſquares of AC, CD: Aru 
DF is equal to DB; therefore the 1quares of AD, DB 25 
double of the ſquares of AC, CD. If therefore a ſtraight line 
&c. Q. E. D. | 


PROP. X. THE OR. 


F a ſtraight line be biſected, and produced to any point, 
the ſquare of the whole line thus produced, and th: 
ſquare of the part of it produced, are together doub 
of the ſquare of half the line biſected, and of the 
ſquare of the line made up of the half and the part pro. 
duced. | 


Let the ſtraight line AB be biſected in C, and produced to 


a." » 
EI oe IG 5 1 i 2 = * di @ owe b 1 
1 mg % 1 


the point D; the ſquares of AD, DB are double of the ſquars Al 
of AC, CD. 

From the point C draw * CE at right angles to AB: Au iq. 
make it equal to AC or CB, and join AE, EB; through E drav of 
b EF parallel to AB, and through D draw DF parallel to CE: M 


And becauſe the ſtraight line EF meets the parallels EC, FD, the Y 
angles CEF, EFD are equal*to two right angles; and therefore 
the angles BEF, EFD are leſs than two right angles: But ſtraight 

lines which with another ſtraight line make the interier angles 

upon the ſame fide leſs than two right angles, do meet © if pro- 
duced far enough: Therefore EB, FD ſhall meet, if produced, 
toward B, D: Let them meet in G, and join AG: Then, becaule 

AC is equal to CE, the angle CEA is equal © to the angle 

EAC ; and the angle ACE is a right angle; therefore each of the 
angles CEA, EAC is half a right angle f: For the ſame reaſon, 


cach 
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cn of the angles CEB, EBC is half a right angle; therefore Book II. 

"WA FB is a right angle: And becauſe EBC is half a right angle, + 

DBG is alſof half a right angle, for they are vertically oppo- f xs. 1. 

te; but BDG is a right angle, becauſe it is equal © to the al- e 29. I. 

"S&rnate angle DCE ; therefore the remaining angle DGB is 

af a right angle, and is therefore equal to the angle DBG; 

berefore alſo the fide BD is equal to the fide DG: Again, g 6. 1. 

0 Pecauſe EGF is 1 a 

icht angle, and that 

"= vi angle bt F is a right KE — F 

Engle, becauſe it is e- | 

Hual * to. the oppofite 

2 angle ECD, the remain- | 

ng angle FEG is half a A 

right angle, and equal 
to the angle EGF, . 

twherefore allo the fide 

(F is equals to the fide FE. And becauſe EC is equal to 
| roy the ſquare of EC is equal to the ſquare of CA ; therefore 


h 34. 1. 


the ſquares of EC, CA are double of the ſquare of CA: But 
the ſquare of EA is equal i to the ſquares of EC, CA; there- i 47-7» 
ſore the ſquare of EA is double of the ſquare of AC: Again, 
@ becauſe GF is equal to FE, the ſquare of GF is equal to the 
ſquare of FE; and therefore the ſquares of GF, FE are dou- 
ble of the ſquare of EF: But the ſquare of EG is equal i to 
the ſquares of GF, FE; therefore the ſquare of EG is double 
Jof the ſquare of EF: And EF is equal to CD; wherefore the 
© ſquare of EG is double of the ſquare of CD: But it was demon- 
ſtrated, that the ſquare of EA is double of the ſquare of AC; 
# therefore the ſquares of AE, EG are double of the ſquares of 
| AC, CD: And the ſquare of AG is equal i to the ſquares of 
F AE, EG ; therefore the ſquare of AG is double of the ſquares of 
Ac, CD: But the ſquares of AD, DG are equal i to the 
ſquare of AG; therefore the ſquares of AD, DG are double 
ot the ſquares of AC, CD: But DG is equal to DB; therefore 
the ſquares of AD, DB are double of the ſquares of AC, CD: 
Wherefore, if a firaight line, &c. Q E. D. 
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Book IT. 
WAY PROP. XI. PROB. 


O divide a given ſtraight line into two parts, fo z 1 
| the rectaugle contained by the whole, and one 
the parts, ſhall be equal to the ſquare of the oe IN 


part, | | 
. a : > W4 Nuc 

Let AB be the given ſtraight line; it is required to da » 
it into two parts, ſo that the rectangle contained by the what! 5 
and one of the parts, ſhall be equal to the ſquare of the obe 2 
part. upo 


2 46.1. Upon AB deſcribe* the ſquare ABD C; biſect o AC in 1 he 
bro-T. and join BE; produce CA to F, and make< EF equal to EH he 
e $.% upon AF deſcribe * the ſquare FGHA; AB is divided ns! 
H ſo, that the rectangle AB, BH is equal to the ſquare of Al, 
Produce GH to K: Becauſe the ſtraight line AC is biſeau 
in E, and produced to the point F, the rectangle CF, FA, u 
d 6. 2. ether with the ſqusre of AE, is equal d to the ſquare of IF: 
But EF is equal to EB; therefore the rectangle CF, FA, tog. 
ther with the ſquare of AE, is equal to the ſquare of EB: And te 
e 47.1. ſquares of BA, AE are equal © to the F 
ſquare of EB, becauſe the angle EAB —o& 
is a right angle; therefore the rect- 
angle CF, FA, together with the iquare {| 
of AE, is equal to the ſquares of BA, | | 
AE: Take away the ſquare of Au, A 
which is common to both, therefore | 
the remaining reCtangle CF, FAise 
qual to the ſquare of AB: And the fi- E 3 
gure FK is the rectangle contained by 
CF, FA, for AF is equal to FG; and 
AD is the ſquare of AB; therefore 
FK is equal to AD: Take away the SET 
common part AK, and the remainder C © K D 
FH is equal to the remainder HD: 
And HD is the rectangle contained by AB, BH, ſor AB is MW 
qual to BD; and FH is the ſquare of AH: Therefore th: 
rectangle AB, BH is equal to the ſquare of AH: Wherefore WF 
the ſtraight line AB is divided in H ſo, that the rectangle AÞ, 
BH is equal to the ſquare of AH. Which was to be done. 


PRO), 


HB 


Puced, the ſquare of the fide ſubtending the obtuſe angle 
Jule angle, by twice the rectangle contained by the ſide 


| 
| 
N 
be ſtraight line intercepted without the triangle between | 
| 


( 


he perpendicular and the obtuſe angle. 
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SYN 


PROP. XI. THE OR. 


N obtuſe angled triangles, if a perpendicular be drawn 
from any of the acute angles to the oppoſite fide pro- 


greater than the ſquares of the ſides containing the ob- 


pon which, when produced, the perpendicular falls, and 


— ——_— 


* 
1 fete eo. as 
„ ——  —— —— — — — 


Let ABC be an obtuſe angled triangle, having the obtuſe 
ingle ACB, and from the point A let AD be drawn * perpen=- a 12. 1, 
Hlicular to BC produced: The ſquare of AB is greater than the 
quares of AC, CB by twice the rectangle BC, CD. 
Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal | 
to the ſquares of BC, CD, and A b 4. 2. 
twice the tectangle BC, CD: To 
teach of theſe equals add the ſquare 
of DA; and the ſquares of BD, DA 
are equal to the ſquares of BC, CD, 
Da, and twice the rectangle BC, 
(b: But the ſquare of BA is equal 
q the ſquares of 115 DA, be- 
auſe the angle at is a right e e ee 
Bangle; and 5 ſquare of CA 925 B | C D 
qual to the ſquares of CD, DA: Therefore the ſquare of BA 
is equal to the ſquares of BC, CA, and twice the rectangle BC, 
ECD; that is, the iquare of BA is greater than the ſquares of BC, 
FCA, by twice the rectangle BC, CD. Therefore, in obtuſe 
Eangled triangles, &c. Q. E. D. 
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e 47. 1. 
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T HE ELEMENTS 


au 
FF every triangle, the ſquare of the fide ſubtending a 
. he 
of the acute angles, is leſs than the ſquares of the ſid; he 
containing that angle, by twice the rectangle containe Mp 
by either of theſe ſides, and the ſtraight line intercept qu 
between the perpendicular let fall upon it from the oppo. WR ! 
ſite angle, and the acute angle, 0 
j ' per 
Vis r 
Let ABC be any triangle, and the angle at B one of its » due 
cute angles, and upon BC, one of the ſides containing it, let fall qu 
the perpendicular * AD from the oppoſite angle: The {qui Q. 
of AC, oppoſite to the angle B, is leſs than the ſquares of Ch 
BA by twice the rectangle CB, BD. $ 
Firſt, Let AD fall within the triangle ABC; and becau:W 
the ſtraight line CB is divided in- | 
to two parts in the point D, the A 
ſquares of CB, BD are equal® to 
twice the rectangle contained by 
CB, BD, and the ſquare of DC: 
To each of theſe equals add the 
ſquare of AD; therefore the 
ſquares of CB, BD, DA are equal ] 
to twice the rectangle CB, BD, / | __ Leer 
and the ſquares of AD, DC: B > WE # ] 
But the ſquare of AB is equal rec 
© to the ſquares of ED, DA, becauſe the angle BDA is art to 
angle; and the ſquate of AC is equal to the ſquares of AD, Do ;; 
Therefore the ſquares of CB, BA are equal to the ſquare «WM wh 
AC, and twice the rectangle CB, BD; that is, the ſquare «MW js 1 
AC alone is Jeſs than the ſquares of CB, BA by twice the ted if t 
angle CB, BD. qua 
Secondly, Let AD fall with- Ae. 
out the triangle ABC : Then, be- 4 and 
cauſe the angle at D is a right 4-1 to | 
angle, the angle ACB is preater | BF 
4 than a right angle; and there. | the 
fore the ſquare of AB is equal © to cire 
the ſquares of AC, CB, and twice | bec: 
the rectangle BC, CD: To theſe e- „ the 
quals add the ſquare of BC, and the B = 2 Dur, 
GF 


- 


OF EUCLID. 65 


EJquares of AB, BC are equal to the ſquare of AC, and twice Book ll. 
he ſquare of BC, and twice the rectangle BC, CD: But be- 
Fauſe BD is divided into two parts in C, the rectangle DB, BC 

Bs equal f to the rectangle BC, CD and the ſquare of BC: And f 3: 3. 
She doubles of theſe are equal: Therefore the ſquares of AB, 

c are equal to the ſquare of AC, and twice the rectangle 
DB, BC : Therefore the ſquare of AC alone is leſs than the 
Squares of AB, BC bytwice the rectangle DB, BC. A 
KS Laſtly, Let the fide AC be perpendicular to | 
c; then is BC the ſtraight line between the 
perpendicular and the acute angle at B; and it 
is manifeſt that the ſquares of AB, BC are e- 
{Equal © to the ſquare of AC, and twice the C 47. Is 
cquare of BC: Therefore, in every triangle, &c. 


. E. D. 


n 


Su — 


B C 


P'R O-P. HV. PROD. 


£ O deſcribe a ſquare that ſhall be equal to a given ge N. 
L T rectilineal figure. 

I Let A be the given rectilineal figure ; it is required to de · 
E ſcribe a ſquare that ſhall be equal to A. | 

# Deſcribe © the rectangular parallelogram BCDE equal to the a 45. 1. 
ecctilineal figure A. If then the ſides of it BE, ED are equal 

do one another, it 

is a ſquare, and H 

what was required | 
is now done : But 
if they are not e- 


qual, produce one B 5 F 


of them BE to F, 8 | 
and make EFequal ' i G 1. 
| to ED, and biſect Co D 


BF in G; and from 
the centre G, at the diſtance GB, or GF, deſcribe the ſemi— 
circle BHF, and produce DE to H, and join GH : Therefore, 
| becauſe the ſtraight line BF is divided into two equal parts in 
the point G, and into two unequal at E, th- reQangle BE, 
EF, together with the ſquare of EG, is equal® to the ſquare of b 5. 2. 
GF: But GF is equal to GH; therefore the rectangle BE, EF, 
L. . 
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together with the ſquare of EG, is equal to the ſquare of G: 


But the ſquares of HE, EG are equal © to the ſquare of GH 


Therefore the rectangle BE, EF, together with the ſquare g 
EG, is equal to the ſquares of HE, EG: Take away the ſqu {$- 
of EG, which is common to both; and the remaining red. 


angle BE, EF is equal to the ſquare of EH : But the reCtang|, 
contained by BE, EF is the parallelogram BD, becauſe BF; 
equal to ED; therefore BD is equal to the ſquare of EH; bucBD 


is equal to the rectilineal figure A; therefore the rectilineal f. 
ure A is equal to the ſquare of EH: Wherefore a ſquare ha | 
en made equal to the given rectilineal figure A, viz. the ſquare ft 


de ſeribed upon KH, Which was to be done. 
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| DEFINITIONS 


1 


11 I. 
| QUAL circles are thoſe of which the diameters are equal, 
: or from the centres of which the ſtraight lines to the #1 
circumferences are equal. 4 
* © This is not a definition but a theorem, the truth of which | | 
is evident; for, if the circles be applied to one another, ſo that 
their centres coincide, the circles muſt likewiſe coincide, fiance 
the ſtraight lines from the centres are equal. 
|: | II. 
A ſtraight line is ſaid to touch 
* acircle, when it meets the 
circle, and being ptoduced 
does not cut it. 

HL. 
| Circles are ſaid to touch one 
another, which meet, but 
do not cut one another. 


IV. | 

Straight lines are ſaid to be equally di- 

|{ ſtant from the centre of a circle, 
when the perpendicalars drawn to 
them from the centre are equal, 

V, 4 

| And the ſtraight line on which the 
greater perpendicular falls, is ſaid to 
be farther from the centre, 1 
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VI. 


A ſegment of a circle is the figure con- 8 
tained by a ſtraight line and the cir- 


cumference it cuts off. 
| VII. 


c The angle of a ſegment is that which is contained by the ® 


« ſtraight line and the circumference.” 
| VIII. 

An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
ſrom any point in the circumference 
of the ſegment, to the extremities 
of the ſtraight line which 1s the baſe 
of the ſegment. 

IX. | 

And an angle is ſaid to inſiſt or ſtand 
upon the circumference intercepted 

between the ſtraight lines that con- 
tain the angle. 
X. 


"The ſeQor of a circle is the figure contain- \ 
ed by two ſtraight lines drawn from the | 
centre, and the circumference between 


them. 


/ 
XI. 


Similar ſegments of a circle, 


are thoſe in which the an- | EN 
gles are equal, or which 
. 


contain equal angles. 


PROP. I. PR OB. 


| O find the centre of a given circle, 


Let ABC be the given circle; it is required to find its centre. 

Draw within it any ſtraight line AB, and biſeR® it in D; 
ſrom the point D qraw DC at right angles to AB, and pro- 
duce it to E, and biſect CE in F: The point F is the centre of 
the circle ABC. 


Ton 


2. - y F p 
F ICC A II . WE Is 5 


— 2 E22 


* *" 2 fr ad EPS OE. 
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Por, if it be not, let, if poſſible, G be the centre, and join Book 111. 
©GA, GD, GB: Then, becauſe DA is equal to DB, and DG vw 
common to the two triangles ADG, | 

50G, the two ſides AD, DG are e- 

qual to the two BD, DG, each to 

each; and the baſe GA is equal to 
the baſe GB, becauſe they are drawn 

EZ from the centre G: Therefore the 

angle ADG is equal © to the angle 
* GDB: But when a ſtraight line ſtand- 

EZ ing upon another ſtraight line makes A 
the adjacent angles equal to one ano- | 
ther, each of the angles is a right an- E 

= gle4: Therefore the angle GDB is a d 10, def, I, 

right angle: But FDB is likewiſe a right angle; whereſore the 

angle FDB is equal to the angle GDB, the greater to the leſs, 
which is impoſſible : Therefore G is not the centre of the cir- 
cle ABC: In the ſame manner it can be ſhewn, that no other 

oint but F is the centre; that is, F is the centre of the circle 
© ABC: Which was to be found. 

Cos. From this it is manifeſt, that if in a circle a ſtraight 

© line biſect another at right angles, the centre of the circle is in 

the line which biſects the other. 


T3 £5 


* 


r 


BE 


n. THE-O-R. 


17 any two points be taken in the circumference of a 
circle, the ſtraight line which joins them ſhall fall 


within the circle. 


Let ABC be a circle, and A, B any two points in the cir- 
cumference; the ftraight line drawn 
trom A to B ſhall fall within the circle. 

For, if it do not, let it fall, if poſſi- 
ble, without, as AEB; find“ D the cen- a 1. 3, 
tre of the circle ABC, and join AD, 
DB, and produce DF, any ſtraight line 


meeting the circumference AB, to K: 
+ Then becauſe DA is equal to DB, the 
angle DAB is equal®to the angle DBA; | b 5. 1. 


IS of DAB ERS In de I Jn fo ' 4  ERD Ws. SR 5 


and becauſe AE, a fide of the triangle W E B 


N. B. Whenever the expreſſion *©* ſtraight lines from the centre,” or ** drawn 
* from the centre,” occurs, it is to be underſtood that they are drawn to the 6i1* 


cumference. 
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Book I DAE, is produced to B, the angle DEB is greater * than the 


di Re 
© 16. 1 


d 19. 1 


© 79. def, 2. angle: Therefore each of the angles 


d 5, 


J. 


angle DAE; but DAE is equal to the angle DBE; therefor, Þ 


the angle DEB is greater than the angle DBE: But to the great 


er angle the greater fide is oppoſite 4 DB is therefore greater x 


than DE: But DB is equal to DF; wherefore DF is greater 


than DE, the leſs than the greater, which is impoſſible: There. Þ 
fore the ſtraight line drawn from A to B does not fall withou Bt 


the circle. In the ſame manner, it may be demonſtrated that 
it does not fall upon the circumference; it falls therefore With- 
in je Wherefore, if any two points, & c Qi D. 


PROP. III. THE OR. 


IF a ſtraight line drawn through the centre of a Circle 

biſect a ſtraight line in it which does not paſs through 
the centre, it ſhall cut it at right angles 3 ; and, if it cuts it 
at right angles, it ſhall biſect it. 


Let ABC be a circle; and let CD, a \ fraight ine drawn 
through the centre, biſect an ſtraight line AB, Which doe; not 
pals through the centre, in Ne point F: It cuts it alſo at. right 
angles 

Fake E the centre of the circle, and join EA, Ef: Then, 
becauſe AF is equal to FB, and FE common to the two tri 
angles AFE, BFE, there are two ſides in the « one e to tyo 
ſides in the other, and the baſe EA ig 43: U. 
equal to the baſe EB; therefore the — 
angle AFE is equal® to the Angle BFE: 
But when a ſtraight line ſtanding upon 
another makes the adjacent angles equal 
to one another, each of them is a right 


AFE, BFE is a right angle; wheretore X 

the ſtraight line CD, drawn through the 

centre biſecting another AB that does ' F 
not paſs through the centre, cuts the fame _ D 
at right angles. 

But let CD cut AB at right angles ; ; CD alſo biſeQs it, that 
is, AF is equal to FB. 

The ſame conſtruction being made, becauſe EA, EB from 
the centre are equal to one another, the angle EAF is equal“ 
to the angle EBF; and the right angle AFE is equal to the 
right angle BFE: Therefore, in the two triangles EAF, 1 * 

there 
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| 


de here are two angles in one equal to two angles in the other, Book 111. 74 
„Ind the fide EF, which is oppoſite to one of the equal angles 144 
s each, is common to both; therefore the other ſides are e- 1 
er uale; AF therefore is equal to FB. Wherefore, in a ſtraight e 26. 1 1 
er a * ke. Q. E. D. 


1 + PROP. IV. THEOR. 


, 0 in a circle two ſtraight lines cut one another which | 
I do not both paſs through the centre, they do not biſect 
each the other. | 

| 
| 
| 
| 


1 == — —— 8 
r 4 * » 
2 - — 


Let ABCD be 2 e and AC, BD two ſtraight lines in 
it which cut one another in the point E, and do not both paſs 

i through the centre: AC, BD do not biſeCt one another. 

For, if it is poſſible, le AE be equal to EC, and BE to ED: 
lf one of the lines paſs through the centre, it is plain that it 1 
cannot be biſected by the other which 1 
does not Naeh pant the centre: But, if # | 

neither of them paſs through the centre, 

take F the centre of the circle, and 
join EF: And becauſe FE, a ſtraight 
line through the centre, biſects — 
AC which does not paſs through the 
centre, it ſhall cut it at right v angles; B 
wherefore FEA is a right angle: A- | 
gain, becauſe the ſtraight line FE bi- 
lects the ſtraight line BI) which does not paſs through the centre, 
it ſhall cut it at right d angles; wherefore FEB is a right angle: 
And FEA was ſhewn to be a right angle; therefore FEA is e- FR 
qual to the angle FEB, the leſs to the greater, which is im- me tl 
poſſible: Therefore AC, BD do not bilect one another. Wherc- 120 
> fore, it in a us &c. Q. E. D. 
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PROP. V. THEOR. 


F a cut one another, they fall not have thc 


ſame centce, 
non 44 4 * 4 
er the two * — ABC, CDG cut one another in the points 
| 5 Es ew have not the ſame centre. | 
ot $33.90 ; £ 4 th For, 
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ſo, becauſe F is the centre of the 


fore FE is equal to FB, the leſs to 


THE ELEMENTS 


For, if it be poſſible, let E be their centre: Join EC, aud! 
draw any ſtraight line EFG meet- | 

ing them in F and G: And becauſe 
E is the centre of the circle ABC, 
CE is equal to EF: Again, be- 
cauſe E is the centre of the circle 
CDG, CE is equal to EG: But 
CE was ſhewn to be equal to EF; 
therefore EF is equal to EG, the 
leſs to the greater, which is impoſ- 
ſible : Therefore E is not the cen- 
tre of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q. E. D. 


PROF. . THE OR. 


TF two circles touch one another internally, they ſhall 
not have the ſame centre. 


Let the two circles ABC, CDE, touch one another internal- 
ly in the point C : 'They have not the ſame centre. 

For, if they can, let it be F; join FC and draw any ſtraight 
line FEB meeting them in E and B; | 
And becauſe F is the centre of the 
circle ABC, CF is equal to FB : Al- 


circle CDE, CF 1s equal to FE: And 
CF was ſhewn equal to FB ; there- 


the greater, which is impoſſible : 
Wherefore F is not the centre of the 
circles ABC, CDE. Therefore, if 
two circles, &c. Q. E. D. 


PR O P. 
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p RO P. vl. THE OR. 


F any point be taken in the diameter of a circle, which 

is not the centre, of all the ſtraight lines which can 

e drawn from it to the circumference, the greateſt is 
hat in which the centre 1s, and the other part of that dia- 
peter is the leaſt 5; and, of any others, that which is 
carer to the line which paſſes through the centre is al- 
Pays greater than one more remote: And from the fame 
point there can be drawn only two ſtraight lines that are 


| A to one another, one upon each fide of the ſhortelt 
nc. 


5 


Let ABCD be a circle, and AD its diameter, in which let 
7 point F be taken which is not the centre: Let the centre 
de E; of all the ſtraight lines FB, FC, FG, &c. that can be 
Egrawn from F to the circumference, FA is the greateſt, aud 
EFD, the other part of the diameter AD, is the leaſt ; and ot 
he others, FB is greater than FC, and FC than FG. 
Join BE, CE, GE; and becauſe two lides of a triangle are 
Js equal to EB; therefore AE, EF, 
hat is AF, is greater than BF: A- B 
gain, becauſe BE is equal to CE, 
wind FE common to the triangles C 
BEF, CEF, the two ſides BE, EF 
are equal to the two CE, EF; but 
the angle BEF is greater than the 
engle CEF; therefore the baſe BF is 
greater d than the baſe FC: For the 
ſame reaſon, CF is greater than GF: 
Again, becauſe GF, FE are greater G 
than EG, and EG is cqual to | 
LD; GF, FE are greater than ED: Take away the common 
part FE, and the remainder GF is greater than the remainder 
I'D: Therefore FA is the greateſt, and FD the leaſt of all the 
traight lines From F to the circumference ; and BF is greater 
tan CF, and CF than GF. ; 
Alſo there can be drawn only two equal ſtraight lines from 


the point F to the circumference, one upon each ſide of the 
K ſhorteſt 


* 
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2 * than the third, BE, EF are greater than BF; but AE a 20. f. 


b 24. L. 
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Book III. ſhorteſt line FD: At the point E in the ſtraight line EF, ml 


—— 


C 23. 1. 


d 4. 1. 


the reſt, that which is nearer to the leaſt is always |c6 
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the angle FEH equal to the angle GEF, and join FH : Tha 
becauſe GE is equal to EH, and EF common to the two ti. 
igles GEF, HEF; the two ſides GE, EF are equal to the ty 
HE, EF; and the angle GEF is equal to the angle HEF ; the. 
fore the baſe FG is equal 4 to the baſe FH : But, beſides FH, u 


other ſtraight line can be drawn from F to the-circumfereny 


equal to FG: For, if there can, let it be FK; and» becauf 
FK is equal to FG, and FG to FH, FK is equal to NH; that i 
a line nearer to that which paſſes through the centre, is equal » 
one which is more remote; which is impoſſible. Therefore, i 
any point be taken, &c. Q. E. D. 1 GMT | 


PROP. VIl THEOR 


JF any point be taken without a circle, and ſtraight 

lines be drawn from it to the circumference, where- 
of one paſles through the centre; of thoſe which fil 
upon the concave circumference, the greateſt is that 
which paſſes through the centre; and of the reſt, that 
which is nearer to that through the centre is always 
greater than the more remote: But of thoſe which fall 
upon the convex circumference, the leaſt-is that between 
the point without the circle, and the diameter; and of 


than the more remote: And only two equal ſtraight lines 
can be drawn from the point unto the circumference, one 
upon each fide of the leaſ EE 


Let ABC be a circle, and D any point without it, from whick 
let the ſtraight lines DA, DE, DF, De be drawn to the cit 
cumference, whereof DA paſſes through the centre. Of those 
which fall upon the concave part of the circitmference AEFC; 
the greateſt is AD which paſſes through the centre; and the 
nearer to it is always greater than the more remote, viz. DL 
than DF, and DF than DC: But of thoſe which fall upon the 
convex circumference HLK, the leaſt is DG between the 

* poi 
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Sine D and the diameter AG; and the nearer to it is always Book 111. 
than the more remote, viz. DK than DL, and DL than, 
| ons 2013 07. 53027756 | «? | 
Take M the centre of the circle ABC, and join ME, MF, a x. 3. 
CME, ML, MH: And becauſe AM is equal to ME, add 
b to each, therefore AD is equal to EM, MD; but EM, MD 
e greater > than ED; therefore alſo AD is greater than ED: b 20. r. 
gain; becauſe ME is equal to MF, and MD common to the 
angtes. EMD; FMD; EM, MD 5 9 
e equal to FM, MD; but the 
ele EMD is greater than the 
ngle FMD; therefore the baſe 
D is greater © than the baſe FD: C 34. Is 
like manner it may be ſhewn 
at FD is greater than CD : B 
Therefore DA is the greateſt; and 1 ET 
DE greater than DF, and DF than 
FDC: And becauſe MK, KD are 
| Fw than MD, and MK is e- 


Equal to MG, the remainder KD 


greater than the remainder GD, 4 ＋— M 9 
t 3 is leſs than KD: And | 
. Ed:cauſe-MK, DK are drawn to the F 
int K within the triangle MLD 
en M, D. the extremities of its | 
BJ MD; MK, KD are leis © than E A 3 


ML, LD, whereoſ MK is equal 

ML therefore the remainder DK is leſs than the remainder 
DL: In like manner it may be ſhewn, that DL is leſs than 
DH: Therefore DG is the leaſt, aud DE leſs than DL, and DL 
Shan DH : Alſo there can be drawn only two equal ſtraight 
Les from the point D to the circumference, one upon each 
Dae of the leaſt: At the point M, in the ſtraight line MD, make 
Ne angle'DMB equal to the angle DME, and join DB: And 
Pecauſe MK is equal to MB, and MD common to the triangles 
ub, BMD, the two ſides KM, MD are equal to the two BM, 
Mb; and the angle KMD is equal to the angle BMD; there- 
fore the baſe DK is equal f to the baſe DB: But, beſides DB, f 4: 1. 
Pere can be no ſtraight line drawn from D to the circumſe- 
gence, equal to DK: F r, if there can, let it be DN; and becauſc 
DE is equal to DN, and alſo to DB; therefore DB is equal to 
DN, that is, the nearer to the leaſt equal to the more remote, 
which is impoſſible, If, therefore, any point, &c. Q. E. D. 
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PROP. IX. THEOR. 


F a point be taken within a circle, from which they 
fall more than two equal ſtraight lines to the circun, 
ference, that point is the centre of the circle, 


Let the point D be taken within the circle ABC, fr 
which to the circumference there fall more than two «quiliM 
ſtraight lines, viz. DA, DB, DC, the point D is the centre 
the circle. | | 

For, if not, let E be the centre, 
join DE and produce it to the cir- 
cumference in F, G; then FG is 
a diameter of the circle ABC : And 
becauſe in FG, the diameter of the DE 
circle ABC, there is taken the F 
point D which is not the centre, DG 
{ſhall be the greateſt line from it to 
the circumference, and DC greater C 
than DB, and DB than DA: But 
they are likewiſe equal, which is A B 
impoſſible: Therefore E is not the 
centre of the circle ABC: In like manner, it may be demon 
ſtrated, that no other point but D is the centre; D thereſore 1 
the centre. Wherefore, if a point be taken, &c. Q. E. D. 


G 


NOF. X. THE OR: 


NE circumference of a circle cannot cut another it 
more than two points. 


If it be poſſible, let the circumfe- 
rence ABC cut the circumference - 
DEF in more than two points, viz. B 
in B, G, F; take the centre K of the 
circle ABC, and join KB, KG, KF: E 
And becauſe within the circle DEF 
there is taken the paint K, ſrom G 
which to the eircumference DEF 
fall more than two equal ſtraight 


lines KB, KG, KF, the point K js * C 


the 
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e centre of the circle DEF: But K is alſo the centre of the Book 117, 
cle ABC; therefore the ſame point is the centre of two cir= WWW 
es that cut one another, which is impoſſible d. Therefore one b 5s: 3. 
Ircumference of a circle cannot cut another in more than two 
pints. Q. E. D. 


FARUFP. AL THE OK. 


F two circles touch each other internally, the ſtraight 
line which joins their centres being produced ſhall paſs 
rough the point of contact. | 


Let the two circles ABC, ADE touch each other internally 
In the point A, and let F be the centre of the circle ABC, 
and G the centre of the circle ADE: 
The ſtraight line which joins the 

bentres F, G, being produced, paſſes 
rough the point A. 

For, if not, let it fall otherwiſe, if 


bk Rs 


Epoſſible, as FGDH, and join AF, 
AG: And becauſe AG, GF are great- 
tr * than FA, that is, than FH, for 
FA is equal to FH, both being from 
be ſame centre; take away the com- 
von part FG; therefore the remain- 
ner AG is greater than the remainder GH: But AG is equal 
to GD; therefore GD is greater than GH, the lets than the 
greater, which is impoſſible. Therefore the ſtraight line which 
Joins the points F, G cannot fall otherwiſe than upon the point 


A, that is, it muſt paſs through it. Therefore, if two circles, 
Rec. QE. D. 


I 
PROP. XI. THE OX. 


| F two circles touch each other externally, the ſtraight 
nine which joins their centres ſhall paſs through the 
point of contact. 


Let the two circles ABC, ADE touch each other externally 


n the point A; and let F be the centre of the circle ABC, and 
G the centre of ADE: The ſtraight lines which joins the points 
, G ſhall paſs through the point of contact A. 
Cor, if not, let it paſs otherwiſe, if poſſible, as FCDG, and. 


Join 
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Book III. join FA, AG : And becauſe F is the centre of the circle Att 
LA is equal to FC: Alſo, oak cf DOA e 
becauſe G is the centre of 
the circle ADE, AG is e- 
qual to GD: Therefore 
A, AG are equal to FC, 
DG; wherefore the whole 
FG is greater than FA, 
4 20. 1. AG: But it is alſo leſsa; 
which is impoſſible: | 
Therefore the ſtraight PERS «0. 962 e 
line which joins the points F, G ſhall not paſs otherwiſe thu e 
through the point of contact A, that is, it muſt paſs through . 


it. Therefore, if two circles, &c. Q. E. DP). Ircle 
. be — ily yarn Dei 

+ . #214 þ be 

PROP. X. THE ORA. Mu 


See N. NE circle cannot touch another in more points tha 


one, whether it touches it on the inſide or outſide, 1 


+» Por, if it be poſſible, let the circle EBF touch the circle 
ABC in more points than one, and firſt on the inſide, in e 
a 10. 11. I, points B, D; join BD, and draw GH biſecting BD at right 
angles: Therefore, becauſe the points B, D are in the circumſs 


rence of each of the circles, the ſtraight line BD falls within 
b2.3 b each of them: And their centres are*® in the ſtraight line GH 
c Cer. 1. 3. which biſects BD at right angles; therefore GH paſſes through 
d 11. 3. the point of contact d; but it does not paſs through it, becauſe the 
ints B, D are without the ſtraight line GH, which is abſurd: 

herefore one circle cannot wack another on the inſide in more 
points than one, rſh N 
Nor can two circles touch one another on the outſide 1! 

| | more 
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Pre than one point: For, if it be poſſible, let the circle ACK Book in. 
ch the cirele ABC in the points A, C, and join AC: There 
e, becauſe the two points A, C are in | 


e circumference of the circle ACK, K 
e ſtraight line AC which joins them T 
in fall within ® the circle ACK: b 2.3, 
Ind the circle ACK is without the cir- A C 


ABC; and therefore the ſtraight line 
IC. is without this laſt circle; but, be- 
uſe the points A, C are in the circum- 
Hence of the circle ABC, the ſtraight 
e AC muſt be within ® the ſame cir- 
. which is abſurd: Therefore one 
Srcle cannot touch another on the out- 
e in more than one point: And it 
s been ſhewn, that they cannot touch 
the inſide in more points than one: Therefore, one circle, 


QUAL ſtraight lines in a circle are equally diſtant 
rom the centre; and thoſe which are equally di- 
Rant from the centre, are equal to one another. 


Let the ſtraight lines AB, CD, in the circle ABDC, be equal 
done another; they are equally diſtant from the centre. 
Take E the centre of the circle ABDC, and from it draw EF, 
£G + prone to AB, CD: Then, becauſe the ſtraight line 
I, paſſing through the centre, cuts the ſtraight line AB, which 
ves not paſs through the centre, at right 
Agles, it alſo biſects“ it : Wherefore 
AF is equal to FB, and AB double of 
BF. For the ſame reaſon, CD is dou- 
le of CG: And AB is equal to CD; 
erefore AF is equal to CG: And 
tcauſe AE is equal to EC, the ſquare 
AE is equal to the ſquare of EC: 
ut the ſquares, of AF, FE are equal 
Ito the ſquare, of AE, becauſe the 
le. Ark is 2 right angle; and, | 
dr the like reaſon, the ſquares of | NT orb 
C, GC are equal to the ſquare of EC: Therefore the 
_uares of AF, FE are equal to the ſquares of CG, 4 
2 | whic 


a 3. 3. 


TY «as %% aw 2 


Book III. which the ſquare of AF is equal to the ſquare of CG, becu 


WYNJ 


c 4. Def. 3. 


a 20. 1. 
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AF is equal to CG; therefore the remaining ſquare of Ft ;M 
equal to the remaining ſquare of EG, and the ſtraight line N 
is therefore equal to EG: But ſtraight lines in a circle are HH. 
to be equally diſtant from the centre, when the perpendicul;if 


drawn to them from the centre are equal ©: Therefore AB, C ſq 
are equally diſtant from the centre. 13.5 d th 
Next, if the ſtraight lines AB, CD be equally diſtant on Nex 
the centre, that is, if FE be equal to EG; AB is equal to ch: tha 
For, the ſame conſtruCtion being made, it may, as before, be tb. 
monſtrated, that AB is double of AF, and CD double of CG, in(eate: 
that the ſquares of EF, FA are equal to the ſquares of Ie {qt 
GC; of which the ſquare of FE is equal to the ſquare of E(,Man tl 
becauſe FE is equal to EG; therefore the remaining ſqune th 
of AF is equal to the remaining ſquare of CG; and the ſtraighWWaigh 
line AF is therefore equal to CG: And AB is double of E. 

and CD double of CG; wherefore AB is equal to CD. ther 

fore equal ſtraight lines, &c. Q. E. D. 
1 

PROP. XV. THE OR. | 
tho! 
| Ewe 
i HE diameter is the greateſt ſtraight line in a circle;{e ex 
and, of all others, that which is nearer to the cer. e (a 
tre is always greater than one more remote; and te a 
greater is nearer to the centre than the leſs, any 
z 4s 
Let ABCD de a circle, of which 

the diameter is AD, and centre E; AP hay 
and let BC be nearer to the centre than ,, ext 
FG; AD is greater than any ſtraight 1 For 
line BC which is not a diameter, and / \ bl, 
EC greater than FG. | | ad dr: 
From the centre draw EH, EK per- mee 
pepdiculars to BC, FG, and join EB, cauſ 
EC, EF; and becauſ2 AE is equal to G gle! 
EB, and ED to EC, AD is equal to CD: 
EB, EC: But EB, EC, are greater * D erefo 
than BC; wherefore, alſo AD is greats d th 
er than BC. | ereſo 


And, becauſe BC is nearer to the centre than * 
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ich the ſquare of EH is leſs than the ſquare of EK, becauſe 

WW is leſs than EK; therefore the ſquare of BH is greater than 
ſquare of FK, and the ſtraight line BH greater than FK; 
Wd therefore BC is greater than FG. * | 
Next, Let BC be greater than FG; BC is nearer to the cen- 
W than FG, that is, the ſame conſtruction being made, EH is 
chan EK: Becauſe BC is greater than FG, BH likewiſe is 


We {quares of FK, KE, of which the ſquare of BH is greater 
Wan the ſquare of FK, becauſe BH is greater than FK; there- 
e che ſquare of EH is leſs than the ſquare of EK, and the 
Sight line EH leſs than EK. Wherefore the diameter, &c, 
E. D. | 


r 


x 
" . 
i 
[4 


a 


PROP. XVI THE OX. 


meter of a circle, from the extremity of it, falls 
thout the circle; and no ſtraight line can be drawn 
Etween that ſtraight line and the circumference from 
de extremity, ſo as not to cut the circle; or, which is 
e lame thing, no ſtraight line can make ſo great an a- 
te angle with the diameter at its extremity, or ſo ſmall 
angle with the ſtraight line which 1s at right angles to 
as Not to cut the circle. 


0 


Let ABC be a circle, the centre of which is D, and the dia- 
eter AB; the ſtraight line drawn at right angles to AB from 
extremity A, ſhall fall without the circle. 
For, if it does not, let it fall, if 
lible, within the circle as AC, 
id draw DC to the point C where 
meets the circumference: And 
caule DA is equal to DC, the 
gie DAC is equal“ to the angle 
CD; but DAC is a right angle, 
etefore ACD is a right angle, 
d the angles DAC, ACD are 
eeſore equal to two right angles; which is im 


＋ F Thereſore 


Weater than FK: And the ſquares of BH, HE are equal to 


HE ſtraight line drawn at right angles to the dia- Sce N. 


3r 


is leſs b than EK: But, as was demonſtrated in the pre- Book lit. 
Wing, BC is double of BH, and FG double of FK, and the = 
ares of EH, HB are equal to the ſquares of EK, KF, of bs. Del. 3. 


poſſible b: b x7. 1. 


I eee ee re en OO 
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Book III. Therefore the ſtraight line drawn from A at right angles to 
does not fall within the circle : In the ſame manner, it ma 
demonſtrated that it does not fall upon the circumference; then 
fore it muſt fall within the circle, as AE. | 1 

And between the ſtraight line AE and the circumference yi 
ſtraight line can be drawn from the point A which does u 
cut the circle: For, if poſlible, let FA be between them, i 

e 12. 1. from the point D draw DG perpendicular to FA, and 1: i 

meet the circumference in H: And becauſe AGD is a ri; 

d 19. 1. angle, and DAG leſs® than a right angle: DA is greater d 
DG: But DA is equal to DH; | 3 
therefore DH is greater than DG, 
the leſs than the greater, which is 
impoſſible: Therefore no {ſtraight 
line can be drawn from the point 
A between AE and the circumfe- 
rence, which does not cut the cir- 
cle, or, which amounts to the ſame 
thing, however great an acute angle 
a ſtraight line makes with the, dia- 
meter at the point A, or however 
ſmall an angle it makes with AE, 
the circumference paſſes between that ſtraight line and the pe 
pendicular AE. And this is all that is to be undefſtodt 
* when, in the Greek text and tranſlations from it, the angled 
© the ſemicircle is ſaid to be greater than any acute rectiline 
f angles and the remaining angle leſs than any rectilineal at 

gle. 

Cor. From this it is manifeſt that the ſtraight line which! 
drawn at right angles to the diameter of a circle from the et 
tremity of it, touches the circle; and that it touches it only! 
one point, becauſe, if it did meet the circle in two, it wol 

e2. 3, fall within it. Allo it is evident that there can be but 0! 
* ſtraight line which touches the circle in the ſame point. 


1 fr. 

| | NRO. . Ron cnt 

N | 

j | | 0 draw a ſlraight line from a given point, eit Let 

3 without or in the circumfcrence, which ſhall toad... 

18 given circle. 1 pen 
| For, 


Firſt, Let A be a given point without the given circle BY 


— 
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v3 
Wh is required to draw a ſtraight line from A which ſhall touch Book Il. 
Ne circle. — 


Find the centre E of the circle, and join AE; and from à 1. 3. 
Whe centre E, at the diſtance EA, deſcribe the circle AFG; 

rom the point D draw DF at right angles to EA, and join v IT. 1. 
BF, AB; AB touches the circle BCD. 
Becauſe E is the centre 
ff the circles BCD, AFG, 
A is equal to EF: And 
ED to EB; therefore the 
vo ſides AE, EB are equal 
Wo the two FE, ED, and 
Whey contain the angle at 
W common to the two tri- 
Ingles AEB, FED; there- 
Gore the baſe DF is equal to 
Ihe baſe AB, and the tri- 
Wngle FED to the triangle 


WEB, and the other angles to the other angles © : Therefore the c 4. . 

Ingle EBA is equal to the angle EDF: But EDE is a right 

Wngle, wherefore EBA is a right angle: And EB is drawn from 

"© centre; but a ſtraight line drawn from the extremity of a 

oF 'ameter, at right angles to it, touches the circle “: Therefore 4 Cor. 18 3. 
B touches the circle ; and it is drawn from the given point A. 

Vhich was to be done, 

But, if the given point be in the circumference of the circle, 

s the point D, draw DE to the centre E, and DF at right 

peles to DE; DF touches the ciccle 4. 


9 . R . 
e a 5 


9 
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Ia ſtraight line touches a circle, the ſtraiglit line drawn 
from the centre to the point of contact, ſhall be per- 
endicular to the line touching the circle, 


Let the ſtraight line DE touch the circle ABC in the point 
take the centre FE, and draw the ſtraight lime FC; FC is 
Iendicular to DE. | 

For, if it be not, from the point F draw FBG perpendicular 
DE; and becauſe FGC is a right angle, GCF is“ an acute b 17. . 
fie; and to the greater angle the greateſt“ fide is oppoſite : « x, 


F 2 Iherefote 


1 
a3 


8 18. 3. 


See N. 


Book III. Therefore FC is greater than FG; 
bat FC is equal to FB; therefore 


Wherefore FG is not perpendicular 


THE ELEMENTS 


FB is greater than FG, the leſs than 
the greater, which is impoſſible : 


to DE : In the ſame manner it may 
be ſhewn, that no other is perpen- 
dicular to it beſides FC, that is, FC 
is perpendicular to DE. Therefore, 
if a ſtraight line, &c. Q E. D. 


PROP. XI. TTHEOR. 


F a ſtraight line touches a circle, and from the poi . 
of contact a ſtraight line be drawn at right angles vio; 
the touching line, the centre of the circle ſhall be i 


that line, 


Let the ſtraight line DE touch the circle ABC in C, an 
from C let CA be drawn at right angles to DE; the centred 
the circle 1s in CA. | ; 

For, if not, let F be the centre, if poſſible, and join Cl 
Becauſe DE touches the circle ABC, A 
and FC is drawn from the centre to 
the point of contact, FC is perpen- | 
dicular* to DE; therefore FCE is a 
right angle: But ACE is alſo a right F 
angle; thercſore the angle FCE is 
equal to the angle ACE, the leſs to 
the greater, which is impoſſible: 
Wherefore F is not the centre of the 
circle ABC : In the fame manner, it 
may be ſhewn, that no other point 
which is not in CA, is the centre; 
that is, the centre is in CA. Therefore, if a ſtraight line, & 


Q. E. P. 


B 


— 


6 


1 


NO I EEO. 


7 : 'HE angle at the centre of a circle is double of ! 
angle at the circumference, upon the ſame bal 
that is, upon the ſame part of the circumference, 


let ABC be a circle, and BEC an angle at the centre, and Book III. 
BAC an angle at the 'circumference, which have the ſame cir- 
WS umference BC for their baſe ; the angle 
BEC is double of the angle BAC. | 
BT Tirſt, Let E the centre of the circle be 
Pitchin the angle BAC, and join AE, and 
produce it to F: Becauſe EA is equal 
Fo EB, the angle EAB is equal * to 
Nhe angle EBA; therefore the angles 
WF AB, EBA are double of the angle EAB; 
Put the angle BEF is equa] ® to the angles 
FAB, EBA; therefore alſo the angle 
BEF is double of the angle EAB : For the 
ame reaſon, the angle FEC is double of | 
he angle EAC: Therefore the whole angle BEC is double o 
Ihe whole angle BAC. 
Again, Let E the centre of the 
iccle be without the angle BDC, and A 
to E oin DE and produce it to G. Ir 
ay be demonſtrated, as in the firſt D 
Tale, that the angle GEC is double 
pf the angle GDC, and that GEB a 2 
{Wart of the firſt is double of GDB a 
Wart of the other; therefore the te- G 
maining angle BEC is double of the 
Femaining angle BDC. Therefore 
Ne angle at the centre, &c. Q. E. D. B C 


PROP. XXI. THE OR. 


H angles in the ſame ſegment of a circle are equal see x, 


to one another. 


| Let ABCD be a circle, and BAD, 
BED angles in the ſame ſegment 
AED: the angles BAD, BED are 
qual to one another. 
Take F the centre of the circle 
\BCD: And, firſt, let the ſegment 
BAD be greater than a ſemicircle, 
nd join BF, FD: And becauſe the 
Ingle BFD 1s at the centre, and the 
ngle BAD at the circumference, 


nd that they have the ſame part of 
3 
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Book III. the circumference, viz. BCD, for their baſe; therefore the ati 
gle BFD is double of the angle BAD: For the ſame reaſon, | 


2 20. 3, 


A E 
AF to the centre, and produce it to 22 
C, and join CE: Therefore the ſeg- B 
ment BAD C is greater than a ſemi- D 
circle; and the angles in it BAC, 
BEC are equal, by the firſt caſe: For FN 
the ſame reaſon, becauſe CBED is 
greater than a ſemicircle, the angles 
C 
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the angle BFD is double of the angle BED: Therefore th: 
angle BAD is equal to the angle BED. 


-X 


But, if the ſegment BAED be not greater than a ſemicirc!, | 


let BAD, BED be angles in it; theſe 
alſo are equal to one another : Draw 


CAD, CED are equal: Therefore 
the whole angle BAD is equal to the 


whole angle BED. Wherefore the angles in the ſame ſegment, Wi 


Se. Q. E. P. 


a 32. 1. 


b 21. 3. 


PRO P. XXII. THEOR: 


HE oppoſite angles of any quadcilateral figure dt. 
icribed in a circle, are together equal to two right 
angles. 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any two of its oppoſite angles are together equal to two rigit 
angles. 

Join AC, BD; and becauſe the three angles of every it 
angle are equal* to two right angles, the three angles of the 
triangle CAB, vize the angles CAB, ABC, BCA are equal b 
two right angles: But the angle CAB D 
is equal b to the angle CDB, becauſe 5 
they are in the ſame ſegment BADñ C; 
and the angle ACB is equal to the 
angle ADB, becauſe they are in the 
ſame ſegment ADCB  : 'lherctore the 
whole angie ADC is cqual to the A — 
angles CAB, ACB: To each of theſe 
equals add the angle ABC; therefore 
the angles ABC, CAB, BCA are e- 
qual to the angles ABC, ADC: But ABC, CAB, BCA 45 
equal to two right angles; theretore alſo the angles ABC, ADC 

are equal to two right angles: In the ſame manner, the 110 


% 


: 
2. * 
- 


ab, DCB may be ſhewn to be equal to two right angles, Book III. 
+ MT herefore, the oppoſite angles, &c. Q. E. D. | 


PROP. XXII THEOR. 


PON the ſame ſtraight line, and upon the ſame ſide Sce N. 
| of it, there cannot be two fimilar ſegments of 
Tircles, not coinciding with one another, 


If it be poſſible, let the two ſimilar ſegments of circles, viz. 
Ach, ADB, be upon the ſame fide of the ſame ſtraight line 
, not coinciding with one another: Then, becauſe the cir- 
Erle ACB cuts the circle ADB in the 
Et wo points A, B, they cannot cut one 
Pnother in any other point“: One of 
the ſegments mult therefore fall within 
the other; let ACB fall within ADB, 
and draw the ſtraight line BCD, and ——— — 

join CA, DA: And becauſe the ſeg- A B 


a TO, 3. 


ADB, and that ſimilar ſegments of circles contain d equal an- b 1. def. 3, 


0 the angle ACB is equal to the angle ADB, the exterior 

Sto the interior, which is impoſſible ©, Therefore, there cannot « x6. x, 
be two ſimilar ſegments of a circle upon the ſame ſide of the 

ſame line, which do not coincide. Q. E. D. 


nm_—— — __- 
— — 


PR OP. XXIV. THE OX. 


FQIMILAR ſegments of circles upon equal ſtraight see N. 
{LJ lines, are cqual to one another. 


0 


Let AEB, CFD be ſimilar ſegments of circles upon the equal 
ſtraight lines AB, CD; the ſegment AEB is equal to the ſeg- 
ment CFD, 

For, if the ſeg- 
nent AEB be 7 
applied to the ; 
legment CFD, 
$10 as the point A — 
de on C, and A 


8 D 
the ſtraight line C 


AB upon CD, the point B ſhall coincide with the point D, be- - 
E 4 cauſe 


* 
$ 
85 
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| Book III. caufe AB is equal to CD: Therefore the ſtraight line AB co 
lj | I inciding with CD, the ſegment AEB muſt * coincide with ty, 
1 * 23+ 3* ſegment CFD, and therefore is equal to it. Wherefore ſimi, 

ſegments, &c. Q. E. D. 


PROP. XXV. PRO B. 


Sce N. Segment of a circle being given, to deſcribe th; 
A circle of which it is the ſegment. 


ll | Let ABC be the given ſegment of a circle; it is required u 
i deſcribe the circle of which it is the ſegment. | 
1 a 10. 1. Biſet* AC in D, and from the point D draw DB at ren 
1! & b 11. 1. angles to AC, and join AB: Firſt, let the angles ABD, BAI, We 
— 14 c 6. 1. be cqual to one another; then the ſtraight line BD is equal 
to DA, and therefore to PC; and becaufe the three ſtraight 

lines DA, DB, DC are all equal, D is the centre of the ci? 

d 9. 3. cle 4: From the centre D, at the diſtance of any of the thre: 
DA, DB, DC, deſctibe a circle ; this ſhall paſs through the othe WE 
points ; and the circle of which ABC is a ſegment is deſcribed: 

And becauſe the centre D is in AC, the ſegment ABC is a 


1 
l 5 
1281 - 

4 


1 A | B 
1 1 ks Dc O 


| micircle : But if the angles ABD, BAD are not equal to one 

e 23.1. another, at the point A, in the ſtraight line AB, make the angle 
BAL equal to the angle ABD, and produce BD, if necefſary,tot, 

and join EC : And becauſe the angle ABE is equal to the ang|: 

BAE, the ftraight line BE is equal®to EA: And becauſe AD 

is equal to DC, and DE common to the triangles ADE, CD. 

the two lides AD, DE are equal to the two CD, DE, each u 

each; and the angle ADE is equal to the angle CDE, i 

each of them 1s a right angle; therefore the baſe AE is equil 

s 2.4; to the baſe EC: But AE was thewn to be equal to EB, whett- 
fore alſo BE is equal to EC: And the three ſtraight lines I 


Fi 
! 


WEB, EC are therefore equal to one another; wherefore 4 E is Book II. 
ee centre of the circle, From the centre E, at the diſtance of 2 
Iny of the three AE, EB, EC, deſcribe a circle, this ſhall paſs“ “ 3˙ 
hrough the other points; and the circle of which ABC is a ſeg- 

Tent is deſcribed : And it is evident that if the angle ABD be 
TD reater than the angle BAD, the centre E falls without the 
egment ABC, which therefore is leſs than a ſemicircle : But 
ES the angle ABD be leſs than BAD, the centre E falls within 

She ſegment ABC, which is therefore greater than a ſemicir- 

cle: Wherefore a ſegment of a circle being given, the circle is 
deſcribed of which it is a ſegment. Which was to be done. 


Pay 


PROP. XXVI  THEOR. 


) F , . 

IV cqual circles, equal angles ſtand upon equal circum- 
ferences, whether they be at the centres or circumfe- 
- WE rences. 


Let ABC, DEF be equal circles, and the equal angles BGC, 
EHF at their centres, and BAC, EDF at their circuraferences: 
be circumference BKC is equal to the circumference ELF. 

Join BC, EF; and becauſe the circles ABC, DEF are equal, 
the ſtraight lines drawn from their centres are equal: There- 
; fore the two ſides BG, GC, ace equal to the two EH, HF; 


| 


I 
2 


and the angle at G is equal to the angle at H; therefore the 
baſe BC is equal“ to the baſe EF: And becauſe the angle at A 2 4. 1. 


legment EDF; and they are upon equal ſtraight lines BC, EF; 

but Gmilar ſegments of circles upon equal ſtraight lines are e- 

quale to one another; therefore the ſegment BAC is equal © 34-5: 
to the ſegment EDF: But the whole circle ABC is equal to the | 
; & whole 


is equal to the angle at D, the ſegment BAC is ſimilar ® to the b 11. def.g. 
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Book III. whole DEF; therefore the remaining ſegment BKC is equal tg 
tte remaining ſegment ELF, and the circumference BKC 


the circumference ELF. Wherefore, in equal circles, & 
Q, L. D. 


PROP. XXVII. THE OR. 


N equal circles, the angles which ſtand upon equal 
circumferences, are equal to one another, whether 
they be at the centres or circumferences. 


Let the angles BGC, EHF at the centres, and BAC, EDF 

at the circumferences of the equal circles ABC, DEF ſtand 

upon the equal circumferences BC, EHF: The angle BGC is e& 

qual to the angle EHF, and the angle BAC to the angle ED,. 

If the angle BGC be equal to the angle EH, it is manitel 

a 20. 3. that the angle BAC is alſo equal to EDF: But, if not, on: 


A. 5 


B CE F by 
. 1 I the 

ſta 

of them is the greater: Let BGC be the greater, and at the tre 

b 23. 1. point G, in the ſtraight line BG, make ® the angle BGK <cquil eu 
to the angle EHF; but equal angles ſtand upon equal circum- WF wt 

e 26. 3. ferences ©, when they are at the centre; therefore the circum rei 
ference Bk is equal to the citcumference EF: But EF is equal for 


to BC; therefore alſo BK is equal to BC, the leſs to the great- 
er, which is impoſſible: 1herefore the angle BG is not unequa! 
to the angle EHF; that is, it is equal to it: And the angle at 
A is half of the angle BGC, and the angle at D half of the an- 
gle EHF: Therefore the angle at A is equal to the angle at D. 
W herefore, in equal circles, &e. Q. E D, 


PRO. 


OF EUCLID: 


Book III. 
PROP. XXVII. THEOR. N 


N equal circles, equal ſtraight lines cut oft equal cir. 
cumferences, the greater equal to the greater, and the 
Mes to the leſs. 


Let ABC, DEF be equal circles, and BC, EF equal ſtraight 
ines in them, which cut off the two greater circumferences 
BAC, EDF, and the two leſs BGC, EHF: The greater BAC 
is equal to the greater EDF, and the leſs BGC to the lets 
Hf. 


Take K, L the centres of the circles, and join BK, KC, a x. 3. 
EL, LF: And becauſe the circles are equal, the ſtraight lines 


| (rom their centres are equal ; therefore BK, KC are equal to 
EL, LF; and the baſe BC is equal to the baſe EF ; ; therefore 
the angle BEC is equal b to the angle ELF: But equal angles b s. x. 
| ſtand upon equal © circumferences, when they are at the cen- e 26, 3. 
tres; therefore the circumference BGC is equal to the cir- 
| cumference EHF. But the whole circle ABC is equal to the 
| whole EDF; the remaining part therefore of the circumfc- 
| rence, viz. BAC, is equal to the remaining part EDF. There 
| fore, in equal circles, &c. Q. E. D. 


PROP. XXIX. THEOR 


| I equal circles equal circumferences are ſubtended by 
equal ſtraight lines. 


Let ABC, DEF be equal circles, and let the circumferences 


BGC, EHF alſo be equal; and join BC, EF: The ſtraight line 
BC 1 is equal to the ſtraĩght line EF, 


Take 


ä 8 7 — O . 
a — Ir — ——— —2 — .. Freer ..... . — 
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Book II. Take K, L the centres of the circles, and join BK, RC, $ 


LON 
a 1. 3. 


b 27. 3. 


c 4. Is 


a 10, 1. 


b 4. 1. 
c ab. 3+ 


EL, LF: And becauſe the circumference BGC is equal to tj. 


circumference EHF, the angle BKC is equal b to the any]: 
ELF: And becauſe the circles ABC, DEF are equal, the {traiyl; 
lines from their centres are equal: Therefore BK, KC are« 
qual to EL, LF, and they contain equal angles: Therefore the 


baſe BC is equal*® to the baſe EF. Therefore, in equal circles, 
&c. Q. E. D. 


PROP. XXX. PRO B. Y 


O biſect a given circumference, that is, to divide ii 
into two equal parts. 


ON ADB be the given circumference ; it is required to bi- 
ſect it. 

Join AB, and biſect a it in C; from the point C draw Cl 
at right angles to AB, and join AD, DB: The circumterence 
ADB is biſected in the point D. 

Becauſe AC is equal to CB, and CD common to the tri- 
angles ACD, BCD, the two ſides AC, 


' CD are equal to the two BC, CD; 


and the angle ACD is equal to the , 
angle BCD, becauſe each of them is a 

right angle; therefore the baſe AD DT” 
rhe 2 the baſe BD: But equal A C 5 
ſt aight lines cut off equal 6 circumferences, the greater equal 
to the greater, and the leſs to the leſs, and AD, DB are cach 
of them leſs than a ſemicircle ; becauſe DC paſſes through the 


4 Cor. z. 3- centre 4 Wherefore the circumference AD is equal to the c, 


.cumference NB : Therefore the given circumference is biſccted 
in D. Which was to be done. 


PROP, 


is equal to EC, the angle EAC is 
equal to ECA; wherefore the 
hole angle BAC is equal to the 
two angles ABC, ACB: But FAC, 


the exterior angle of the triangle 


| right angle: Wherefore the angle 
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PROP. XXXI. THE OR. 


; * a circle, the angle in a ſemicircle is a right angle; 


but the angle in a ſegment greater than a ſemicircle is 


x eſs than a right angle; and the angle in a ſegment leſs 
than a ſemicircle is greater than a right angle. 


Let ABCD be a circle, of which the diameter is BC, and 


entre E; and draw CA dividing the circle into the ſegments 
| ABC, ADC, and join BA, AD, DC; the angle in the femi- 


circle BAC is a right angle; and the angle in the ſegment 
ABC, which 1s greater than a ſemicircle, is leſs than a right 


angle; and the angle in the ſegment ADC, which is leſs than 


a ſemicircle, is greater than a right angle. 
Join AE, and produce BA to F; and becauſe BE is equal 
to EA, the angle EAB is equal“ to EBA; alſo, becauſe AE a 5. x, 


E ABC, is equal® to the two angles b 32. Is 
AhC, ACB; therefore the angle 
| BAC is equal to the angle FAC, 
and each of them is therefore a 
Cc 10. def. I, 


BAC in a ſemicircle is a right an- 
gle. 


And becauſe the two angles ABC, BAC of the triangle 
ABC are together leſs 4 than two right angles, and that BAC d 17+ 7. 
is a right angle, ABC mult be lets than a right angle; and there- 
fore the angle in a ſegment ABC greater than a ſemicircle, is 
lets than a right angle. 

And becauſe ABCD is a quadrilateral figure in a circle, any 
two of its oppoſite angles are equal © to two right angles; there- e 22. 3. 
tore the angles ABC, ADC are equal to two right angles; and 
ABC is leis than a right angle; wherefore the other ADC is 
greater than a right angle. | 

Beſides, it is manifeit, that the circumference of the greater 
ſegment ABC falls without the right Angle CAB, but the 
circumference of the leſs ſegment ADC falls within the right 
angle CAF. And this is all that is meant, when in the 

© Greek 


a 11. I. 


e 31. 3. 


e 2% 3» 


b 19. 3. 


d 32. I. 


THE ELEMENTS 


Book III. © Greek text, and the tranſlations from it, the angle of 1, 
greater ſegment is ſaid to be greater, and the angle of the |, Wi 


© ſegment is ſaid to be Jeſs, than a right angle.” 

Cor. From this it is manifeſt, that if one angle of a tr, 
angle be equal to the other two, it is a right angle, becauſe th, 
angle adjacent to it is equal to the ſame two; and when the at. 
jacent angles are equal, they are right angles. 


PROF, AXXE THEO Ri; 


F a ſtraight line touches a circle, and from the point 

of contact a ſtraight line be drawn cutting the circle, 
the angles made by this line with the line touching the 
circle, ſhali be equal] to the angles which are in the alter. 
nate ſegments of the circle, 


Let the ſtraight line EF touch the circle ABCD in B, and 
from the point B let the flraight line BD be drawn cutting the 
circle: The angles which BD makes with the touching line EF 
ſhall be equal to the angles in the alternate ſegments of the 
circle; that is, the angle FBD is equal to the angle which is in 
the ſegment DAB, and the angle DBE to the angle in the ſey- 
ment BCD. 

From the point B draw * BA at right angles to EF, and 
take any point C in the circumference BD, and join AD, 
DC, CB; and becauſe the ſtraight line EF touches the circle 
ABCD in the point B, and BA is 
drawn at right angles to the touch- A 
ing line from the point of contact | 
B, the centre of the circle is® in BA; D 
therefore the angle ADB in a ſemi- 
circle is a right © angle, and conſe- 
quently the other two angles BAD, 
ABD are equal 4 to a right angle: 
But ABF is likewiſe a right angle; 
therefore the angle ABF is equal to 
the angles BAD, ABD: Take from 5 F 
theſe equals the common angle E B 
ABD; therefore the remaining an- | | 
gle DBF is equal to the angle BAD, which is in the alternate 
ſegment of the circle; and becauſe ABCD is a quadrilateral 


figure in a circle, the oppoſite angles BAD, BCD are £qual * e 
twQ 
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vo right angles; therefore the angles DBF, DBE, being like- Book III. 
iſe equal f to two right angles, are equal to the angles BAD, WW 
BCD; and DBF has been proved equal to BAD: Therefore the f 13. 1. 
Semaining angle DBE is equal to the angle BCD in the alter— 

ite ſegment of the circle, Wherefore, if a ſtraight line, &c. 

6 { 


PROP. XXXIII. 


ö P R OB. 
Nod a given ſtraight line to deſcribe a ſegment of gee N. 
| a circle, containing an angle equal to a given rec- 


Etilincal angle. 
Let AB be the given ſtraight line, and the angle at C the 
given reCtilineal angle; it is required to deſcribe upon the given 
E ſtraight line AB a ſegment of a circle, containing an angle e- 
equal to the angle C. 


Firſt, Let the angle at C be a Fl 
right angle, and biſect* AB in F, [6 3 a 10. 1. 
and from the centre F, at the di- . 
ſtance FB, deſcribe the ſemicircle 


AHB; therefore the angle AHB in | 
B b 31. 3. 


Ja ſemicirele is b equal to the right A In 
But, if the angle C be not a right angle, at the point A, in 


angle at C. 

the ſtraight line AB, make® the angle BAD equal to the angle e 23. r. 
angles to AB, and join GB: 

bale AG is equal® to the baſe GB; and the circle deſcribed e 4. 1. 


C, and from the point A 
draw a AE at right angles to H 4 
AD; biſet*® AB in F, and 2 
E 
| G | 
And-becauſe AF is .equal to 
FB, and FG common to the jo | 
trangies AFG, BFG, the | 
two hides AF, FG are equal A F B 
to the two BF, FG; and the 2 
angle AFG is equal to the 
irom the centre G, at the diſtance GA, ſhall paſs through the 
point B; let this be the circle AlIB: And becauſe from the 
point A the extremity of the diameter AE, AD is drawn at 


from F draw FG at right 
angle BPG; therefore the D\ 
right 


—— — 
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Bovk III. right angles to AE, therefore AD f, touches the circle ; and be 
WY cauſe AB drawn fromthe point l H 
f Cor. 16. 3. of contact A cuts the circle, C 


g 32. 3. 


32. 3. 


THE ELEMENTS 


the angle DAB is equal to the | 
angle in the alternate ſegment 5 
AHB®: But the angle DAB 


is equal to the angle C, there- 

fore alſo the angle C is equal 

to the angle in the ſegment D 
AHB: Wherefore, upon the 
given ſtraight line AB the ſeg- 
ment AHB of a circle is deſcribed which contains an angle e. 
qual to the given angle at C. Which was to be done. 


PROP. XXXIV. PROB. 


6 cut oft a ſegment from a given circle which hal 
contain an angle equal to a given rectilineal angle, 


Let ABC be the given circle, and D the given rectilinei 
angle; it 1s required to cut off a ſegment from the circle ABC 
that ſhall contain an angle equal to the angle D. 

Draw * the ſtraight line EF touching the circle ABC in the 

int B, and at the point Y 
b, in the ſtraight line BF, A 
make b the angle FBC e. 
qual to the angle D: 
Therefore, becauſe the 
ſtraight line EF touches 
the circle ABC, and BC is D 
drawn from the point of 
contact B, the angle FBC 1 455 
is equal to the angle in E B F 
the alternate 4 wg BAC 
of the circle: But the angle FBC is equal to the angle D; 
therefore the angle in the ſegment BAC is equal to the angle 
D: Wherefore the ſegment BAC is cut off from the given cu 
cle ABC containing an angle equal to the given angle D 
Which was to be done. 


PRO 
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PROP. XXXV. THE OR. 


F two ſtraight lines within a circle cut one another, the See N. 
rectangle contained by the ſegments of one of them 


equal to the rectangle contained by the ſegments of 
the other. 


Let the two ſtraight lines AC, BD, within the circle ABCD, 
Nut one another in the point E; the rectangle contained by AE, 
e is equal to the rectangle contained by 
BE, ED. 

= if AC, BD paſs each of them through 
Dic centre, ſo that E is the centre; it is 
ident, that AE, EC, BE, ED, being all a 
Cual, the rectangle AE, EC is likewiſe B O * 
qual to the rectangle BE, ED. 2 — * 


8 Yut let one of them BD paſs through the centre, and cut the 
ther AC, which does not paſs through the centre, at right angles, 
In the point E: Then, if BD be biſected in F, F is the centre 
Pf the circle ABCD; and join AF: And becauſe BD, which 
piſſes through the centre, cuts the ſtraight line AC, which does 
Hot paſs through the centre, at right D 
engles in E, AE, EC are equal“ to 
ne another: And becauſe the ſtraight 
line BD is cut into two equal parts in 
the point F, and into two unequal in 
be point E, the reCtangle BE, ED F 
dogether with the ſquare of EF, is e q 
Qual? to the ſquare of FB; that is, A C Se 5 
o the ſquare of FA; but the ſquares 2 
t AL, EF are equal to the ſquare his 
We FA; therefore the rectangle BE, B 
b, together with the ſquare of EF, 


is equal to the ſquares of AE, EF; Take 575 the common 
BE, 


quare of EF, and the remaining rectangle ED is equal 


* remaining ſquare of AE; that is, to the rectangle AE, 


a 3. 3. 


Next, Let BD which paſſes through the centre, cut the other 
AC, which does not paſs through the centre, in E, but not at 
Tight angles: Then, as before, if BD be biſected in F, F is the 
centre of the circle, Join AE, and from F draw © FG perpen- 4 ,, 1. 
G dicular 
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Book 111. dicular to AC; therefore AG is equal* to GC; whereſ: | 
„„  fhe reftangle AE, EC, together with the ſquare of EG, is e. * 
d 5. *, qual tb to the ſquare of AG: To each of theſe equals add the E. 
ſquare of GF; therefore the rectangle AE, EC, together with Mi 
the ſquares of EG, GF, is equal to 


the ſquares of AG, GF: But the D 4 
4 ſquares of EG, GF are equal? to the bd ; 
ſquare of EF; and the ſquares of Ie 
AG, GF are equal to the ſquare of | E 


AF: Therefore the rectaugle AE, A 
EC, together with the ſquare of EF, 
is equal to the ſquare of AF; that is, 
to the ſquare of FB : But the ſquare 
of FB is equal® to the rectangle BE, ED, together with the 
ſquare of EF; therefore the rectangle AE, EC, together with 
the ſquare of EF, is equal to the rectangle BE, ED, together 
with the ſquare of EF: Take away the common ſquare of Ef, 
and the remaining rectangle AE, EC is therefore equal to the 
remaining rectangle BE, ED. 

Laſtly, Let neither of the ſtraight lines AC, BD paſs throug) 
—— —  =the centre: Take the centre F, and 6 


om 

through E, the interſeCtion of the 1 
ſtraight lines AC, DB, draw the , 
diameter GEFH : And becauſe the P, at 
rectangle AE, EC is equal, as has ch | 
been ſhown, to the rectangle GE, $ 10 
EH; and, for the ſame reaſon, the Pics, 
rectangle BE, ED is equal to the E Ab 
ſame rectangle GE, EH; therefore ſtrai 
the rectangle AE, EC is equal to prot 
the rectangle BE, ED. Wherefore, if two ſtraight lines, & to 
QE. D. | ald t 
eq: 

| | e the 
PROP. XXXVI THE OR. the 

Iquat 

71 : 

I from any point without a circle two ſtraight lines be 5 
. a 

drawn, one of which cuts the circle, and the othet WW 
touches it; the rectangle contained by the whole line , F. 
which cuts the circle, and the part of it without the ct: toy: 
cle, ſhall be equal to the ſquare of the line which touches | 4s 
it. | oge 


Let D be any point without the circle ABC, and Des, 


DB two ſtraight lines drawn from it, of which DCA cuts 3 
circle, 
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Nele, and DB touches the ſame : The rectangle AD, DC is Book 111, 
zual to the ſquare of DB. _ 
Trither DCA paſſes through the centre, or it does not; firſt, 
| it paſs through the centre E, and join EB; therefore the angle 
BBD is a tight“ angle: And becauſe D 
e firaight line AC is biſected in E, 
bd produced to the point D, the rect- & 
gle AD, DC, together with the 3 
uare of EC, is equal to the ſquare C ; 
ED, and CE is equal to EB: There- 
e the reQtangle AD, DC, together B 
Ich the ſquare of EB, is equal to the 
ſquare of kD: But the ſquare of ED L 
is quale to the ſquares of EB, BD, be- -| 
Bulc EBD is a right angle: Therefore 
he rectangle AD, DC, together with 
e ſquare of EB, is equal to the 
arcs of EB, BD: Take away the A 
Immon ſquare of EB; therefore the 
Emaining rectangle AD, DC is equal to the ſquare of the 
But if DCA does not pals through the centre of the circle 
dC, take d the centre E, and draw EF perpendicular“ to dr. 3. 
©, and join EB, EC, ED: And becauſe the ſtraight line EF, © . 
dich paſles through the centre, cuts the ſtraigut line AC, which 
s not paſs through the centre, at right D 
pics, it hall likewiſe biſectf it; there- 
E AF is equal to FC: And becauſe | 
| [traight line AC is biſected in F, 
produced to D, the rectangle AD, 
together with the ſquare of FC, is 
al® to the ſquare of FHO: To each of 
e equals add the ſquare of FE; there- 
t the rectangle AD, DC, together 
b the ſquares of CF, FE, is equal to 
quares of DF, FE: But the ſquare 
ED is equal“ to the ſquares of DF, 
becauſe EFD is a right angle; and 
quatre of EC 1s equal to the ſquares 
F, FE; therefore the rectangle AD, 
together with the ſquare of EC, is equal to the ſquare of 
ci WF And CE is equal to EB; therefore the rectangle AD, 
together with the ſquare of EB, is cqual to the ſquare of 


G 2 ED : 


a 18. 3. 


C 47. 1. 


— tn nba eeeem—— 
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Book IT. ED: But the ſquares of EB, BD are equal to the ſquare if | 
WY ED, betauſe EBD is a right angle; therefore the rectang: 


C 47. 1. 
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AD, DC, together with the ſquare of EB, is equal to t 
ſquares of EB, BD: Take away the common ſquare of I, 
therefore the remaining rectangle AD, DC is equal to h 
ſquare of DB. Wherefore, if from any point, &c. Q. E. Þ), 
Cor. If from any point without a 
circle, there be drawn two ſtraight 
lines cutting it, as AB, AC, the rect- 
angles contained by the whole lines 
and the parts of them without the 
circle, are equal to one another, viz. 
the rectangle BA, AE to the rect- 
ngle CA, AF: For each of them is 
equal to the ſquare of the ſtraight line 
AD which touches the circle. 


FROPF, XXXVI- .THEDR. 


FF from a point without a circle there be drawn ti 
ſtraight lines, one pf which cuts the circle, and tit 
other meets it; if the rectangle contained by the whv 
line which cuts the circle, and the part of it without! 
circie be equal-to the ſquare of the line which mcc 
the line which meets {hall touch the circle, 


Let any point D be taken without the circle ABC, and {re 
it let two ſtraight lines DCA and DB be drawn, of which DL 
cuts the circle, and DB meets it; if the reQtangle AD, DC 
equal to the ſquare of DB; DB touches the circle. 

Draw the ſtraight line DE touching the circle ABC, | 
its centre F, and join FE, FB, FD; then FED is a right“ 
gle: And becauſe DE touches the circle ABC, and DCA. 
it, the rectangle AD, DC is equal e to the ſquare of DL: 
the reQangle AD, DC is, by hypotheſis, equal to the 14 

_ of DB: 'Fherefore the ſquare of DE is equal to the 1qua!f 
DB; and the ſtraight line DE equal to the ſtraight line“ 
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N nd FE is equal to FB, wherefore DE, EF are equal to DB, Book 111, 


FF; and the baſe FD is common to 
Ine two triangles DEF, DBF; there- 
Pore the angle DEF is equal 4 to the 
Engle DBF; but DEF is a right angle, 

therefore alſo DBF is a right angle: 

And FB, if produced, is a diameter, 

and the ſtraight line which is drawn 

at right angles to a diameter, from the 
extremity of it, touches © the circle: 

Therefore DB touches the circle ABC. 

Wherefore, if from a point, &c. 
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K IV. 


DET IN ITI ON. It 


— 


J. MF, 
cir 
Rectilineal figure is ſaid to be inſcribed in another 0.6 
lineal figure, when all the angles of the inſcribed 6pu: M8 | 
are upon the ſides of the figure in which it is 


3 — — — —— een: — — ö — 
- — 
— — (— —— ſ— — - 2 5 — E 
— P + - 8 — * 4 


— — — 
——— — = 
— 
— 
1 
* 


I | 

10 inſcribed, each upon each. * 

Lt 

f 5 II. eql 

0 In like manner, a figure is ſaid to be deſcribed i IL 

LITE about another figure, when all the fides of N | SG 
| | 1 


THF the circumſcribed figure paſs through the an- 18 
ud gular points of the bgure about which it is deſcribed, ca: 
through each. 


III. >. , 
A rectilineal figure is ſaid to be inſcribed \ 
in a circle, when all the angles of the in- | | 
ſcribed figure are upon the circumference | | 


of the circle. W 


A reQilineal figure is ſaid to be deſcribed about a circa. whe 
each ſide of the circumſcribed figure — 
touches the circumference of the circle. . 


V. 
In like manner, a circle is ſaid to be inſcri- 
bed in a rectilineal figure, when the cir- 
cumference of the circle touches each fide 


of the figure, 6 


* 
— — 
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| VI. 
A circle is ſaid to be deſcribed about a rec- 
tilineal figure, when the circumference 
of the circle paſſes through all the angu- 
far points of the figure about which it is 
> deſcribed. 
, * 
. VII. 
* A ſtraight line is ſaid to be placed in a circle, when the extre- 
g mities of it are in the circumference of the circle. 


PROP. IL PRO B. 


JN a given circle to place a ſtraight line, equal to a gi- 
ven ſtraight line not greater than the diameter of the 


circle. 

Let ABC be the given circle, and D the given ſtrfight line, 
not greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required is done; for in the circle ABC 
© a ſtraight line BC is placed e- 
qual to D: But, if it is not, BC 
is greater than D; make CE 
equal? to D, and from the cen- 
tte C, at the diſtance CE, de- 
ſcribe the circle AEF, and join 
A: Therefore, becauſe C is 
| the centre of the circle AEF, 
| CA is equal to CE; but D is 
equal to CE; therefore D is equal to CA: Wherefore, in the 
| circle ABC, a ſtraight line is placed equal to the given ſtraight 
ine D, which is not greater than the diameter of the circle. 

Which was to be done. 


PROP. Il. PR O B. 


N a given circle to inſcribe a triangle equiangular to a 
given triangle, 
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a 15. 3. 


b 23. I. 


the circle ABC, and E F 


e 33. 3. 


4 32. Is 


a 23. I. 


b 17. 3. 


e 18. 3. 


it is required to deſcribe a triangle about the circle ABC equi 


angles: And becauſe the four angles of the quadrilateral fu 
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Let ABC be the given circle, and DEF the given triang!s. 
it is required to inſcribe in the circle ABC a triangle equiany, 
lar to the triangle DEF, a 
Draw * the ſtraight line GAH touching the circle in th 
point A, and at the point A, in the ſtraight line AH, ma 
» the angle HAC equal to the angle DEF; and at the point! 
in the ſtraight line G= | 
AG, make the angle 
GAB equal to the D 


angle DFE, and join 
BC : Therefore, be- : 
cauſe HAG touches 


AC is drawn from B ( 
the point of contact, Wot 
the angle HAC is 


equal© to the angle 

ABC in the alternate ſegment of the circle : But HAC is equi 
to the angle DEF; therefore alſo the angle ABC is equal i 
DEF: For the ſame reaſon, the angle ACB is equal to the angle 
DFE ; therefore the remaining angle BAC is equal d to the 
remaining angle EDF: Wherefore the triangle ABC is equiar- 
gular to the triangle DEF, and it is inſcribed in the circle ABC, 
Which was to be done. 


Nor. KH PTFROW 


BOUT a given circle to deſcribe a triangle equiar 
A gular to a given triangle, 


Let ABC be the given circle, and DEF the given triangle; 


angular to the triangle DEF. 

Produce EF both ways to the points G, H, and find the 
centre K of the circle ABC, and from it draw any (traight 
line KB; at the point K in the ſtraight line KB, make“ the 
angle BKA equal to the angle DEG, and the angle BK Ce. 
qual to the angle DFH; and through the points A. B, C, drav 
the ſtraight lines LAM, MBN, NCL touching b the cir: 
ABC: Iherefore, becauſe LM, MN, NL touch the circle ABC 
in the points A, B, C, to which'from the centre are draw! 
KA, KB, KC, the angles at the points A, B, C, are right' 


AMR 
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EA MBK are equal to four right angles, for it can be divided in - Book IV. 
two triangles ; and that two of them KAM, KBM are right 
ngles, the other 

EE ks, amb I. 

re equal to two 

ght angles: But 
e angles DEG, 

DET are likewiſe 

equal! totworight A 

ing es ; therefore 
tbe angles AKB, 
AMB are 1 1121 
he angles DEG, 

PL, of which M B | N 

AKB is equal to DEG; wherefore the remaining angle AMB 

is cqual to the remaining angle DEF: In like manner, the 

angle LNM may be demonſtrated to be equal to DFE ; and 

| W therefore the remaining angle MLN is equal? to the remaining © 32- 1. 

angle EDF: Wherefore the triangle LMN is equiangular to 


ebe triangle DEF: And it is deſcribed about the circle ABC. 
Which was to be done. 


d 13. 1. 


＋ A 
J PROP, IV, PROB. 
N O inſeribe a circle in a given triangle. See N. 


Let the given triangle be ABC; it is required to inſcribe a 
circle in ABC. | 

HBiſect“ the angles ABC, BCA by the ſtraight lines BD, CD 9-7: 
meeting one another in the point D, from which draw® DE, DF, b 12. 1. 
| DG perpendiculars to AB, BC, 
| CA: And becauſe the angle EBD A 
is equa] to the angle FBD, for the 
angle ABC is biſected by BD, 
[and that the right angle BED, 
is equal to the right angle BFD, 
the two triangles EBD, FBD 
| have two angles of the one e 
qual to two angles of the o- 
ther, and the fide BD, which is 
oppoſite to one of the equal 
angles in each, is common to 
both; therefore their other | 
bes ſhall be equal“; where- | e 26. I, 


EF 
= 
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ESE 
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Book IV. fore DE is equal to DF: For the ſame reaſon, DG is equal 
pp; therefore the three ſtraight lines DE, DF, DG are equal » 
one another, and the circle deſcribed from the centre D, at: 


d 16. 3. 


be done. 
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diſtance of any of them, ſhall paſs through the extremities of t 


other two, and touch the ſtraight lines AB, BC, CA, becau, 5 


the angles at the points E, F, G are right angles, and th. 
ſtraight line which is drawn from the extremity of a diam: 
at right angles to it, touches the circle : Therefore the ſtraigh 
lines AB, BC, CA do each of them touch the circle, and th; 
cixcle EFG is inſcribed in the triangle ABC. Which was u 


PROP. V. PROB. 


To deſcribe a cirele about a given triangle. 


Let the given triangle be ABC; it is required to deſcribe 
circle about ABC. 

Biſect“ AB, AC in the points D, E, and from theſe point 
draw DF, EF at right angles® to AB, AC; DF, EF producet 


e 4. 1. 


meet one another: For, if they do not meet, they are paralle, 
wherefore AB, AC, which are at right angles to them, are pe 
rallel; which is abſurd : Let them meet in F, and join FA; 
alſo, if the point F be not in BC, join BF, CF: Then, becaule 
AD is equal to DB, and DF common, and at right angles 
AB, the baſe AF is equal“ to the baſe FB: In like manners 
may be ſhown that CF is equal to FA; and therefore 


is equal to FC; and FA, FB, FC are equal to one anothel; 


vherefote 
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| | whereſore the circle deſcribed from the centre F, at the di- 


gance of one of them, ſhall paſs through the extremities of the 


© other two; and be deſcribed about the triangle ABC, which 
| was to be done. . 


Cor. And it is manifeſt, that, when the centre of the circle 


5 falls within the triangle, each of its angles is leſs than a right 
angle, each of them being in a ſegment greater than a ſemicit- 
cle; but, when the centre is in one of the ſides of the triangle, 


© the angle oppoſite to this fide, being in a ſemicircle, is a right 


angle; and, if the centre falls without the triangle, the angle 


© oppolite to the fide beyond which it is, being in a ſegment leis 
than a ſemicircle, is greater than a right angle: Wherefore, if 
© the given triangle be acute angled, the centre of the circle falls 
© within it; if it be a right angled triangle, the centre is in the 


de oppobite to the right angle; and, it it be an obtuſe angled 
triangle, the centre falls without the triangle, beyond the fide 


oppoſite to the obtuſe angle. 


PROP. VI PRO B. 
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em 


i O inſcribe a ſquare in a given circle. 


Let ABCD be the given circle; it is required to inſcribe a 


ſquare in ABCD. 


Draw the diameters AC, BD at right angles to one an- 


; other; and join AB, BC, CD, DA; becauſe BE is equal to 


+ ED, for E is the centre, and that EA 
is common, and at right angles to 
| BD; the baſe BA is equal“ to the 
| baſe AD; and, for the ſame reaſon, 
| BC, CD are each of them equal to 
| BA or AD; therefore the quadri- 
lateral figure ABCD is equilateral, 


line BD, being the diameter of the 


It is alſo rectangular; for the ſtraight 


circle ABCD, BAD is a ſemicircle ; 
wherefore the angle BAD is a right | 
angle; for the ſame reaſon each of the angles ABC, BCD, 
CDA is a right angle; theretore the quadrilateral figure ABCD 
is rectangular, and it has been ſhown to be equilateral ; there- 
fore it is a ſquare; and it is inſcribed in the circle ABCD. 
Which was to be done. 
PROP. 


a 4. I 


b 31. ED 


1 08 


b 31. 1. 


| O dekcribe a ſquare about a given circle, 


through E draw> EH parallel to AB or DC, and through F _ E. 
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PROP. vu. PROB. 


Let ABCD be the given circle; it is required to deſcribe, 
ſquare about it. | 

Draw two diameters AC, BD of the circle ABCD, at righ 
angles to one another, and through the points A, B, C, D draw 


2 17. 3. FG, GH, HK, KF touching the circle; and becauſe FG touch are e 
the circle ABCD, and EA is drawn from the centre E to the cle d 
b 18. 3. point of contact A, the angles at A are right ® angles; for th difta. 
ſame reaſon, the angles at the points B, C, D are right angles; tee 
and becauſe the angle AEB is a right G A duc 
angle, as likewiſe is EBG, GH is pa- pa 
c 28, 1. rallel ? to AC; for the ſame reaſon, * iN 1 angl 
AC is parallel to FK, and in like | | ; tem 
manner GF, HK may each of them E ö tber 
| be demonſtrated to be parallel to BED; B D 1 the « 
FB, BK are err and GF Py; . "mm 
1 is therefore equal d to HK, and GH aq 
Ca? to FK; and becauſe AC is equal to H C K 
BD, and that AC is equal to each of the two GH, FK ; and BD 
to each of the two GF, HK: GH FK are each of them equi 
to GF or HK; therefore the quadrilateral figure FGHK is equi: 
lateral. It is alſo rectangular; for GBEA being à parallel. 
gram, and AEB a right angle, AGB 4 is likewiſe a right angle: 1 
In the ſame manner, it may be ſhown that the angles at H, K, dre 
are right angles; therefore the quadrilateral figure FGHK i: WW N J 
rectangular, and it was demonſtrated to be equilateral ; thers- Bl 
fore it is a ſquare; and it is deſcribed about the circle ABCD. 15 
Which was to be done. . 
to 
PROP. vn. PR O B. 1 
| line 
| O inſcribe a circle in a given ſquare. = 
Let ABCD be the given ſquare ; it is required to inſcribe : 0 | 
circle in ABCD. Fo 9785 E. 
a 10. 1. Biſect * each of the ſides AB, AD, in the points F, E, and an 
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I parallel to AD or BC; therefore each of the figures AK, Book lv. 

KB, AH, HD, AG, GC, BG, GD is a parallelogram, and their WY 
pppoſite ſides are equal ©; and becauſe AD is equal to AB, and e 34. 1. 
bat AE is the half of AD, and AF the half of AB, AE is equal 

Ro AF; wherefore the ſides oppoſite 
do theſe are equal, viz. FG to GE; in A E D 
She ſame manner, it may be demon- 
$rated that GH, GK are each of them 
equal to FG or GE; therefore the 
four ſtraight lines GE, GF, GH, GK, F * K 
are equal to one another; and the cir- 
cle deſcribed from the centre G, at the | 
diſtance of one of them, ſhall paſs thro? 
the extremities of the other three, and B H C 
touch the ſtraight lines AB, BC, CD, BS. OO. 
DA; becauſe the angles at the points E, F, H, K are right 4 4 29. r. 
angles, and that the ſtraight line which is drawn from the ex- 
tiemity of a diameter, at right angles to it, touches the circle ?; e 16. 3. 
therefore each of the ſtraight lines AB, BC, CD, DA touches 
the circle, which therefore is inſcribed in the ſquare ABCD. 


— 


aq 
2 


* 


PROP. IX. PR OB. 


\ 


| To deſcribe a circle about a given ſquare. 


W 


Let ABCD be the given ſquare; it is required to deſcribe a 
| circle about it 
Join AC, BD cutting one another in E; and becauſe DA is 
equal to AB, and AC common to the triangles DAC, BAC, 
| the two fides DA, AC are equal to the 
two BA, AC; and the baſe DC is equal A D 
to the baſe BC; wherefore the angle | 
DAC is equal“ to the angle BAC, and E 
the angle DAB is biſected by the ſtraight 
line AC: In the ſame manner, it may be 
+ demonſtrated that the angles ABC, BCD, B —— 
CDA are ſeverally biſected by the ſtraight 2 


lines BD, AC; therefore, becauſe the 
angle DAB is equal to the angle ABC, and that the angle 


EA is the half of DAB, and EBA the half of ABC; the 
angle EAB is equal to the angle EBA; wherefore the fide 


EA is equal“ to the fide EB; In the ſame manner, it may beb 6. I. 
demonſtrated 
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Book IV. demonſtrated that the ſtraight lines EC, ED are each of them 


a It. 2, 


b I. 4. 


© 5. 4» 


d 37. 3. 


© 32. 3. 


4 32. I. 


equal to EA or EB; therefore the four ſtraight lines EA, EB, 
EC, ED are equal to one another ; and the circle deſcribed fron; 
the centre E, at the diſtance of one of them, ſhall paſs throuy} 
the extremities of the other three, and be deſcribed about th: 
ſquare ABCD. Which was to be done; 


PROP. X. PROB, 


"JO deſcribe an iſoſceles triangle, having each of the 
angles at the baſe double of the third angle. 


Take any ſtraight line AB, and divide“ it in the point C, ſo 
that the rectangle AB, BC be equal to the ſquare of CA; and 


from the centre A, at the diſtance AB, deſcribe the circle BDE, 


in which place“ the ſtraight line BD equal to AC, which is not 
greater than the diameter of the circle BDE; join DA, De, 
and about the triangle ADC deſcribe*® the circle ACD; the 
triangle ABD is ſuch as is required, that is, each of the angles 
ABD, ADB is double of the angle BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of AC, 
and that AC is equal to BD, the rectangle AB, BC is equal to 
the ſquare of BD ; and becauſe 
ſrom the point B without the | E 
circle ACD two ſtraight lines 
BCA, BD are drawn to the cir- 
cumference, one of which cuts, 
and the other meets the circle, 
and that the reQtangle AB, BC 
contained by the whole of the | 
cutting line, and the part of it 
without the circle, 1s equal to the 
ſquare of BD which meets it; 
the ſtraight line BD touches 4 
the circle ACD; and becauſe 
BD. touches the circle, and DC 
is drawn from the point of con- 
tact D, the angle BDC is equal® to the angle DAC in the 
alternate ſegment of the circle; to each of theſe add the angle 
CDA; therefore the whole angle BDA is equal to the two 
angles CDA, DAC; but the exterior angle BCD is equal f to 
the angles CDA, DAC; therefore alſo BDA is equal to BCD; 


but 


M wh as tw bad BS — pz 


It BDA is equals to the angle CBD, becauſe the fide AD Book Iv. 

equal to the ide AB; therefore CBD, or DBA is equal to Yo 
D; and conſequently the three angles BDA, DBA, BCD, 5 5 . 
Fe equal to one another; and becauſe the angle DBC is equal 
I the angle BCD, the ſide BD is equal h to the fide DC; but h 6. 1. 
D was made equal to CA; therefore alſo CA is equal to CD, 
Id the angle CDA equals to the angle DAC; therefore the 
ples CDA, DAC together, are double of the angle DAC: 
ut BCD is equal to the angles CDA, DAC; therefore alſo 
D is double of DAC, and BCD is equal to each of the 
ngles BDA, DBA; each therefore of the angles BDA, DBA 
double of the angle DAB; wherefore an iſoſceles triangle 
ABD is deſcribed, having each of the angles at the baſe double 
Uthe third angle. Which was to be done. 


MET a EEE ISR 


PFREOFP. AL PROB, 


5 
; 
2 inſcribe an equilateral and equiangular pentagon 
1 ina given circle. 


Let ABCD E be the given cirele; it is required to inſcribe 

in equilateral and equiangular pentagon in the circle ABC DE. 

Deſcribe“ an iſoſceles triangle FG H, having each of the a 10. 4. 
ngles at G, H, double of the angle at F; and in the circle 

ABCDE inſcribe b the triangle ACD equiangular to the tri- b 2. 4. 

Ingle FGH, fo that the angle 

CAD be equal to the angle 

t F, and each of the angles 

\CD, CDA equal to the F 

jungle at G or H; wherefore B 
ach of the angles ACD, 
DA is double of the angle 
AD. Biſect“ the angles 
D, CDA by the ſtraight 
nes CE, DB; and join AB, 2 
c, DE, EA. ABCDE is (F H 
e pentagon required. 8 | 
Becauſe each of the angles ACD, CDA is double of CAD, 

nd are biſected by the ſtraight lines CE, DB, the five angles 

DAC, ACE, ECD, CDB, BDA are equal to one another; but 

qual angles ſtand upon equal circumferences ; therefore the d 26. 3. 

he circumfgrences AB, BC, CD, DE, EA are equal to oo 

h another: 
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e 29. 3. 


| f 27. 3. 


a It. 4. 


b 17. 3. 


e 18. 3. 


4 47 · 1. 


ſquare of FB; the remaining ſquare of CK is therefore 1 
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ſtraight lines; therefore the five ſtraight lines AB, BC, ch 
DE, EA are equal to one another. Wherefore the pentzu M 
ABCDE is equilateral. It is alſo equiangular; becauſe the ©, 
cumference AB is equal to the circumference DE: If to each, 
added BCD, the whole ABCD is equal to the whole ED(g, 
And the angle AED ſtands on the circumference ABC, 1M 
the angle BAE on the circumference EDCB ; therefore th 
angle BAE is equalf to the angle AED: For the ſame r:2{ 
each of the angles ABC, BCD, CDE is equal to the ang) 
BAE, or AED : Therefore the pentagon ABCDE is equiangy 
lar; and it has been ſhown that it is equilateral. Whereſo;: 
in the given circle, an equilateral and equiangular pentagm 

has been inſcribed. Which was to be done. 


PROF. XA PR OB. 


\ 


O deſcribe an equilateral and equiangular pentagen 
about a given circle. 


Let ABCDE be the given circle it is required to deſcribe 
an equilateral and equiangular pentagon about the circle 
ABCDE. 

Let the angles of a pentagon, inſcribed in the circle, by the 
laſt propoſition, be in the points A, B, C, D, E, fo thacthe 
circumferences A3, BC, CD, DE, EA are equal“; and thio 
the points A, B, C, D, E draw GH, HK, KL, LM, Mo, 
touching ® the circle; take the centre F, and join FB, FK, Fe, 
FL, FD: And becauſe the itraight line KL touches the circle 
ABCDE in the point C, to which FC is drawn from tht 
centre F, FC is perpendicular to KL; therefore each of tt 
angles at C is a right angle: For the ſame reaſon, the angles at 
the points B, D are right angles: And becauſe FCK is i 
right angle, the ſquare of FK is equal 4 to the ſquares of FC, 
CK : For the ſame reaſon, the ſquare of FK is equal to the {quart 
of FB, BK: Therefore the ſquares of FC, CK are equal to tit 
1quares of FB, BK, of which the ſquare of FC is equal to it 
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. temaining ſquare of BK, and the ſtraight line CK equal to 
: And becauſe FB. is equal to FC, and FK common to the 
angles BFK, CFR, the two BF, FK are equal to the two CF, 
WK; and the baſe BK is equal to the baſe KC; therefore the 


. 
7 


C; wherefore the angle BFC is double of the angle KFC, 
a BKC double of FEC : For the ſame reafon, the angle CFD 
ouble of the angle CFL, and CLD double of CLF : And be- 
Whoſe the circumference BC is equal to the circumferetice CD, 
We angle BFC is equal f to the 
Nele CFD ; and BFC is dou- 
We of the angle KFC, and 
ro double of CFL; there 
Die the angle KFC is equal to 
Mc angle CFL; and the right 
Yale FCK is equal to the right 
eie FCL: Therefore, in the 
Po triangles FRC, FLC, there 
Wc two angles of one equal to 
Po angles of the other, each 
each, and the ſide FC, which | 
adjacent to the equal angles in each, is common to both 
perefore the other ſides ſhall be equal® to the other (ſides, and 
je third angle to the third angle: Therefore the ſtraight line 
is equal to CL, and the angle FKC to the angle FLC: 
nd becauſe KC is equal to CL, KL is double of KC : In the 
me manner, it may be ſhown that HK is double of BK: And 
cauſe BK is equa! to KC, as was demonſtrated, and that KL 
double of KC, and HK double of BK, HK ſhall be equal to 
L: In like. manner, it may be ſhown that GH, GM, ML 
e each of them equal to HK or KL: I herefore the pentagon 
HKLM is equilateral. It is alſo equiangular ; for, ſince the 
le FEC is equal to the angle FLC, and that the angle HKI. 
double of the angle FKC, and KLM double of FLC, as was 
lore demonſtrated, the angle HKL. is equal to KLM: And 
like manner it may be ſhown, that each of the angles KHG, 
GM, GML is equal to the angle HKL or KLNI: There- 
e ie five angles GHK, HKL, KLM, LMO, MGH being 
ual to one another, the pentagon GHKLM is equiangular ; 
d it is equilateral, as was demonſtrated; and it is deſcribed 


Put the circle ABCDE. Which was to be done. 
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zle BFK is equal © to the angle KFC, and the angle BKF toe 8. r. 


f 17. K 


g 26. I, 


rr 
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a 9. I, 


b 4. I. 


c 12, 1. 


diculars to the ſtraight lines AB, 


d 26. I. 


angle ABC is biſected by the 
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5 PROP. XI. PRO B. 
* inſcribe a circle in a given equilateral and eq 
angular pentagon. n wb 


Let ABCDE be the given equilateral and equiangular pen 
gon; it is required to infcribe a circle in the pentagon ABCT} 


BiſeC&t * the angles BCD, CDE by the ſtraight lines CF, DW 


and from the point F, in which they meet, draw the ſtraight ling 
FB, FA, FE: Therefore, ſince BC is equal to CD, and CF con. 
mon to the triangles BCF, DCF, the two ſides BC, CF are equi 
to the two DC, CF; and the angle BCF is equal to the aq} 
DCF; therefore the baſe BF is equal ® to the baſe FD, and th 
other angles to the other angles, to which the equal ſides are yi 
fite; therefore the angle CBF is equal to the angle CDF: A 
e the angle CDE is double of CDF, and that CDE is equi 
to CBA, and CDF to CBF; C44 © © | 
is alſo double of the angle CBF; 
therefore the angle ABF is equal 
to the angle CBF; wherefore the 


ſtraight line BF: In the fame 
manner, it may be demonſtrated, i 
that the angles BAE, AED are 
biſected by the ftraight lines AF, H 
FE: From the point F draw 
FG, FH, FK, FL, FM perpens K 


BC, CD, DE, EA: And be- 
cauſe the angle HCF is equal to ai OF © 4. 
KCF, and the right angle FHC equal to the right angle FKC 
in the triangles FHC, FKC there ate two angles of one eq 
to two angles of the other, and the fide FC, which is oppoli 
to one of the equal angles in each, is common to both; thereſt 
the other fides ſhall equal, each to each; whereforet 
perpendicular FH is equal to the petpendicular FK: In the fa 
manner it may be demonſtrated that FL, FM, FG are each( 
them equal to FH or FK; therefote the five ſtraight lines 
FH, FR, FL, FM are equal to one another: Wherefore the 
cle deſcribed from the centre F, at the diſtance of one of thi 


five, ſhall paſs through the extremities of the other four, 1 
tout 
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Puch t the ſtraight lines AB, BC, CD, DE, EA, becauſe the Book IV. 
ales at the points G, H, K, L., M are right angles; and that 4 YV 
4 (traight line drawn from the extremity of the diameter of a 

rcle at right angles to it, touches © the circle: Therefore each © 15. 3. 
we ſtraight lines AB, BC, CD, DE, EA touches the circle ; 
Wherefore it is inſcribed in the pentagon ABCDE. Which 

| is to be done. 


"PROP. XIV. PRO B. 


$70 deſcribe a circle about a given equilateral and 
1 <quiangular pentagon. 


Let ABCDE be the given equilateral and equiangular pen- 

gon; it is required to deſcribe a circle about it. 
Biſect the angles BCD, CDE by the ſtraight lines CF, FD, a 9. 1. 
Ind from the point F, in which they meet, draw the ſtraight 
Ines FB, FA, FE to the points B, A 
A, E. It may be. demonſtrated, in 
the ſame manner as in the preceding 
topoſition, that the angles CBA, 
Bat, AED are biſected by the B 

raight lines FB, FA, FE: And 
decauſe the angle BCD is equal to 
be angle CDE, and that FCD is 
be half of the angle BCD, and CDF 
he half of CDE; the angle FCD is C 
qual to FDC; wherefore the ſide 

F is equal d to the (ide FD: In like manner it may be demon- u 6. x. 
rated that EB, FA, FE are each of them equal to FC or FD: 
Iberefore the five ſtraight lines FA, FB, FC, FD, FE are 
ual to one another; and the circle deſcribed from the centre 
at the diſtance of one of them, ſhall paſs through the extre- 
ities of the other four, and be deſcribed about the equilareral 
d equiangular pentagon ABCDE. Which was to be done. 


H 2 PROP. 


4 
, 
93 0 = 5 


1 
b 39. 1. 


4 13. . 


d 15. I. 


e 26. 3. 


19. 3. 


angle CGB is the third part of two 
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PROP. XV. PROB. 


T5 inſcribe an equilateral and equiangular hexagq 


in a given circle. 


Let ABCDEF be the given circle; it is required to inſeri 
an equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the d. 
ameter AGD; and from D as a centre, at the diftance DG, 
deſcribe the circle EGCH, join EG, CG, and produce then 
to the points B, F; and join AB, BC, CD, DE, EF, FA : The 
hexagon ABCDEF is equilateral and equiangular. 

Becauſe G is the centre of the circle ABC DEF, GE is equal 
to GD: And becauſe D is the centre of the circle EGCH, DI 
is equal to DG; wherefore GE is equal to ED, and the u. 
angle EG is equilateral; and therefore its three angles EGD, 
GDE, DEG are equal to one another, becauſe the angles x 
the baſe of an iſoſceles triangle are equal“; and the three ang]: 
of a triangle art equal to two right angles; therefore th: 
angle EGD is the third part of two right angles: In the ſam: 
manner it may be demonſtraced that 
the angle DGC is alſo the third part 
of two right angles: And becauſe the 
{traight line GC makes with EB the 
adjacent angles EGC, CGB cqual“ 
to two right angles; the remaining 


right angles; thereſore the angles 
EGD, DGC, CGB are equal to one 
another: And to theſe are equal the 
vertical oppoſite angles BGA, AGF, 
FGE: Therefore the fix angles EGD, 
DGC, CGB, BGA, AGF, FGE 
are equal to one another: But cqual 
angles ſtand upon equal © c;rcumte- H 
rences ; therefore the ſix circumſe- | 
rences AB, BC, CD, DE, EF, FA are equal to one another: 
And equal circumfercnces are ſubtended by equal! ſtraight 
lines; therefore the ſix ſtraight lines are equal to one anolbel 
and the hexagon ABCDEF is equilateral. It is alſo equiang 
lar; for, ſince the circumfcrence AF is equal to ED, to each © 
theſe add the circumference ABCD; therefore the whole ci 
cumſerence FABCD fhall be equal to the whole 100 
| ; „ 
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And the angle FED ſtands upon the circumference FABCD, 
Ind the angle AFE upon EDCBA; therefore the angle AFE is 
qual to FED: In the ſame manner it may be demonſtrated that 
be other angles of the hexagon ABCDEF are each of them 
Squall to the angle AFE or FED: Therefore the hexagon is 
&quiangularz and it is equilateral, as was ſhown; and it is in- 
&-ribed in the given circle ABCDEF. Which was to be done. 
Con. From this it is manifeſt, that the fide of the hexagon 
FP equal to the ſtraight line from the centre, that is, to the ſe- 
nidiameter of the circle. 

And if thro' the points A, B, C, D, E, F there be drawn 
ERtraight lines touching the circle, an equilateral and equiangu— 
Rac hexagon ſhall be deſcribed about it, which may be demon- 
rated from what has been ſaid of the pentagon; and likewiſe a 
Fircle may be inſcribed in a given equilateral and equiangular 
eragon, and circumſcribed about it, by a method like to that 
Wſcd for the pentagon. 


8 ROH XVI. PROB. 


v 

II inſcribe an equilateral and cquiangular quindeca. 

1 gon in a given circle. 

| Let ABC be the given circle; it is required to inſcribe an 

Requilateral and equiangular quindecagon in the circle ABCD. 
Let AC be tbe (ide of an equilateral triangle inſcribed“ in 

Phe circle, and AB the ſide of an equilateral and equiangular 


Es the whole circumference ABCDEF contains fifteen, the cir- 
umference ABC, being the third 
part of the whole, contains five; 
and the circumference AB, which 

is the afth part of the whole, con 
tains three; therefore BC their dit— 5 
terence contains two of the fame 
parts: Biſecte BC in E; theretore E 
"WE, EC are, each of them, the fi- 8 5 
eenth part of the whole circumte- C D 
rence ABCD: Therefore, if the | 

igt lines BE, EC be drawn, and 
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= * 
See N. 


4 2. 4 


Ipentagon inſcribed ® in the ſame; therefore, of ſuch equal parts, x, 4. 


ſtraight lines equal to them be placed d around in the whole cir-q x. FR 


tle, an equilateral and equiangular quindecagen ſhall be in- 
(cribed in it. Which was to be done. ; 


H3 And 


. * 
3 
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And in the ſame manner as was done in the pentagon, i 
through the points of diviſion made by inſcribing the quind, 
cagon, ſtraight lines be drawn touching the circle, an equi}, 
teral and equiangular quindecagon ſhall be deſcribed about jt: 
And likewiſe, as in the pentagon, a circle may be inſcribed | 
a given cquilateral and <quiangular quindecagon, and circun, 
ſcribed about it. | 
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BOOK V. 


DEFINITION 8. 


J. 


Leſs magnitude is ſaid to be a part of a greater magni- 
tude, when the leſs meaſures the greater, that is, 


y hben the leſs is contained a certain number of times exactly 
in the greater.“ 


II. 


: A greater magnitude is ſaid to be a multiple of a leſs, when the 


greater is meaſured by the leſs, that is, when the greater 


contains the leſs a certain number of times exactly.” 
III. 


Ratio is a mutual relation of two magnitudes of the ſame gte N. 


* kind to one another, in reſpect of quantity.” 


Magnitudes are ſaid to have a ratio to one another, when the 


leſs can be multiplied ſo as to exceed the other. 


| The firſt of four magnitudes * ſaid to have the ſame ratio to 


the ſecond, which the third has to the fourth, when any 
equimultiples whatſoever of the firſt and third being taken, 
and any equimultiples whatſoever of the ſecond and tourth ; 
if the multiple of the firſt be leſs than that of the ſecond, 
the multiple of the third is alſo leſs than that of the fourth; 
or, if the multiple of the firſt be equal to that of the ſecond, 
the multiple of the third is alſo equal to that of the fourth ; 
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Book v. or, if the multiple of the firſt be greater than that of g, 
* ſecond, the multiple of the third is alſo greater than that ; 
| the fourth. | 

| VI. 


Magnitudes which have the ſame ratio are called proportion] 
N. B. When four magnitudes are proportionals, it \ 
© uſually expreſſed by ſaying, the firſt is to the ſecond, ag th; 
© third to the fourth.” hs 


When of the equimultiples of four magnitudes (taken as i; 
the fifth definition) the multiple of the firſt is greater thy 
that of the ſecond, but the multiple of the third is net 
greater than the multiple of the fourth; then the firſt is fail 
to have to the ſecond a greater ratio than the third magri. 
tude has to the fourth; and, on the contrary, the third is 
ſaid to have to the fourth a leſs ratio than the firſt has to the 
ſecond. x. + £4; 4 
VIII. | 
« Analogy, or proportion, is the ſimilitude of ratios.” 


Proportion conſiſts in three 3 at leaſt. 

When three magnitudes are proportionals, the firſt is ſaid io 
have to the third the duplicate ratio of that which it has to 
the ſecond. 

8 XI. | 

zee N. When ſour magnitudes are continual proportionals, the firſt it 
ſaid to have to the fourth the triplicate ratio of that which it 
has to the ſecond, and fo on, quadruplicate, &c. increaſing 
the denomination till by unity, in any number of propos 
tionals. 

Definition A, to wit, of compound ratio 
When there are any number of magnitudes of the ſame kind, 
the firſt is ſaid to have to the laſt of them the ratio com. 
pounded of the ratio which the firſt has to the ſecond, and oi 
the ratio which the ſecond has to the third, and of the ratio 
which the third has to the fourth, and ſo on unto the laſt 
magnitude, 

For example, If A, B, C, D be four magnitudes of the ſame 
kind, the frit A is ſaid to have to the laſt D the ratio com- 
pounded of the ratio of A to B, and cf the ratie of B to C, 
and of the ratio of CtoD; or, the ratio of A to Dis ſaid to 
be compounded of the ratios of A to B, B to C, and C me 

n 
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ad if A has to B, the ſame ratio which E has to F; and B Book v. 
to C, the ſame ratio that G has to H; and C to D, the fame WY 
that K has to L; then, by this definition, A is ſaid to have 
to D the ratio compounded of ratios which are the fame with 
the ratios of E to F, G to H, and K to L: And the ſame 
thing is to be underitood when it is more briefly expreſſed, 
by ſaying Al has to D the ratio compounded of the ratios of 
E to F, G to H, and K to L. 

In like manner, the ſame things being ſuppoſed, if M has to 
N the ſame ratio which A has to D; then, for ſhortneſs 
WF fake, M is ſaid to have to N, the ratio compounded of the 
EZ ratios of E to F, G to II, _ to L. 

II. 
Wn proportionals, the antecedent terms are called homologous 
to one another, as alſo the conſequents to one another, 
= Geometers make uſe of the following technical words to ſig— 
E * nify certain ways of changing either the order or magni- 
E © rude of proportionals, ſo as that they continue (till to be 
© © proportionals.” 21 


Permutando, or alternando, by permutation, or alternately; sce N. 
this word is uſed when there arg tour proportionais, ant it is 
E inferred, that the firſt has the ſame ratio to the third, which 
the ſecond has to the fourth; or that the firſt is to the third, 
as the ſecond to the fourth : As is ſhown in the 16th prop. 
of this 5th book. 
| XIV. | 
Invertendo, by inverſion: When there are four proportionals, 
| and it is inferred, that the ſecond is to the firſt, as the fourth 
to the third. Prop. B. book. 5. 
XV. | 
Componendo, by compoſition ; when there are four proportion, 
als, and it is inferred, that the firſt, together with the ſe- 
cond, is to the ſecond, as the third, together with the fourth, 
is to the fourth. 18th prop. book 5. 
| | XVI. 
Dividendo, by divifion; when there are ſour proportionals, and 
it is inferred, that the excels of the firſt above the ſecond, is 
to the ſecond, as the exceſs of the third above the fourth, is 
to the fourth. 17th prop book 5. » 
XVII. 
Lonvertendo, by converſion; when there are four proportion- 
als, and it is inferred, that the firſt is to its exceſs above the 
| ſecond 


' 


ſtance; when there is any number of magnitudes more thn 


book 5. 
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ſecond, as the third to its exceſs above the fourth: Prop, 
book 5. ms in ind z Adil to ob ings | 

Ex zequali (ſc. diſtantia), or ex aequo, from equality of d. 


two, and as many others, ſo that they are proportionals whe 
taken two and two of each rank, and it is inferred, that th; 
firſt is to the laſt of the firſt rank of magnitudes, as the fri 
is to the laſt of the others: Of this there are them; 
© following kinds, which ariſe from the different order ir 
© which the magnitudes _ =_ two and two. 
Ex aequali, from equality; this term is uſed ſimply by itſelf, 
when the firſt magnitude is to the ſecond of the frk rank, 
as the firſt to the ſecond of the other rank; and as the f:. 
cond is to the third of the firſt rank, ſo is the ſecond to the 
third of the other; and ſo on in order, and the inference 5 
as mentioned in the preceding definition; whence this i; 
called ordinate proportion. It is demonſtrated in 22d prop 


XX. 1 

Ex aequali, in proportione perturbata, ſeu inordinata ; from e. 
quality, in perturbate or diſorderly proportion“; this term i 
uſed when the firſt magnitude is to the ſecond of the fit 
rank, as the laſt but one is to the laſt of the ſecond rank; an! 
as the ſecond is to the third of the firſt rank, fo is the laſt but 
two to the laſt but one of the ſecond rank; and as the thir 
is to the fourth of the firſt rank, ſo is the third from the ll! 
to the laſt but two of the ſecond rank; and fo on in a ci0ls 
order: And the inference is as in the 18th definition. It 
demonſtrated in the 23d prop. of book 5. 


4A X 1 0 N is 
I. 


QuIMULTIPLEsS of the ſame, or of equal magi- 
tudes, are equal to one another, 


II. Thok 


® 4. Prop. lib. 2. Archimedis de ſphaera et cylindrs. 
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0 091502 50 5v II. | : | Book V. 
ET! oſe magnitudes of which the ſame, or equal magnitudes, are 
BZ cquimultiples, are equal to _ another. 

4 nalcple of a greater magnitude is greater than the ſame 
multiple of a leſs. "4 

W005 00250517 . ä 

hat- magnitude of which a multiple is greater than the ſame 
multi ple of another, is gteater than that other magnitude. 


8 vel" . p<, i 
gf —— — 


PROP. I THE OR. 

F any number of magnitudes be equimultiples of as 
EI many, each of each; what multiple ſocver any one 
pf them is of its part, the ſame multiple ſhall all the firſt 
agnitudes be of all the other. 


= 


Let any number of magnitudes AB, CD be equimultiples 
ol as many others E, F, each of each; whatſoever multiple AB 
lis of E, the ſame multiple ſhall AB and CD together be of E 
land F together. | | 

Becauſe AB is the ſame multiple of E that CD is of F, as 
= muy magnitudes as are in AB equal to E, ſo many are there 
m CD equal to F. Divide AB into magni- 

tudes Equal to E, viz. AG, GB; and CD into A 
CH, HD equal each of them to F: lhe num- 

ber therefore of the magnitudes CH, HD ſhall G 
be equal to the number of the others AG, * 
GB: And becauſe AG is equal to E, and CH | 
to F, therefore AG and CH together are B 
equal to“ E and F together: For the ſame rea- a Ax. 2. I 
ſon, becauſe GB is equal to E, and HD to F; C 

GB and HD together are equal to E and F 
together. Wherefore, as many magnitudes as 

are in AB equal to E, ſo many are there in [+ 
AB, CD together equal to E and F together. 
Therefore, whatſoever multiple AB is of E, | 
the ſame multiple is AB and CD together of D 
E and F together. 

Therefore, if any magnitudes, how many ſoever, be equi- 
multiples of as many, each of each, whatſoever multiple any 
one of them is of its part, the ſame multiple ſhall all the firſt 
magnitudes be of all the other ; * For the ſame demonſtration 
; © holds 


124, 


Beck V. © holds in any number of ma 
7 to two.” Q. E. D. 
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PROP. II. THE OR 


I the firſt magnitude be the ſame multiple of the ft. 
cond that the third is of the fourth, and the fifth th: 
ſame multiple of the ſecond that the fixth is of the 
fourth ; then ſhall the firſt together with the fifth be th: 
ſame multiple of the ſecond, that the third together with 


the ſixth is of the fourth. 


gnitudes, which was here appliy 


Let AB the firſt, be the ſame multiple of C the ſecond, that 
DE the third is of F the fourth; and BG the fifth, the ſam: 


multiple of C the ſecond, that EH 
the Gxth is of F the fourth: Then A&A 
is AG the firſt, together with the fifth, 
the ſame multiple of C the ſecond, 
that DH the third, together with the 
ſixth, is of F the fourth. B T 
Becauſe AB is the ſame multiple 
of C, that DE is of F; there are as 
many magnitudes in AB equal to C, | 
as there are in DE equal to F: In like G 
manner, as many as there are in BG 


—_— 


c| H 0 


D 


El 


equal to C, ſo many are there in EH equal to F: As many, 
then, as are in the whole AG equal to C, ſo many are there in 
the whole DH equal to F: "Therefore AG is the ſame multi- 
ple of C, that DH is of F; that is, AG the firſt and fifth to- 


gether, is the ſame multiple of the ſecond 

C, that DH the third and ſixth together is 

of the fourth F. If, therefore, the firſt be A 
the ſame multiple, &c. Q. E. D. 


Cor. © From this it is plain, that, if any B- 
number of magnitudes AB, BG, GH, 
be multiples of another C; and as many 


DE, EK, KL be the ſame multiples of G1 


© F, each of each; the whole of the firſt, 
© viz. AH, is the ſame multiple of C, 


* that the whole of the laſt, via. DL, is 
FR Ee" | 


D 
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PROP. IL. THEOR. 


I che firſt be the ſame multiple of the ſecond, which 
L the third is of the fourth; and if of the firſt and 
ird there be taken equimultiples, theſe ſhall be equi- 
Hultiples, the one of the ſecond, and the other of the 
ourth. 


Let A the firſt, be the ſame multiple of B the ſecond, that 
WC the third is of D the fourth; and of A, C let the equimul- 
Wiples EF, GH be taken: Then EF is the ſame multiple of B, 
What GH is of D. 
E Becauſe EF is the ſame multiple of A, that GH is of C, 
here are as many _——_— in EF equal to A, as are in GH 
Wequal to C: Let EF be di- | 
Evided into the magnitudes F H 
ELK, KF, each equal to A, 
Bind GH into GL, LH, 
Seach equal to C: 'l he num» | 
ber therefore of the magni» 
Etudes EK, KF, ſhall be e- K+ 
Equal to the number of the | L+ 
FE others GL, LH : And be- | 
F cauſe A is the ſame multi- | 
W plc of B, that C is of D, 

and that EK is cqual to A, | 

and GL to C; therefore IN | B G ' 

EK is the ſame multiple of | 

B, that GL is of D: For A C D 
the ſame reaſon, KF is the ſame multiple of B, that LH is of 
D; and fo, if there be more parts in EF, GH equal to A, C: 
Becauſe, therefore, the firſt EK is the ſame multiple of the fe» 
cond B, which the third GL is of the fourth D, and that the "TR 
tith KF is the ſame multiple of the ſecond B, which the ſixth if | 
LH is of the fourth D; EF the firſt, together with the fifth, is | Al 
the ſame multiple“ of the ſecond B, which GH the third, to- a 2. 5; 3 4 
gether with the ſixth, is of the fourth D. If, therefore, the lf | 


irſt, &c. Q. E. D. 


a 3. F. 


b Hypoth. 


ttiples M, N; if therefore K be | *. 1 40 4. 


e 8. def. 


e 


As therefore E is to G, ſo is F 1 15 \t ated 


the third C has to the fourth D; and of A and C let there he 


g. leſs®. And K, L are any equi- | ha: 51 


T HR 6 2 Pl EYOT $ 


-=» 


PROP. IV. uE OR. 


F the firſt of four cds has the ſame ratio i 
I the ſecond which the third hag to the fourth; the; 
any equimultiples whatever of the firſt and third ſlal 
have the ſame ratio to any equimultiples of the ſecond 
and fourth, viz. © the equimultiple of the firſt ſhall hay: 
* the ſame ratio to that of the ſecond, which the equi. 
© multiple of the third has to that of the fourth. 


Let A the firſt, have to B the en the ſame ratio which 


taken any equimultiples whatever 
E, F; and of B and D any equi- 5 
multiples whatever G, H: Then 

E has the ſame ratio to G, which 
F has to H. 

Take of E 105 F. any equĩimul- 
tiples whatever K, L, and of G, = 
H, any equimultiples whatever M, Y 193 | 
N : Then, becauſe E is the fame 
multiple of A, that F is of C; | 
and of E and F have been taken [ 
equimultiples K, L; therefore R 
is the ſame multiple of A, that L K E 

F 
* 


is of C“: For the ſame reaſon, M 
is the ſame multiple of B, that N L 
is of D: And becauſe, as A is to 
B, ſo is C to Db, and of A and 


— 


| | 
have been taken certain equi- | | 4. * | 
multiples K, L; and of B and D | . er 
have been taken certain equimul- |}. 


—_— 
* ” 
» . 


2 chan M, L is greater tan J 
and if eau), equal; if leſs, | heat 


N.. N 2 hate ver of Fo 44 1045 £ 
any whatever. of G, H: ali $54 » 


WE. egy if the firſt, &c. ST 
"Cor. : Likewiſe, if he firſt has the fone ratio to the eco 
which the third has to che fourth, then alſo any equinet. 
| pie: 


2802 
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Mes whatever of the firſt and third have the ſame ratio to the Bock V. 14 
cond and fourth: And in like manner, the firſt and the third YWwywed + 14 
ave the ſame ratio to any equimultiples whatever of the ſecond 
Ind fourth. . 7 | | 

et A the firſt, have to B the ſecond, the ſame ratio which 
e third C has to the fourth D, and of A and C let E and F $1.9 
Je any equimultiples whatever; then E is to B, as F to D. 4:1 
Take of E, F any equimultiples whatever K, L, and of B, | Bio 
D any equimultiples whatever G, H; then it may be demon- 
rated, as before, that K is the ſame multiple of A, that L is 


BC: And becauſe A is to B, as C is to D, and of A and C 1 
kertain equimultiples have been taken, viz. K and L; and of [i 
B and D certain e rag G, H; therefore, if K be greater | 1” 
ian G, L is greater than H; and if equal, equal; if leſs, leſs©: © 5: def. s. 45980 
ad, K, L are any equimultiples of E, F, and G, H any what- TAR 
2 of B, D; as therefore E is to B, ſo is F to D: And in the 04.11 
ame way the other cafe is demonſtrated, | Ti 
3 1 
* PROP. V. THE OR. Tag's, \& 
IB one magnitude be the ſame multiple of another, s:c x. 'F 
EL which a magnitude taken from the firſt is of a mag- 5 


nitude taken from the other; the remainder ſhall be the 4 
ſame multiple of the remainder, that the whole is of the _ | 


—_— # 1 7 N 
5 4 251 of 

3 & | : _ 4VY p : 
4 N 


E Let the magnitude AB be the ſame multiple G 
© of CD, that AE taken from the firſt, is of CF 
taken from the other; the remainder EB ſhall 
© be the ſame multiple of the remainder FD, that 
the whole AB is of the whole CD. A 
Take AG the ſame multiple of FD, that 
AE is of CF: Therefore AE is“ the ſame mul- 
tiple of CF, that EG is of CD: But AE, by i 
the hypotheſis, is the ſame multiple of CF, that 7, 
| AB is of CD: Therefore EG is the ſame mul- E. 
tiple of CD that AB is of CD; wherefore EG 1 F- 
is equal to AB. Take from them the common i 
magnitude AE; the remainder AG is equal to |} 
the remainder EB. Wherefore, ſince AE is B D 
the ſame multiple of CF, that AG is of FD, 1 
and that AG is equal to EB; therefore AE is the ſame multiple 
of CF, that EB is of FTD: But A is the ſame multiple of CF 


that 
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multiples of them. 


al. Ax. 5 


b 2. 5. 


fame multiple of E, that CK is of F; 


THE ELEMENTS 


that AB is of CD ; therefore EB is the ſame multiple of Be 
that AB is of CD. Therefore, if any magnitude, &c. Q. E. 1 


PROP. VI THE OR. 


IF two magnitudes be equimultiples of two others, 2 
if equimultiples of theſe be taken from the firſt tw 
the remainders are either equal to theſe others, or ca. 


Let the two magnitudes AB, CD be equimultiples of the ty 
E, F, and AG, CH taken from the firſt two be equimultiple 
of the ſame E, F; the remainders GB, HD are either equi 
to E, F, or equimultiples of them. 

Firſt, Let GB be equal to E; HD is e- 
qual to F: Make CK equal to F; and be- | 
cauſe AG is the ſame multiple of E, that A K 


CH is of F, and that GB is equal to E, 1 
and CK to FE; therefore AB is the fame 8 


multiple of E, that KH is of F. But AB, | 

by the hypotheſis, is the ſame multiple of | 

E that CD is of F; therefore KH is the G4 A. 

ſame multiple of F, that CD is of F; | 

wherefore KH is equal to CD*: Take a- | 

way the common magnitude CH, then the 

8 KC is equal to the remainder Þ DE! 

HD : But KC is equal to F; HD therefore is equal to F. 
But let GB be a multiple of E; then 

HD is the ſame multiple ot F: Make Ki 

CK the ſame muitiple of F, that GB is A 

of L: And becauſe AG is the fame mal- | 

tiple of E, that CH is of F; and GB the 


thergfore AB is the ſame multiple of E, | 
that KH is of F: But AB is the fame G H4 
multiple of E, that CD is of F; therefore 

KH is the ſame multiple of F, that CD is | 

of it 4 wherefore KH is cqual to CD:: | | 
Take away CH from both; therefore the | F 
KC is equal to the remainder B D E | 
HD And becauſe! GB is the ſame multiple of E, that KC i: 
of F, and that KC is cqual to HD; therefore HD is the fame 
multiple of F, that GB, is of E: If therefore two magnitudes, 


& G. E. D. 
Kc Q. ROT 
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Book V. 
PROP. A. THEO R. bas 


f 7 the firſt of four magnitudes has to the ſecond, the see N. 
| ame ratio which the third has to the fourth; then, if 
Die firſt be greater than the ſecond, the third is allo 
Wccatcr than the fourth; and, if equal, equal; if leſs, leſs. 


þ 


1 4 


W Take any equimultiples of each of them, as the doubles of 
each; then, by def. 5th of this book, it the double of the ſirſt be 
W-rcater than the double of the ſecond, the double of the third is 
! oreater than the double of the fourth; but, if the firſt be greater 
than the ſecond, the double of the firſt is greater than the double 
Vol the ſecond; wherefore alſo the double of the third is greater 
than the double of the fourth; therefore the third is greater than 
the fourth: In like manner, if the firſt be equal to the ſecond, 
E or leſs than it, the third can be proved to be equal to the fourth, 
E or leſs than it. Therefore, if the firſt, &c, Q. E. D. 


PROP. B. THEOR. 


| P. four maguitudes are proportionals, they are propor- Se, 
| = tionals alto when taken inverſely, 


| If the magnitude A be to B, as C is to D, then alſo inverſely 
Bis to A, as D to C. 

Take of B and D any equimultiples | 
whatever E and F; and of A and C any c- 
quimultiples whatever G and H. Firſt, Let 
E be greater than G, then G is leſs than E; 
and, becauſe A is to B, as C is to D, and 
of A and E, the firſt and third, G and H | 
are cquimultiples; and of B and D, the fe= 
cond and fourth, E and F are cquimulti- 
ples; and that G is leſs than E, H is alſo & 
' leis than F; that is, F is greater than H; H 
i therefore E be greater than G, F is great» * 
© than H : In like manner, if E be equal 
to G, F may be ſhown to be equal to H; 
and, if leſs, leſs; and E, F are any equi-- 
multiples whatever of B and D, and G, H | 
any whatever of A and C; therefore, as B 


a f. def. 5. 


18 


THE ELEMENTS 


is to A, ſo is D to C. If, then, four magnitudes, &. 


FAOF e o 


F the firſt be the ſame multiple of the ſecond, or the 
ſame part of it, that the third is of the fourth ; th: 
firſt is to the ſecond, as the third is to the fourth, 


Let the firſt A, be the ſame multiple of B 
the ſecond, that C the third is of the fourth |] 
D: AistoBasC is to D. 

Take of A and C any equimultiples what- | 
ever E and F; and of B and D any equi- | | 
multiples whatever G and H: Then, becauſe | | 
A is the ſame multiple of B that C is of D; {| 
and that E is the ſame multiple of A, that A RB 

E G 


F is of C; E is the ſame multiple of B, that 
F is of D*; therefore E and F are the ſame 
multiples of B and D: But G and H are equi- 
multiples of B and D; therefore, if E be a 
greater multiple of B, than G is, F is a great- | 
er multiple of D, than H is of D; that is, 
if E be greater than G, F is greater than H : 
In like manner, if E be equal to G, or leis; 
F is equal to H, or leſs than it. But E, F 
are equimultiples, any whatever, of A, C, | 
and G, H any equimultiples whatever of B, | 
D. Therefore A is to B, as C is to D d. | 


Next, Let the firſt A be the ſame part 
of the ſecond B, that the third C is of 
the fourth D: A is to B, as Cis to D: | 
For B is the ſame muitiple of A, that D 
is of C; wherefore, by the preceding 
caſe, B ie to A, as D is to C; and in- 
e B. 3. verſely A is to B, as C is to D. There- 
fore, if the firſt be the ſame multiple, &c, 


* Q. E. D. 
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PROP. D. THE OR. IN 


_ — * f * 
c nn 


Ur the firſt be to the ſecond as the third to the fourth, see N. 
and if the firſt be a multiple, or part of the ſecond; 
Nhe third is the ſame multiple, or the ſame part of the 


Z 
5 ourth. 


- 
BY 
„* 


* 
05 


Let A be to B, as C is to D; and firſt let A be a multiple 
or B; C is the ſame multiple of D. 

E Take E equal to A, and whatever mul- 
ple A or E is of B, make F the ſame mul- 
Stiple of D: Then, becauſe A is to B, as C is 
Fo D; and of B the ſecond, and D the fourth 


ſequimultiples have been taken E and F; | . 

A is to E, as C to F*: But A is equal | 1 
Ito E, therefore C is equal to F; And F 1 dA. 5. 
Is the ſame multiple of D, that A is of B. A B C D 
Wherefore C is the ſame multiple of D, E F 

hat A is of B. | See the fl» 
Next, Let the firſt A be a part of the ſe- |  gureat the 
ond B; C the third is the ſame part of the | — 4 
Wourth D. page. 

| Becauſe A is to B, as C is to D; then, ä | 

inverſely, B iss to A, as D to C: But A is | c B. 5. 

k part of B, therefore B is a multiple of A; 

End, by the preceding caſe, D is the ſame | 


multiple of C, that is, C is the ſame part of D, that A is of B: 
Therefore, if the firſt, &c. Q. E. D. 


PROP. VII. 1TH ZO. 


QUAL magnitudes have the ſame ratio to the ſame 
LL magnitude ; and the fame has the ſame ratio to e- 
qual magnitudes, t 


Let A and B be equal magnitudes, and C any other. A and 
Þ have each of them the ſame ratio to C, and C has the ſame 
atio to each of the magnitudes A and B, 


Take of A and B any A UI whatever D and E, * 
| 2 0 
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Ds. def. 5. 


Ice N. 


magnitude can be multiplied, fo as to 


whatever of C, and D, E are any equimul- 


THE ELEMENTS 


of C any multiple whatever F: Then, becauſe D is the fun 
multiple of A, that E is of B, and that A is | 
equal to B; D is* equal to E: Therefore, if | 
D be greater than F, E is greater than F; and | 
if equal, equal; if leſs, leſs: Ana D, E are 
any equimultiples of A, B, and F is any mul- 
_ of C. Therefore“, as A is to C, ſo is B 
to C. | | 
Likewiſe C has the ſame ratio to A, that it | 

has to B: For, having made the ſame con- D A 
itruftion, D may in like manner be ſhown e- E B 


| 


qual to E: Therefore, if F be greater than D, 
it is likewiſe greater than E; and if equal, 
equal, if leſs, leſs: And F 1s any multiple 


on) 


tiples whatever of A, B. Therefore C is to 
A, as C is to BY. Therefore equal magni- 
tudes, &c. Q. E. D. | 


FR OF. VEL--T PEO R, 


F unequal magnitudes, the greater has a greater 
ratio to the ſame than the leſs has; and the fam: 
magnitude has a greater ratio to the leſs, than it hasto 


the greater, 


Let AB, BC be unequal magnitudes, of which AB is th: 
greater, and let D be any magnitude Fig. 1. 
whatever: AB has a greater ratio to D 
than BC to D: And D has a greater ra. E. 
tio to BC than unto AB. | 

If the magnitude which is not the A 
greater of the two AC, CB, be not leſs F+ 
than D, take EF, FG, the doubles of | | 
AC, CB, as in Fig. 1. But, if that which Ct 
is not the greater of the two AC, CB | 
be leſs than D (as in Fig. 2. and 3.) this G 

L 


become greater than D, whether it be 
AC, or CB. Let it be multiplied, until 

it become greater than D, and let the 
other be multiplicd as often ; and let EF |} 
be the multiple thus taken of AC, and | | 
FG the ſame multiple of CB: Therefore | 
EF agd FG arc each of them greater than 


we xt leſs than L. 


OF EUCLID, 


hen, becauſe L is the multiple of D, which is the firſt that 
comes greater than FG, the next preceding multiple K is 
wot greater than FG; that is, FG is not leſs than K: And ſince 
BF is the ſame multiple of AC, that FG is of CB; FG is the 


me multiple of CB, that EG is of AB; wherefore EG and a r. 5. 


FG are equimultiples of AB and CB: And it was ſhown, that 


FG was not leſs than K, 


nd, by the conſtruc- 
hon, EF is greater than 
BD ; therefore the whole 
EG is greater than K and 
D together : But K, to- 
gether with D, is equal 
to L; therefore EG is 
Brcater than L; but FG 
Is not greater than L; 
and EG, FG are equi- 
multiples of AB, BC, 
end L is a multiple of 
D; therefore? AB has 
4% D a greater ratio than 
BC has to D. 

| Alſo D has to BC a 
Wreater ratio than it has 
% AB: For, having 
made the ſame con- 


Hon, in like manner, 
Whit L is greater than 


E 
F 


Li 


Fig. 2. 


Y, but that it is not greater than EG: 
D; and FG, EG are equimultiples of CB, AB; therefore B 
Pas to CB a greater ratio d than it has to AB. Wherefore, of 
ſunequal magnitudes, &c. Q. E. D. 


Fig. 3. 
E 


And L is a multiple of 


PR O:P. 
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And in every one of the caſes, take H the double of D, K Book V. 


B&: triple, and fo on, till the multiple of D be that which firſt Wwya/ 
comes greater than FG :. Let L be that multiple of D which 
G firſt greater than FG, and K the multiple of D which is 


THE ELEMENTS 


EROF 1 THESUR 


AGNITUDES Which have the ſame ratio to 9. 
ſame magnitude are equal to one another; an; 
thoſe to which the ſame magnitude has the ſame rt; 
are equal to one another. 


Let A, B have each of them the ſame ratio to C; A is: 
qual to B: For, if they are not equal, one of them is great; 
than the other; let A be the greater; then, by what was ſhown 
in the preceding propolition, there are ſome equimultiples « 
A and B, and ſome multiple of C ſuch, that the multiple of 4 
is greater than the multiple of C, but the multiple of h is nv 


greater than that of C. Let ſuch multiples be taken, and e 


» F. def. 5. 


D, E, be the equimultiples of A, B, and F the multiple of C, 
ſo that D may be greater than P, and E not greater then] 
But, becauſe A is to C, as B is to C, and 
of A, B, are taken equimultiples D, E, | 
and of C is taken a multiple F; and that 
D is greater than F; L ſhall alſo be great- 
er than F*; but E is not greater than F, 
which is impoſſible; A therefore and B | 
are not unequal; that is, they are equal. F 
Next, Let C have the ſame ratio to each C 
of the magnitudes A and B; A is equal | 
to B: For, if they are not, one of them is 
greater than the other; let A be 'the B 
greater; therefore, as was ſhown in Prop. 
5th, there is ſome multiple F of C, and | 
ſome cquimultiples E and D of B and A 
ſuch, that F is greater than E, ana not greater than D; but be 
cauſe C is to B, as C is to A, and that F, the multiple of tht 
firſt, is greater than E, the multiple of the ſecond ; F the mu! 
tiple of the third, is greater than D, the multiple of the fourth” 
But F is not greater than D, which is impoſlible. Theretore 
A is equal to B. Wherefore magnitudes which, &c. Q. LI 


P R Of 
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PROP. X THEOR. 


HAT magnitude which has a greater ratio than an- see N. 
other has unto the ſame magnitude is the greater 
Jof the two: And that magnitude to which the ſame has 
a greater ratio than it has unto another magnitude is the 


leſſer of the two. 


Let A have to C a greater ratio than B has to C: A is great- 
er than B: For, becauſe A has a greater ratio to C, than B 
has to C, there are * ſome equimultiples of A and B, and 
ſome multiple of C ſuch, that the multiple of A is greater than 
the multiple of C, but the multiple of B is not greater than it: 
Let them be taken, and Jet D, E be equi 
multiples of A, B, and F a multiple of C 
ſuch, that D is greater than F, but L is 
not greater than F: Therefore D is greater 
than E: And, becauſe D and E are equ- | 
multiples oft A and B, and D is greater | | | 
than E; therefore A is greater than B. F b 4. Ax. 

Next, Let C have a greater ratio to B C | 
= than it has to A; B is leis than A: For“ 
= there is ſome multiple F of C, and ſome 
E cquimultiples E and D of B and A ſuch, B 
that F is greater than E, but is not greater 
than D: E therefore is leſs than DD; and | 
becauſe E and D are equimultiples of B 
and A, therefore B is® leis than A. That 
magnitude, therefore, &c. Q. E. D. 


2 7. Def, LL 
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ee 


ATIOS that are the ſame to the ſame ratio, are the 
ſame to one another. 


S 


is n 
4 3 3 


Let A be to B, as C is to D; and as C to D, ſo let E be to 
F; A is to B, as E to F. 

Take of A, C, E, any equimultiples whatever G, H, K; and 
of B, D, F, any equimultiples whatever L, M, N. Therefore, 
lince A is to B, as C to D, ny G, H are taken equimultiples ot 

4 | A, 
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— Yd 
a 5, def. 5+ 


than L, K is greater than N; and if equal, equal; and fac, 
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A, C, and L, Mof B, D; if G be greater than L, H is pre; 
than M; and if equal, equal; and if leſs, leſs *. Again, hy, 
cauſe Cis to D, as E is to F, and H, K are taken equimultigie 


of C, E; and M, N, of D. F; if H be greater than M, K. 
greater than N; and if equal, equal; and if leſs, leſs : But, if 6 


G— A 
A — 1 
— * 1 


be greater than L, it has been ſhown that H is greater than M, 
and if equal, equal; and if leſs, leſs; therefore, if G be greater 


leſs : And G, K, are any cquimultiples whatever of A, E; nl 
I., N any whatever of B, F: Therefore, as A is to B, {o i Eo 
F*., Wherefore ratios that, &c. Q. E. D. 


Nee. 


F any number of magnitudes be proportionals, as one 
of the antecedents is to its conſequent, fo ſhall all the 
antecedents taken together be to all the conſequents. 


Let any number of magnitudes A, B, C, D, E, F, be propor- 
tionals; that is, as A is to B, ſo C to D, and E to F: As As 
to B, ſo ſhall A, C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, H, E; 


— — K—— 

ont DS E— 
B— 5 — F—— 
. M- — N— 


and of B, D, F any equimultiples whatever L, M, N : Then, 
becauſe A is to B, as C is to D, and as E to F; and that G,H 


y 
＋ 
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Lare equimultiples of A, C, E, and L, M, N equimultiples of Book v. 
b. F; if G be greater than L, H is greater than M, and KA 
kater than N; and if equal, equal; and if leſs, leſs*, Where- * 5+ def. 5. 
Fe, if G be greater than L; then G, H, K together are greater 
n L. M, N together; and if equal, equal; and if leſs, leſs. 
Ind G, and G, H, K together are any equimultiples of A, and 
C, E together; becauſe, if there be any number of magni- 
des equimultiples of as many, each of each, whatever multi- 
Wc one of them is of its part, the ſame multiple is the whole 
& the whole s: For the ſame reaſon L, and L, M, N are any b f. 5. 
uimultiples of B, and B, D, F: As therefore A is to B, fo 
we A, C, E together to B, D, F together. Wherefore, if 
wy number, &c. Q. E. D. 


FR OF. HHH. AEO. 


A 25 " 9 


F the firſt has to the ſecond the ſame ratio which the see N. 
I third has to the fourth, but the third to the fourth a 
preater ratio than the fifth has to the ſixth ; the firſt ſhall 

o have to the ſecond a greater ratio than the fifth has 

[to the ſixth, 


Let A the firſt, have the ſame ratio to B the ſecond, which C 
me ſ third, has to D the fourth, but C the third, to D the fourth, 
a greater ratio than E the fifth, to F the ſixth: Allo the firſt A 
Wha)! have to the ſecond B a greater ratio than the fifth E to the 
Wxth F. | 

| Becauſe C has a greater ratio to D, than E to F, there are 
ome equimultiples of C and E, and ſome of D and F ſuch, 
that the multiple of C is greater than the multiple of D, but 


— — 1 —— 
K — 0 —— 4 — 

3— 2 —— F 

N— — K — 1. — — 


the multiple of E is not greater than the multiple of F.: Let 25. def. 5. 
ſuch be taken, and of C, E let G, H be equimultiples, and K, L 
equimultiples of D, F, ſo that G be greater than K, but H not 

| greater than L; and whatever multiple G is of C, take M the 

lame multiple of A; and what multiple K is of D, take N the 

lame multiple of B: then, becauſe A is to B, as C to D, * 

0 
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Book V. of A and C, M and G are equimultiples: And of B and D. 
and K are equimultiples; if M be greater than N, G is preps 
bs. def. 3. than K; and if equal, equal; and if leſs, leſs d; but G; 
greater than K, therefore M is greater than N: But Hin 

reater than L; and M, H are equimultiples of A, E; I 

| N, L equimultiples of B, F: Therefore A has a greater ry. 
2 7. def. g. to B, than E has to F.. Wherefore, if the firſt, &c. O. E. 
Cor. And if the firſt has a greater ratio to the ſecond, thy 
the third has to the fourth, but the third the ſame ratio to d. 
fourth, which the fifth has to the ſixth; it may be demonſtragg 
in like manner, that the firſt has a greater ratio to the ſecony 


than the fifth has to the ſixth. 


* 


PROP. HV. T HT VOX. 


dee N. F the firſt has to the ſecond, the ſame ratio which th: 
third has to the fourth; then, if the firſt be great 

than the third, the ſecond ſhall be greater than the tour; 

and if equal, equal; and it leſs, leſs, 


Let the firſt A, have to the ſecond B, the ſame ratio which 
the third C, has to the fourth D; if A be greater than C, Bi 

greater than D. 

Becauſe A is greater than C, and B is any other magnitude 

3 3.5» A has to B a greater ratio than C to B* : But, as A is to B, b 


Ho 2 7:4 
| 3 | 
| | 
| 
| SE OT | L-1 
ABCD ABCD ABCD 
isCtoD; therefore alſo C has to D a greater ratio than C hi 
d 13. 5, fo BD: But of two magnitudes, that to which the ſame has the 
greater ratio is the leſſer ©; Whereſore D is leſs tban B; that 
is, B is greater than D. 
Secondly, If A be equal to C, B is equal to D: For AU 
4 9. 3. B, as C, that is A, to D; B therefore is equal to D. 
Thirdly, If A be leſs than C, B ſhall be leſs than D: For 
C is greater than A, and becauſe C is to D, as A is to B, V" 


greater than B, by the firſt caſe; wherefore B is leſs than D. 
Therefore, if the firſt, &c. Q. E. D. PRO? 


OF EUCLID. 


FD 27; 17-2 5.0: 


AGNITUDEs have the fame ratio to one another 
which their equimultiples have. 


Let AB be the ſame multiple of C, that DE is of F: C is ts 
, as AB to DE. 
E Becauſe AB is the ſame multiple of C, that DE is of F; there 
Nie as many magnitudes in AB equal to C, 
Es there are in DE equal to F: Let AB be A. 
divided into "magnitudes, each equal to C, 
iz. AG, GH, HB; and DE into magni- | 
Wtudes, each equal to F, viz. DK, KL, LE: G 
hen the number of the firſt AG, GH, HB, 


4 
ſhall be equal to the number of the laſt DK, | 6 
I 


D 


EKL, LE: And becauſe AG, GH, HB are I 


— 
— — 


* 1 5 
> " 


* 
— — — —— zz 


4 a OSS 
* 
- — 
PRE a 


3 
rr 


— 


| 

Ell cqual, and that DK, KL, LE are alſo 111 

equal to one another; therefore AG is to | | 

DK, as GH to KL, and as HB to LE*: | | a 7. f. 
And as one of the antecedents to its conſe- B C E F 

quent, ſo are all the antecedents together to 

all the conſequents together d; wherefore, as AG is to DK, ſob 12. 4. 
tis AB to DE: But AG is equal to C, and DK to F: There- 

| fore, as C is to F, ſo is AB to DE. Therefore magnitudes, 


Kc. Q. E. D. 


or. Tui. THEO RN. 


| j* four magnitudes of the ſame kind be proportionals, 
they ſhall alſo be proportionals when taken alter- 
| mately, 


Let the four magnitudes A, B, C, D be proportionals, viz. 
as A to B, toCtoD: 1hbcy ſhall alſo be proportionals when 
taken alternately ; that is, A is to C, as B to D. 

Take of A and B any equimultiples whatever E and F; and 
oC and D take any equimultiples whatever G and H ) 558 

| ecauſc 
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b II. 5. 


c 14. 5. 


d LO def. 5 


See N. 
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becauſe E is the ſame multiple of A, that F is of B, and gn 
magnitudes have the fame ratio to one another which their: 


quimultiples have“; therefore A is to B, as E is to F: But z 
„ , co ei | 
D: Wherefore, as C E— ih Oo” 1 
0 D, o is % ooo Cc — 

F: Again, becauſe | | | 

G, H are cquimul- h ——— 

tiples of C, D, as C 

is to D, ſo is G to — — 
H“; but as C is to 

D, ſo is Eto F. Wherefore, as E is to F, ſo is G to Hb. But, 
when four magnitudes are proportionals, if the firſt be preate 
than the third, the ſecond (hall be greater than the fourth ; an! 
if equal, equal; if leſs, leſs s. Wherefore, if E be greater than 
G, F likewiſe is greater than H; and if equal, equal; if le 
Jeſs: And E, F are any equimultiples whatever of A, B; and, 
G, H any whatever of C, D. Therefore A is to C, as Bt 
Ds. If then four magnitudes, &c. Q. E. D. 


PROP. XVII. THEOR. 


IF maynitudes, taken jointly, be proportionals, they hz! 

alſo be proportionals when taken ſeparately ; that ts, 
if two magnitudes together have to one of then the 
ſame ratio which two others have to one of theſe, the 
remaining one of the firſt two ſhall have to the other the 
ſame ratio which the remaining one of the laſt two has 
to the other of theſe. 


Let AB, BE, CD, DF be the magnitudes taken jointly which 
are proportionals ; that is, as AB to BE, ſo is CD to DF; they 
ſhall alſo be proportionals taken ſeparately, viz. as AE to LB, 
ſo CF to FD. 

Take of AE, EB, CF, FD any equimultiples whatever Gl, 
HK, LM, MN; and again, of EB, FD, take any equimultipics 
whatever KX, NP: And becauſe GH is the ſame multiple 0 
AE, that HK is of EB, therefore GH is the ſame multiple * 0 
AE, that GK is of AB : But GH is the ſame multiple of At, 


that LM is of CF; wherefore GK is the ſame multiple of 1 
that 


O'F EUCLID. 


3 at LM is of CF. Again, becauſe LM is the ſame multiple of 
Fr, that MN is of FD; therefore LM is the ſame multiple * of 


WT ultiple of CF, that GK is of AB; GK therefore is the ſame 
Poultiple of AB, that LN is of CD; that is, GK, LN are equi- 
Pultiples of AB, CD. Next, becauſe HK is the fame multiple 
B, that MN is of FD; and that KX is 
is the ſame multiple of EB, that NP is X 
= FD; therefore HX is the ſame multiple | 
ot EB, that MP is of FD. And becauſe P 
Bis to BE, as CD is to DF, and that of 
WB and CD, GK and LN are equimul- 
Wiples, and of EB and FD, HX and MP are K 4. | 
Wquimultiplesz if GK be greater than X, N. 
When LN is greater than MP; and if equal, 
qual; and if leſs, leſs ©: But if GH be Hr B | 
reater than KX, by adding the common | DM: 
part HK to both, GK is greater than HX; 
ſo berefore alſo LN is greater than MP; | ETF 
End by taking away MN from both, LM 
is greater than 5 Therefore, it GH be 
greater than KA, LN is greater than NP, 5 
| like manner it may be demonſtrated, G ACL 
that if GH be equal to KX, LM likewiſe is equal to N; and 
bt leſs, leſs: And GH, LM are any equimultiples whatever of 
AE, CF, and KX, NP are any whatever of EB, FD. There- 
pfore®, as AE is to EB, ſo is CF to FD. It then magnitudes, 
Kc. Q. E. D. 


or. AVHL--T-H:E-Q R; 


ſhall alſo be proportionals when taken jointly, that is, 

[if the firſt be to the ſecond, as the third to the fourth, 

the firſt and ſecond together ſhall be to the ſecond, as 
the third and fourth together to the fourth, 


Let AE, EB, CF, FD be proportionals ; that is, as AE to 
Eb, ſo is CF to FD; et og alſo be proportionals when 
taken jointly ; that is, as AB to BE, ſo CD to DF. 

Take of AB, BE, CD, DF any equinultiples whatever GH, 
HK, LM, MN; and again, of BE, DF, take any whatever e- 
quimultiples KO, NP: And becauſe KO, NP are —— 
0 
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F, that LN is of CD: But LM was ſhown to be the ſame © 1: 5. 


F magnitudes, taken ſcparately, be proportionals, they ste N. 
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Book v. of BE, DF; and that KH, NM are equimultiples likewiſe 
BE, DF, if KO, the multiple of BE, be greater than KH, whit 
is a multiple of the ſame BE, NP, likewiſe the multiple of Dr 
ſhall be greater than NM, the multiple fl | 
of the fame DF; and if KO be equal 
to KH, NP ſhall be equal to NM; 01 
and if leſs, leſs. | 

Firſt, Let KO not be greater than 
KH, therefore NP is not greater than 
NM: And becauſe GH, HK are equi- K 
multiples of AB, BE, and that AB is 
greater than BE, thereſore GH is N 

% 3. Ax. greater“ than HK; but KO is not | 
greater than KH, wherefore GH is B 
greater than KO. In like manner it 
may be ſhown, that LM is greater than E. D 
NP. Therefore, if KO be not great. F 
er than KH, then GH, the multiple of | 
AB, is always greater than KO, the 
multiple of BE; and likewiſe LM, the K C! L 
multiple of CD, greater than NP, the multiple of DF. 

Next, Let KO be greater than KH; therefore, as has been 
ſhown, NP is greater than NM: And becauſe the whole GH i; 
the ſame multiple of the whole AB, that HK is of BE, there 
mainder GK is the ſame multiple of 

b 5.5 the remainder AE, that GH is of AB»: 0 
which is the ſame that LM is of CD. 
In like manner, becauſe LM is the H. 
ſame multiple of CD, that MN is of ly 
DF, the remainder LN is the ſame | M 
multiple ef the remainder CF, that 
the whole LM is of the whole CD>: KR | 
But it was ſhown that LM is the ſame B D N. 
multiple of CD, that GK is of AE; 
therefore GK is the ſame multiple of E 
AF, that LN is of CF; that is, GK, F. 
LN are equimultiples of AE, CF: 
And becauſe KO, NP are equimul- Gl Al C | L 
tiples of BE, DF, it from KO, NP | 
there be taken KH, NM, which are likewiſe equimultiple 
of BE, DF, the remainders HO, MP are either equal to H, 
ce 6. . DF, or cquimultiples of them ©. Firſt, Let HO, MP, be e. 
qual to BE, DF; and becauſe AE is to EB, as CF to FU, an 
that 


FI = 


TI" 


p 


* A 


| 
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=: GK, LN are equimultiples of AE, CF; GK ſhall be to Book v. 
BB. as LN to FD*: But HO is equal to EB, and MP to FD ; OY V 
BS -rcfore GK is to HO, as LN to MP. If therefore GR be 4 Cor. 4. 5. 
$eater than HO, LN is greater than MP; and if equal, equal; 

£4 if leſs ©, leſs. e Ax. 5. 
But let HO, MP be equimultiples of EB, FD; and becauſe 

BIT is to EB, as CF to FD, and that of AE, CF are taken e- 
imultiples GK, LN; and of EB, FD, the equimultiples HO, 

BP ; if GK be greater than HO, LN 0 

W greater than MP; and if equal, | 
. and if leſs, leſsf ; which was 


f 5. def. 5. 


ewiſe ſhown in the preceding caſe. | 
therefore GH be greater than KO, Fx | 
Ning KH from both, GK is greater | | 
Min HO; wherefore alſo LN is 
Breater than MP ; and conſequently, 
ding NM to both, LM is greater K 
than NP: Therefore, if GH be B, 
Freater than KO, LM is greater than 
H In like manner it may be ſhown, E 

Wat if GH be equal to KO, LM is | 
Nual to NP; and if leſs, leſs. And G 1 
© the caſe in which KO is not great- | | 
than KH, it has been own that | A C IL. 
PH is always greater than KO, and likewiſe LM than NP: 
But GH, LM are any equimultiples of AB, CD, and KO, 
are any whatever of BE, DF; therefore f, as AB is to BE, 
dis CD to DF. If then magnitudes, &c. Q. E. D. 


PROP. xIx. THE OR. 


Fa whole magnitude be to a whole, as a magnitude see N. 
taken from the firſt, is to a magnitude taken from the 

ner ; the remainder ſhall be to the remainder, as the 

hole to the whole. 


Let the whole AB, be to the whole CD, as AE, a magnitude 

ken from AB, to CF, a magnitude taken from CD; the re- 

ainder EB, ſhall be to the remainder FD, as the whole AB to 

e whole CD. 

Becauſe AB is to CD, as AE to CF; likewiſe, alternate 2 16. 3. 
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Book V. BA is to AE, as DC to CF: And becauſe, if mag- 
nitudes, taken jointly, be proportionals, they are. A 

alſo proportionals Þ when taken ſeparately ; there- 
fore, as BE is to EA, ſo is DF to FC; and alter- 
nately, as BE is to DF, ſo is EA to FC: But, as E. 
AE to CF, ſo, by the hypotheſis, is AB to CD; | 
therefore alſo BE, the remainder, ſhall be to the | 
remainder DF, as the whole AB to the whole CD: | 

| 

| 


b 17. 5. 


Wherefore, if the whole, &c. Q E. D. 

Co. It the whole be to the whole, as a mag- | 
nitude taken from the firſt, is to a magnitude taken | 
from the other; the remainder likewiſe is to the B Y 
remainder, as the magnitude taken from the firſt to that tile 
from the other: The demonſtration js contained in the pre. 
ding. 


PROP E THEEOR 


F four magnitudes be proportionals, they are alſo pr: 
portionals by converſion, that is, the firſt is to its c 
ceſs above the ſecond, as the third to its excels abo 
the fourth, 


Let AB be to BE, as CD to DF; then BA is to A 
AE, as DC to CF. ( 

Becauſe AB is to BE, as CD to DF, by divi- 
a 17. 3. fion*, AE is to EB, as CF to FD; and by in- E 
b B 5. verſionb, BE is to EA, as DF to FC. Wherefore, F. 
by compoſition ©, BA is to AE, as DC is to CF: 


8. * 
l It, therefore, four, &c. Q. E. D. 


B U 
PROP. XX. THE OR. 


9 FF there be three magnitudes, and other three, whit 

N. | 2 ie the 1 
taken two and two, have the ſame ratio; if t 

be greater than the third, the fourth ſhall be greal 

than the ſixth; and if equal, equal; and if leſs, leſs. 

; U 
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W t,t A, B, C be three magnitudes, and D, E, F other Book V. 
Whree, which, taken two and two, have the ſame ratio, viz. as ied 
is to B, fois D to E; and as B to C, ſo is 
do F. If A be greater than C, D ſhall be 
Wrcater than F; and, if equal, equal; and if = 
eis, leſs. a 
= Becauſe A is greater than C, and B is any 
Ether magnitude, and that the greater has to 
Whe ſame magnitude a greater ratio than the leſs | 
as to it“; therefore A has to B a greater ra- | 
o than C has to B: But as D is to E, ſo is A K B C 
&o B; therefore“ D has to E a greater ratio D E F b. 5. 
han C to B: And becauſe B is to C, as E to F, ä 
by inverßon, C is to B, as F is to E; and D | | | 

c 


a . . 


Nas ſhown to have to E a greater ratio than C to 
BB ; therefore D has to E a greater ratio than F 
to Le: But the magnitude which has a greater 
Eratio than another to the ſame magnitude, is the greater of the 
wo: D is therefore greater than F. 

Secondly, Let A be equal to C; D ſhall be equal to F: Be- 
cauſe A and C are equal to one an- , . e 7.5. 
other, A is to B, as C is to B?: | | 
But A is to B, as D to E; and C is 
to B, as F to E; wherefore D is to 
E, as F to EH; and therefore D is 
equal to F 8, A 
Next, Let A be leſs than C; D 


C 

—— 

ſhall be leſs than F: For C is great- D E F D 
| 


Cor. 13. 5. 
10. 5. 


d 


C 8 9. 5 
F 
| 


- 


er than A, and, as was ſhown in 
the firſt caſe, C is to B, as F to E, 
and in like manner B is to A, as E 
to D; therefore F is greater than 

D, by the firſt caſe; and therefore 
Dis leſs than F. Therefore, if there be three, &c. Q. E. D. 


| 
5 
| 


PROP, + XXL THEOR 


[ there be three magnitudes, and other three, which 
have the ſame ratio taken two and two, but in a croſs 

order; if the firſt magnitude be greater than the third, 
ee fourth ſhall be greater than the ſixth; and if equal, 


qual ; and if leſs, leſs. 
t 
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Let A, B, C be three magnitudes, and D, E, F other 


three, which have the ſame ratio, taken two and two, but in z 
croſs order, viz. as A is to B, ſo is E to F, 
and as B is to C, fois D to E. If A be greater 
than C, D ſhall be greater than F; and if equal, 
equal; and if leſs, leſs. | 
Becauſe A is greater than C, andB is any 
other magnitude, A has to B a greater ratio“ 
than C has to B: But as E to F, ſo is A to B; 
therefore E has to F a greater ratio than C to | 
B: And becauſe B is to C, as D to E, by inver- A B 
ſion, C is to B, as E to D: And E was ſhown to D E 


| 


+ 
have to F a greater ratio than C to B; there- F 
fore E has to F a greater ratio than E to De; 
but the magnitude to which the ſame has a 
greater ratio than it has to another, is the leſſer 
of the two a; F therefore is Jeſs than D; that is, | 
D is greater than F. | 

Secondly, Let A be equal to C; D ſhall be equal to F. he. 
cauſe A and C are equal, Ais*toB, as C is to B: But Aj 
to B, as E to F; andC is to B, | 
as Eto D; wherefore E is to F 
as E to Df; and therefore D is | 
equal to Fs. 

Next, Let A be leſs than C; 1 
D ſhall be leſs than F: For C is A B C A 
greater than A, and, as was 
ſhown, C is to B, as E to D, DE F D 


and in like manner B is to A,, | 


| 


| 


as F to E; therefore F is great- 
er than D. by caſe firſt ; and 
therefore D is leſs than F. 
Therefore, if there be three, &. 


Q. E. D. 


PROP. XXII. THE OR. 


F there be any number of magnitudes, and as mal 
others, which, taken two and two in order, havc the 
ſame ratio; the firſt ſhall have to the laſt of the fil 
magnitudes the ſame ratio which the firſt of the other 
has to the laſt, N. B. This is uſually cited by the u- 


„% ex aequali,” or ex dequo.“ p 
iſ ' 
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T@ Firſt, Let there be three magnitudes A, B, C, and as ma- Book V. 
Wy others D, E, F, which, taken two and two, have the ſame Wy 
no, that is, ſuch that A is to B as D to E; and as B is to 

ois E to F; A hall be to C, as U to F. 

Take of A and D any equimultiples whatever G and H; 

nd of B and E any equimultiples 
Ehatever K and L; and of C and | 

any whatever M and N: Then, 

cauſe A is to B, as D to E, and 

at G, H are equimultiples of A, | 

, and K, L equimultiples of 

E; as GistoK, ſo is“ H to AB 
For the ſame reaſon, K is to G K M 
, as Lto N: And becauſe there | 
e three magnitudes G, K, M, 
Id other three H, L, N, which, 
wo and two, have the ſame ratio; | 
G be greater than M, H is 
reater than N; and if equal, e- | * 
ual; and if leſs, leſs d: And G, | b 20. 5. 
I arc any equimultiples whatever | 
A, D, and M, N are any e- 
Pimultiples whatever of C, F: Therefore ©, as A is to C, fo © 5+ 4c. 5. 
D to F. 

Next, Let there be four magnitudes A, B, C, D, and other 

ur E, F, G, H, which two and two have the _ 10 

me ratio, viz. as A is to B, fois E to F; A. B. C. D 

d as B to C, ſo F to G; and as C to D, | E. F. G. H. 

to H: A ſhall be to D, as E to H. — 

| Becauſe A, B, C are three magnitudes, and E, F, G other 

Iree, which, taken two and two, have the ſame ratio; by the 

eegoing caſe, A is to C, as E to G: But C is to D, as G is 

H; wherefore again, by the firſt caſe, A is to D, as E to 

; and ſo on, whatever be the number of magnitudes, 'There-» 

ſe, if there be any number, &c. Q. E. D. | 
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PROP. XXIII. THE OR. 


F there be any number of magnitudes, and as mam 

others, which, taken two and two, in a croſs orde, 
have the ſame ratio; the firſt ſhall have to the laſt of the 
firſt magnitudes the ſame ratio which the firſt of the 
thers has to the laſt. N. B. This is uſually cited by th 
words ex aequali in proportione perturbata;“ or * ix 
aequo perturbate.“ 


Firſt, Let there be three magnitudes A, B, C, and other 
three D, E, F, which, taken two and two, in a croſs order, 
have the ſame ratio, that is, ſuch that A is to B, as E to; 
and as B is to C, fois D to E: A is to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K; ant 
of C, E, F any equimultiples whatever L, M, N: And be 
cauſe G, H are equimultiples of 
A, B, and that magnitudes have | | 
the ſame ratio which their equi- 
multiples have“; as A is to B, 
ſo is G to H: And for the ſame 
reaſon, as E is to F, ſo is M to 


5 
N: But a6 A is to B, ſo is E to A 2 E. F 
eh 


1 

F; as therefore G is to H, fois M 

to Nb. And becauſe as B is to C, | L K M N 
ſo is D to E, and that H, K are 
equimultiples of B, D, and L, 
Mof C, E; as H is to L, fois 
©K to M: And it has been ſhown 
that Gisto H, as M to N: Then, | 
becauſe there are three magni- | 
tudes G, II, L, and other three | 
K, M, N which have the ſame d | 
ratio taken two and two in a croſs | | 
order; if G be greater than L, 1 
K is greater than N; and if equal, equal; and if lels, lels 
and G, K are any equimultiples whatever of A, D ; and Lys 
any whatever of C, F; as, therefore, A is to C, ſo is D.! 


I | 


| 


| | 


Let there be four magnitudes, A, B, C, D, and o- Book v. 
| AN 
Wo in a croſs order, have the ſame ratio, viz. | A. B C. D. 
to B, as G to H; B to C, as FroG; and E. F. G. H. 
to D, as E to F: A is to D, as E to II. | 
W Becauſe A, B. C are three magnitudes, and F, G, H other 
hree, which, taken two and two in a croſs order, have the 
ae ratio; by the firſt caſe, A is to C, as Fto H: But C is 
Wo D, as E is to F; wherefore again, by the firſt caſe, A is to 


. as E to H: And fo on, whatever be the number of magni- 
Nudes. Therefore, if there be any number, &c. Q. E. D. 


I, Next, x 
er four E, F, G, H, which, taken two and 


NB 


3 PROP. XXIV. THEOR. 


It the firſt has to the ſecond the ſame ratio which the See N. 
third has to the fourth; and the fifth to the ſecond, 


Ihe ſame ratio which the ſixth has to the fourth; the 
Sficlt and fifth together ſhall have to the ſecond, the ſame 

ratio which the third and. ſixth together have to the 
fourth. | | 


Let AB the firſt, have to C the ſecond, the fame ratio which 

DE the third, has to F the fourth; and let BG the fifth, have 

to C the ſecond, the ſame ratio which LH 

che fixth, has to F the fourth: AG, the & 

firſt and fifth together, ſhall have to C the | H 

lecond, the ſame ratio which DH, the 

wird and fixth together, has to F the _ | 

tourth., R+ 
Becauſe BG is to C, as EH to F; by in- Bs =; 

verſion, C is to BG, as F to EH ; And be- 

cauſe, as AB is to C, fois DE to F; and 

as C to BG, ſo F to EH; ex acquaii*, AB a 22. 55 

is to BG, as DE to EH; And becauſe | | 

theſe magnitudes are proportionals, they | * 

wall likewiſe be proportionals when taken A '$# D F 

jointly so; as therefore AG is to GB, ſo is b 18. f. 

DH to HE; but as GB to C, ſo is HE to F. Therefore, ex 

zequali s, as AG is to C, ſo is DH to F. Wherefore, it the 

ürſt, &c. Q. E. D. 

Cor. 1. If the ſame hypotheſis be made as in the propoſi- 

don, the exceſs of the firſt and fifth ſhall be to the ſecond, as 
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the exceſs of the third and ſixth to the fourth : The demon(;, 
tion of this is the ſame with that of the propoſition, if din 
be uſed inſtead of compoſition. 

Cor. 2. The propoſition holds true of two ranks of mag, 
tudes, whatever be their number, of which each of the {1 
rank has to the ſecond magnitude the ſame ratio that the cor, 
ſponding one of the ſecond rank has to a fourth magnitude; , 
is manifeſt. 


PROP. XXV. THEOR. 


F four magnitudes of the ſame kind are proportional, 
the greateſt and laeſt of them together are greater than 
the other two together, 


Let the four magnitudes AB, CD, E, F be proportional, 
viz. AB to CD, as E to F; and let AB be the greateſt of then, 


a A. & 14. 
15. 


N 
{4 4 b 19. 5 


. * 


Sce N. 


| Rue db which are compounded of the ſame ratios, 


and conſequently F the leaſt *, AB, together with F, are great; 
than CD, together with E. 

Take AG qual to E, and CH equal to F: Then, becauſe 
AB is to CD, ſo is E to F, and that AG is equal to E, andCH 
equal toF; AB is to CD, as AG to CH. B 
And becauſe AB the whole, is to the | 
whole CD, as AG is to CH, likewiſe the G. 
remainder GB ſhall be to the remainder | 
HD, as the whole AB is to the wholed 
CD : But AB is greater than CD, there- | 
fore © GB is greater than HD: And be- 
cauſe AG is equal to E, and CH to F; 
AG and F together are equal to CH and 
E together. If therefore to the unequal 
magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to GB tt 
two AG and F, and CH and E to HD; AB and F together #'* 
greater than CD ana E. Therefore, if four magnitudes, &. 


Q. E. D. 


D | 
Hl 


4 
{ 


PROF FT THEOMR. 


A arc the ſame with one another. . 


Let A be to B, as D to E; andBtoC, as E to F: The ra- Book v. 
tio which is compounded of the ratios of — * 2 
© A to B, and B to C, which, by the definition A 
W of compound ratio, is the ratio of A to C, is D 
the ſame with the ratio of D to F, which, by : 
the ſame definition, is compounded of the 
ratios of DtoE. and E to F. 

Becauſe there are three magnitudes A, B, C, and three o- 

E thers D, E, F, which, taken two and two in order, have the 

© ſame ratio; ex aequali, A is to C, as D to Fa. a 22, f. 
= Next, Let A be to B, as E to F, and B to C, as D to to E; 
cherefore, ex aeguali in proportione perturbata 
, A is to C, as D to F; that is, the ratio of A B. C 
1 to C, which is compounded of the ratios of A to A. B. 4, 
B, and B to C, is the ſame with the ratio of D D. E. I 
3 t F. which is compounded of the ratios ot D | | 
to E, and E to F: And in like manner the p. opoſition may be 
L demonſtrated, whatever be the number of ratios in either caſe, 


|. BY, 94 
E. F. 


1s 


b 23. 5. 
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Rar G. THEO RN. 


F ſeveral ratios be the ſame with ſeveral ratios, each to ge N. 
| each ; the ratio which is compounded of ratios which 

are the ſame with the firſt ratios, each to each, is the 
ſame with the ratio compounded of ratios which are the 
fame with the other ratios, each to each. 


Let A be to B, as E to F; and C to D, as G to II: And let 
Abe to B, as K to L; and C to D, + 1. to M: Then the ra- 
tio of K to M, by the defi tion | 
of compound ratio, is compound- A 
ed of the ratios of K to L, and E : 
L to M, which ate the ſame with p 
the ratios of A to B, and C to D: 
And as E to F, ſo let N be to O; and a as G to H, ſo let O be to 
P; then the ratio of N to P is compounded of the ratios of N to 
0, and O to P, which are the ſame with the ratios of E to F, 
and G to H: And it is to be ſhown that the ratio of K to M, is 
the ſame with the ratio of N to P, or that K is to M, as N to P. 
Becauſe K is to L, as (A to B, that! is, as E to F, "that i is, as) 
NtoO; and as L t o M, ſo is (C to D, and ſo is G to H, 
K 4 and 


a 23. 5, 

PROP. H. THEOR. 
See N. F a ratio compounded of ſeveral ratios be the fame 
y with a ratio compounded of any other ratios, and it 
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Book V. and fo is) O to P: Ex aequali“, K is to M, as N to P. There. 
fore, if ſeveral ratios, &c. Q. E. D. 


one of the firſt ratios, or a ratio compounded of any «f 
the firſt, be the ſame with one of the laſt ratios, or with 
the ratio compaunded of any of the laſt ; then the rati 
compounded of the remaining ratios of the firſt, or the 
remaining ratio of the firſt, if but one remain, is the 
ſame with the ratio compounded of thoſe remaining | 
the laſt, or with the remaining ratio of the laſt, 


Let the firſt ratios be thoſe of A to B, B to C, Cto?, 
D to E, and E to F; and let the other ratios be thoſe of Gt 
H. HtoK, K to L, and L to M: Alſo, let the ratio of Au 
a Definition F, which is compounded of“ the firſt | 
of — ratios be the ſame with the ratio of G A. B. C. D. E. F. 
ae to M, which is compounded of the G. H. K L. M. 
other ratios: And belides, let the ra- — 
tio of A to D, which is compounded of the ratios of A to l, 
Bro C, C to D, be the ſame with the ratio of G to K, which is 
compounded oi the ratios of G to H, and H to K: Ihen the 
ratio compounded of the remaining firſt ratios, to wit, of the 
ratios of D to E, and E to F, which compounded ratio is the 
ratio of D to F, is the ſame with the ratio of K to M, which is 
compounded of the remaining ratios of K to L, and L to M4 
the other ratios. 
Becauſe, by the hypotheſis, A is to D, as G to K, by in 
b B. 3. Vertion®, D is to A, as K to G; and as A is to F, ſo is Gto 
c 26. „„ therefore „ ex acquali, D is to F, as K to M. If thereſors 
22 a ratio which is, &c. Q_E. P. | 
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PROP. K. THE OR. 


IF there be any number of ratios, and any number of 5ce N. 4 
other ratios ſuch, that the ratio compounded of ratios {| 
which are the ſame with the firſt ratios, each to each, h 
lis the ſame with the ratio compounded of ratios which 1 
E:re the ſame, each to each, with the laſt ratios; and if 'q | 
one of the firſt ratios, or the ratio which is compounded * | 
Fof ratios which are the ſame with ſeveral of the firll 11 
Eratios, each to each, be the ſame with one of the laſt 4 
ratios, or with the ratio compounded of ratios which are 4 
me ſame, each to each, with ſeveral of the laſt ratios: i 
Ihen the ratio compounded of ratios which are the ſame 6-1 
E with the remaining ratios of the firſt, each to each, or the , | 
remaining ratio of the firſt, if but one remain; is the 
ſame with the ratio compounded of ratios which are the 
Fame with thoſe remaining of the laſt, each to cach, or 
with the remaining ratio of the laſt, 


4 
— 223 = 


Re; 1 
we 
—— —— 


| Let the ratios of A to B, C to D, E to F be the firſt ratios ; 
and the ratios of G to H, K to L, M to N, O to P, Q to R, 
be the other ratios: And let A be to B, as Sto T; aud C to 
P, as Ito V; and E to F, as V to X: Therefore, by the de- 
unition of compound ratio, the ratio of S to X is compounded 


" = 
- 
—— — —ö — — —— ˙ 


1 
A, B; C, D; E, F. 8. T. v, X. 
G, H; k, L; M, N; G, P, O. R. V, Z, a, b, c, 4 
e, f, R. m, n, o, p 


of the ratios of S to T, T to V, and V to X, which are the 
lame with the ratios of A to B, C to D, E to F, each to each: 
Allo, as G to H, ſo let Y be to Z; and K to L, as Z to a; M 
to N, as a to b, O to P, as b to c; and Q to R, as c to d: 
lherefore, by the ſame definition, the ratio of Y to d is com- 
ſounded of the ratios of Y to 2, to a, a to b, b to c, and 


C to 


—_ 
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Book V. c to d, which are the ſame, each to each, with the ratic; of 


a In, 5. 


therefore it was proper to ſhow the true meaning of them whe 
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G to H, K to L, MtoN, O to P, and Q to R: There(y: 
by the hypotheſis, Sis to X, as X to d: Allo, let the ratio 
A to B, that is, the ratio of 8 to T, which is one of the {4 
ratios, be the ſame with the ratio of e to g, which is com. 
pounded of the. ratios of e to f, and f to g, which, by the 
hypotheſis, are the ſame with the ratios of G to H, and K U 
L, two of the other ratios; and let the ratio of h to ! be thy 
which is compounded of the ratios of h to k, and k to |, whi 
are the ſame with the remaining firſt ratios, viz. of C to D. an 
E to F; alſo, let the ratio of m to p be that which is compound, 
ed of the ratios of m to n, n to o, and o to p, which arc the 
ſame, each to each, with the remaining other ratios, viz. of ) 
to N, O to P, and Q to R: Then the ratio of h to 1 is the fame 
with the ratio of m to p, or h is to l, as m to p. 


. 
A, B; C, D; E, F. 1 
G, H; K, L; M, N; O, P; O. R. Y, 2, a, b, c, e 
e, f, g+ m, n, o, p. 


Becauſe e is to f, as (G to H, that is, as) Y to Z; and fi 
to g, as (K to L, that is, as) Z to a; therefore, ex acquali,e 
is to g, as Y to a: And, by the hypotheſis, A is to B, that i;, 
S to T, as e to g; wherefore S is to T, as Y to a; and, by in. 
verſion, T is to 8, as a to XJ; and 8 is to X, as Y to d, 
therefore, ex aequali, T is to X, as a to d: Alſo, becauſe h- 
to k, as (C to D, that is, as) T to V; and k is to l, as (E 
F, that is, as) V to X; therefore, ex acquali, h is to l, as 1 '0 
X: In like manner, it may be demonſtrated, that m is to p, 284 
to d: And it has been ſhown, that J is to X, as a to d: Thert- 
fore à h is to l, as m to p. Q. E. D. 

The propoſitions G and K are uſually, for the ſake of brevity, 
expreſſed in the ſame terms with propoſitions Fand H: Ant 


they are ſo expreſſed ; eſpecially ſince they are very frequent! 
made ule of by geometers. 
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J. 


= CIMILAR rectilineal figures 

1) are thoſe which have their | 

| ſeveral angles equal, each to 1 
each, and the ſides about the 


equal angles proportionals. 85 


II. 
** Reciprocal figures, viz. triangles and parallelograms, are 8. N. 
* ſuch as have their ſides about two of their angles propor- 
„ tionals in ſuch manner, that a fide of the firſt figure is to 
*« a ſide of the other, as the remaining ſide of this other is to 
« the remaining fide of the firſt.” 
III. 
A ſtraight line is ſaid to be cut in extreme and mean ratio, 
when the whole is to the greater ſegment, as the greater ſeg- 
ment 1s to the leſs. = | 


Ide altitude of any figure is the ſtraight line 


drawn from its yertex perpendicular to the 
baſe, | 


+ % ——— 
r 


| 
| 
| 
| 
| 
| 


a 38. 1. 
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And becauſe the parallelogram CE is double of the triang! 


THE ELEMENTS 


PROP. I. THE OR. 


RIANGLEs and parallelograms of the ſame altitude 
are one to another as their baſes. 


Let the triangles ABC, ACD, and the parallelograms EC, 
CF have the ſame altitude, viz. the perpendicular drawn from 
the point A to BD: Then, as the baſe BC is to the baſe CD, & 
is the triangle ABC to the triangle ACD, and the parallel. 
gram EC to the parallelogram CF. 

Produce BD both ways to the points H, L, and take any 
number of ſtraight lines BG, GH, each equal to the base 
BC; and DK, KL, any number of them, each equal to the 
baſe CD; and join AG, AH, AK, AL: Tben, becauſe CB, 
BG, GH are all equal, the trizugles AHG, AGB, ABC 
are all equal*: Therefore, whatever multiple the baſe HC 
is of the baſe BC, the ſame multiple is the triangle AHC 
of the triangle ABC: For the ſame reaſon, whatever multiple 
the baſe LC is of the . 
baſe CD, the ſame mul- A 1 

7 


2 
tiple is the triangle ALC N 
of the triangle ADC: PANS. 
And if the baſe HC be 
equal to the baſe CL, the | 
triangle AHC is alfo | 
equal to the triangle 
ALC“; and if the baſe y —_ 
HC be greater than the HG BC 1 
baſe CL, likewiſe the triangle AHC is greater than the triangle 
ALC; and if leſs, leſs: Therefore, ſince there are four magni: 
tudes, viz. the two baſes BC, CD, and the two triangles ABC, 
ACD ; and of the baſe BC and the triangle ABC, the firſt and 
third, any equimultiples whatever have been taken, viz. the 
baſe HC and triangle AHC; and of the baſe CD and triangle 
ACD, the ſecond and fourth, have been taken any equimultipl 
whatever, viz. the baſe CL and triangle ALC; and that it hi 
been ſhown, that, if the baſe HC be greater than the baſe CL, 
the triangle AC is greater than the triangle ALC; and it 
equal, equal; and if leſs, leſs: Therefore b, as the baſe BC i 


to the baſe CD, ſo is the triangle ABC to the triangle AC. 


ABC, 
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ABC*, and the parallelogram CF double of the triangle ACD, Book VI. 
and that magnitudes have the ſame ratio which their equimul- 


| | tiples have 4, as the triangle ABC is t, the triangle ACD, fo : => 17 


; 
: 
is the parallelogram EC to the parallelegram CF: And becauſe 
it has been ſhown, that, as the baſe BC is to the baſe CD, ſo is 
© the triangle ABC to the triangle ACD; and as the triangle 
© ABC to the triangle ACD, ſo is the parallelogram EC to the 
parallelogram CF; therefore, as the baſe BC is to the baſe CD, 
ſo is the parallelogram EC to the parallelogram CF. Where- © 11. 5. 
| fore triangles, &c. Q. E. D. 

Cor. From this it is plain, that triangles and parallelograms 

that have equal altitudes, are one to another as their baſes. 

Let the figures be placed ſo as to have their baſes in the ſame 

E ſtraight line; and having drawn perpendiculars from the vertices 

© of the triangles to the baſes, the ſtraight line which joins the 

© vertices is parallel to that in which their baſes are f, becauſe the f 33- 1. 
E perpendiculars are both equal and parallel to one another: Then, 


it the ſame conſtruction be made as in the propoſition, the de- 
E monltration will be the ſame. 


PR OP.,'1L-THE0 R. 


F a ſtraight line be drawn parallel to one of the ſides of See N. 
: | a triangle, it ſhall cut the other ſides, or thoſe produ- 
ccd, proportionally : And if the ſides, or the ſides pro- 

# duced, be cut proportionally, the ſtraight line which 

| joins the points of ſection ſhall be parallel to the remain- 

ing ſide of the triangle. 


Let DE be drawn parallel to BC, one of the ſides of the tri- 
angle ABC: BD is to DA, as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the tri- | 
angle CDE“, becauſe they are on the ſame baſe DE, and be- 37: f. 
tween the ſame parallels DE, BC: ADE is another triangle, 
and equal magnitudes have to the ſame, the ſame ratio®; there- b 7. 5. 
lore, as the triangle BDE to the triangle ADE, ſo is the tri- 
angle CDE to the triangle ADE ; but as the triangle BDE to 
the triangle ADE, ſo is BD to DA, becauſe having the ſame e x. 6. 

altitude, viz. the perpendicular drawn from the point E to | 
AB, they are to one another as their baſes ; and for the ſame 
reaſon, 


m 
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Beok VI. reaſon, as the triangle CDE to the triangle ADE, fo is CF bh 


TR EA. Therefore, as BD to DA, ſo is CE to EA (. 


e 1. 6. 


f « 5, 


K 39. 1. 


triangle ADE, as the triangle CDE to the triangle ADE; 


if the ſegments of the baſe have the ſame ratio which the 


line drawn from the vertex to the point of ſection, d. 


THE ELEMENTS 


Next, Let the fides AB, AC of the triangle ABC, or the{: 


A. 7 E D 
A 

D B 

6 0 


produced, be cut proportionally in the points D, E, that is, fo 
that BD be to DA, as CE to EA, and join DE : DE is paral. 
lel to BC. 

The ſame conſtruction being made, becauſe as BD to Da, 
ſo is CE to EA; and as BD to DA, ſo is the triangle BD to 
the triangle ADE“; and as CE to EA, fo is the triangle CDE 
to the triangle ADE ; therefore the triangle BDE is to the 


that is, the triangles BDE, CDE have the ſame ratio to the 
triangle ADE; and therefore f the triangle BDE is equal to 
the triangle CDE: And they are on the ſame baſe DE; but e- 
qual triangles on the ſame baſe are between the ſame parallels*; 
therefore DE is parallel to BC. Wherefore, if a ſtraight line, 
&c. Q. E. D. 


PROP. II. THE OR. 


F the angle of a triangle be divided into two equal 
[| angles, by a ſtraight line which alſo cuts the baſe; 
the ſegments of the baſe ſhall have the ſame ratio which 
the other ſides of the triangle have to one another: And 


other fides of the triangle have to one another, the ſtraight 
vides the vertical angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into two 


equal angles by the ſtra:ght line AD; BD is to DC, as BA to AC. 
'Througi 


. _ OF EUCLID. 159 


Through the point C draw CE parallel to DA, and let BA Bock vt. 
Jroduced meet CE in E. Becauſe the ſtraight line AC meet 
Pe parallels AD, EC, the angle ACE is equal to the alternate © 31. 1. 
Ingle CAD”: But CAD, by the hypotheſis, is equal to the b 29. 1. 
Engle BAD; wherefore BAD is equal to the angle ACE. A- 


E 


in, becauſe the ſtraight line 

BAL meets the parallels AD, 

EC, the outward angle BAD 

equal to the inward and op- A 

wofite angle AEC: But the 

ngle ACE has been proved e- 

ual to the angle BAD; there- 

ore alſo ACE is equal to the 

Poele AEC, and conſequent] — 

% fide AE is equal to the B D C 

de AC: And becauſe AD is drawn parallel to one of the c 6. 1. 

des of the triangle BCE, viz. to EC, BD is to DC, as BA to 

AE d; but AE is equal to AC; therefore, as BD to DC, ſo is 4 2. 6. 

BA to AC. 09. 4. 
Let now BD be to DC, as BA to AC, and join AD; the 


Engle BAC is divided into two equal angles by the ſtraight line 
Nö. 

The ſame conſtruction being made; becauſe, as BD to DC, 

ois BA to AC; and as BD to DC, ſo is BA to AE, becauſe 

W is parallel to EC; therefore BA is to AC, as BA to AE f: f xx, 5, 
Conſequently AC is equal to AE, and the angle AEC is there- 8 9. 5+ 
Wore equal to the angle ACE® : But the angle AEC is equal to h 5. 1. 
[the outward and oppoſite angle BAD; and the angle ACE is 

equal to the alternate angle CAD®: Wherefore alſo the angle 

DAD is equal to the angle CAD: Therefore the angle BAC is 

cut into two equal angles by the ſtraight line AD. Therefore, 

it the angle, &c. Q. E. D. | 


PROP. 


THE ELEMENTS 


PROP. A THEOR. 


FF the outward angle of a triangle made by producing 
one of its ſides, be divided into two equal angles, hy 
a ſtraight line which alſo cuts the baſe produced ; the 
\ ſegments between the dividing line and the extremity 
1 of the baſe have the ſame ratio which the other ſides d 
the triangle have to one another: And if the ſegment 
of the baſe produced, have the ſame ratio which the 9. 
| ther ſides of the triangle have, the ſtraight line draw 
ht from the vertex to the point of ſection divides the ou. 
vil ward angle of the triangle into two equal angles, 
{ 
| 
| 
| 


Let the outward angle CAE of any triangle ABC be divide 
into two equal angles by the ſtraight line AD which meets the 


baſe produced in D: BD is to DC, as BA to AC. 
a 31. I, Through C draw CF parallel to AD“; and becauſe the ſtraight 
dt line AC meets the parallels AD, FC, the angle ACF is equi 
15 b 29. 1. to the alternate angle CAD®: But CAD is equal to the ang} 
1 e Hyp. DAE e; therefore alſo DAE is equal to the angle ACF. Agan, 
4 | becaule the ſtraight line FAE meets the parallels AD, FC, the 
| outward angle DAE is e- | 


. qual to the inward and op- E 
1 poſite angle CFA: But the 
1 angle ACF has been proved 


4 equal to. the angle DAE; 
= therefore alſo the angle 
1 ACF is equal to the angle | 
4 CFA, and conſequently the | 
17 ſide AF is equal to the fide C 9 
1:1 46. 1. AC d: And becauſe AD is parallel to FC, a fide of the triang!t 
1.1 ez, 6, BCF, BD is to DC, as BA to AF e; but AF is equal to AC; 
as theretgre BD is to DC, ſo is BA to AC. 
Let now BD be to DC, as BA to AC, and join AD; the 
angle CAD is equal to the angle DAE. 
The ſame conſtruction being made, becauſe BD is to DC, 
VV BA to AC; and that BD is alſo to DC, as BA to AF“ 
9. 5. therefore BA is to AC, as BA to AF f; wherefore AC is equal 


3. 1. to AF*, and the angle AFC equal“ to the angle ACF: ” 
| | the 


F | 


B 
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e angle AFC is equal to the outward angle EAD, and the Book VL 
ngle ACT to the alternate angle CAD; therefore alſo EAD is 
qual to the angle CAD. Wherefore, if the outward, &c. 


D. E. D. 


PROP. W. THEOK. 


HE ſides about the equal angles of equiangular tri- 

angles are proportionals ; and thoſe which are op- 
wlite to the equal angles are homologous ſides, that is, 
re the antecedents or conſequents of the ratios, 


Let ABC, DCE be equianguler triangles, having the angle 
hc equal to the angle DCE, and the angle ACB to the angle 
Pc, and conſequently * the angle BAC equal to the angle à 3% 1 
DE. The fides about the equal angles of the triangles ABC, 
DCE are proportionals; and thoſe are the homologous fides 
rhich are oppoſite to the equal angles. | 

Let the triangle DCE be placed, fo that its ſide CE may be 
ontiguous to BC, and in the tame ſtraight line with it: And 
becauſe the angles ABC, ACB are together lets thau two right 
angles b, ABC and DEC, which is „ 1. 1. 
qual to ACB, are alſo lels than | 
wo right angles; wherefore BA, | + 
ED produced {hall meet ©; let them A 
de produced and meect in the point /% -.. 5 rn 
F: And becauſe the angle ABC is 8 


qual to the angle DCE, BF is pa- | NT I 
eto CD. Again, becauſe the | * OY d 28. Is 
ngle ACB is equal to the angle Þ -—— Roc SIE 
DEC, "AC" is parallel to FE*: C 5 
therefore FACD is a parallelogram ; and conſequently AF is 

qual to OD, and AC to FD: And becauſe AC is parallel ro © 3. 
FE, one of the ſides of the triangle FBE, BA is to AF, as BC 
% CE,: But AF is equal to CD; therefore®, as BA to CD, fo f . 
BC to CE; and alternately; as AB to BC, fo is UC to CE: 5 7: 5: 
Again, becauſe CD is parallel tv BF, as BC to CE, fo is FD to 

Ef; but FD is equa} to AC; therefore, as BC to CE, ſo is AC 
lo DE: And alternately, as BC to CA, fo CE to ED: therefore, 
cauſe it has been pioved that AB is to BC, as DC to CE, 
ind as BC to CA CK to ED, ex acquali®, BA is to AC, as h 22. 5. 
D to DE. Therefore the tides, &c. Q. E. D. 


I. Boer. 


CI. Ax. I. 


5 23. Is 


b 32. 1. 


e 4. 6. 


d 11. 5. 


e 9. 5. 
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THE ELEMENTS 


PROP. V. THE OR. 


F the ſides of two triangles, about each of their angle, 

be proportionals, the triangles ſhall be equiangylz, 

and have their equal angles oppoſite to the homologoy 
ſides, | | 


Let the triangles ABC, DEF have their fides proportional, 
ſo that AB is to BC, as DE to EF; and BC to CA, as EF 9 
FD ; and conſequently, ex aequali, BA to AC, as ED to DF, 
the triangle ABC is equiangular to the triangle DEF, and thei 
equal angles are oppoſite to the homologous ſides, viz. the 
angle ABC equal to the angle DEF, and BCA to EFD, and 
alſo BAC to EF. 

At the points E, F, in the ſtraight line EF, make * the angl: 
FEG equal to the angle ABC, and the angle EFG equal to 
BCA ; wherefore the remain- 
ing angle BAC is equal to A 
the remaining angle EGF», D 
and the triangle ABC is 
therefore equiangular to the | 
triangle GEF; and conſe- F P 
quently they have their fides B + 
oppoſite to the equal angles 
proportionals ©; Wherefore, 6 
as AB to BC, ſo is GE to EF; 1 
but as AB to BC, ſo is DE to EF; therefore as DE to EF, (0+ 
GE to EF: Therefore DE and GE have the ſame ratio to EF, 
and conſequently are equai®: For the ſame reaſon, DF is equal 
to FG: And becauſe, in the triangles DEF, GEF, DE i 
equal to EG, and EF common, the two ſides DE, EF are equal 
to the two GE, EF, and the baſe DF is equal to the baſe Gt; 
therefore the angle DEF is equal f to the angle GEF, and the 
other angles to the other angles which are ſubtended by the & 
qual ſides . Wheretore the angle DFE is equal to the angle 
GFE, and EDF to EGF: And becauſe the angle DEF is cqul 
to the angle GEF, and CEF to the angle ABC; therefore the 
angle ABC is equal to the angle DEF: For the ſame realon, 
the angle ACB is equal to the angle DFE, and the angle at A 
to the angle at D. Thetetore the triangle ABC is equiangulat 
to the triangle DEF, Wherefore, if the ſides, &c. Q. E. D. 


PROD 
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Book VI. 


>_PROP. vi. THE OR. 


F two triangles have one angle of the one equal to one 
W. angle of the other, and the ſides about the equal 
Ingles proportionals, the triangles ſhall be equiangular, | 
Ind ſhall have thoſe angles equal which are oppoſite to 4 
e homologous ſides. | 


Let the triangles ABC, DEF have the angle BAC in the 
Ine equal to the angle EDF in the other, and the ſides about 
Poſe angles proportionals; that is, BA to AC, as ED to DF; 
ſ e triangles ABC, DEF are equiangular, and have the angle 
ABC equal to the angle DEF, and ACB to DFE. 

At the points D, F, in the ſtraight line DF, make“ the 4 33: 1. 
angle FDG equal to either of the angles BAC, EDF; and the 
Ingle DTG equal to the = 
Inge ACB: Wherefore A. 
Whe remaining angle at B 
equal to the remaining D 
Ine at Gd, and conſe- 
Ruently the triangle ABC 
ys cquiangular to the tri- 
Wigle DGF; and there- 
Pre as BA to AC, ſo is© |. © 4. 6. 


ä — 


— * 8 
—— — — 


——— 
2 
e a ; >. + 
"- = 1 


— 


—— 


2 — —— ͤ — 


—_ 


PD to DF: But, by the 
ypotheſis, as BA to "AC, B CG E F 
is ED to DF; as therefore ED to DF, ſo is 4 GD to DF; dr. 5. 
hereſore ED is equal © to DG; and DF is common to the two e 9: 5. 
angles EDF, GDF: Therefore the two ſides ED, DF are e- 
val to the two ſides GD, DF; and the angle EDF is equal to 
e angle GDF; wherefore the baſe EF is equal to the baſe FGF, f 4. 1 
nd the triangle EDF to the triangle GDF, and the remaining 
Peles to the remaining angles, each to each, which are ſab- . 
nded by the equal ſides: Therefore the angle DFG is equal to 
e angle DFE, and the angle at G to the angle at E: But the 
gle DFG is equal to the angle ACB; therefore the angle 
Ih is equal to the angle DFE : And the angle BAC is equal 
} tne angle EDF; wherefore alſo the remaining angle at B 8 Hyp. 
equal to the remaining angle at E. Therefore the triangle 
eis equiaugular to the triangle DEF. Wherefore, if two 
angles, &c. Q. E. D. | 
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point B, in the ſtraight line 


THE ELEMENTS 


PROP. VII THE VOR. 


F two triangles have one angle of the one equal to oe 
angle of the other, and the ſides about two other 
angles proportionals, then, if each of the remaining 
angles be either leſs, or not leſs, than a right angle; 9 
if one of them be a right angle: The triangles ſhall be 
equiangular, and have thoſe angles equal about which 
the ſides are proportionals. 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the auge 
EDF, and the ſides about two other angles ABC, DEF pro. 
portionals, ſo that AB is to BC, as DE to EF; and, inthe 
firſt caſe, let each of the remaining angles at C, F be leſs than 
a right angle. The triangle ABC is equiangular to the triangle 
DEF, viz. the angle ABC is equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 

For, it the angles ABC, DEF be not equal, one of them is 
greater than the other; let ABC be the greater, and at the 


AB, make the angle ABG 1 

equal to the angle“ DEF: D 
And becauſe the angle at A 

is cqual to the angle at D, 2 

and the angle ABG to the 

angle DEF; the remaining * 4 
3 AGB is equal® to the B C ＋ þ 
remaining angie DFE: Therefore the triangle ABG 1s equl 
angular to the triangle DEF; wherefore© as AB is to BU, (0 
DE to EF; but as DE to EF, fo, by hypotheſis, is AB to BC 
therefore as AB to BC, to is AB to BG; and becauſe Ab h. 
the ſame ratio to each of the lines BC, BG; BC is equal 
BG, and therefore the angle BGC is equal to the angle BCG? 
But the angle BCG is, by hypotheſis, leſs than a right angle 
therefore allo the angle BGC ts leſs than a right angle, and tt 
adjacent angle AGB mult oe greater than a right angle? 0 
it was proved that the angle AGB is equal to the angle at! 
therefore the angle at F is greater than a right angle: Bur, 8)! 
hy potheſis, it is lets than a tight angle; which is abſurd- Iden 


fol 


ngle DEF. 


angle DEF. 

The ſame conſtruction 
ing made, it may be pro- 
ed in like manner that BC 
equal to BG, and the 
ngle at C equal to the an- 


tC is not leſs than a right 
ngle ; therefore the angle 


IGC is not leſs than a right angle: Wherefore two angles of 


'e BGC : But the angle B 


/ 
TT 0 LY 
Wen / 
= 4 | 3 


OF-SUCELTD: 


Next, Let each of the angles at C, F be not leſs than a right 
ngle : The triangle ABC is alſo in this caſe equiangular to the 


1 


he triangle BGC are together not leſs than two right angles, 


le, 


For, if they be not equian- 
ular, make, at the point B of 
e ſtraight line AB, the angle 
vG equal to the angle DEF; 
ben it may be proved, as in 
e hrſt caſe, that BG is e- 
ual to BC: But the angle 
CC is a right angle, there- 
te! the angle BGC is alſo a 
pit angle; whence two of 
e angles of the triangle BGC 
together not leſs than two 
pit angles, which is impoſ- 
eh: Therefore the triangle 
vC is equiangular to the 


L 3 


— 


angle DEF, Wherefore, if two triangles, &c. Q. E. D. 


Laſtly, Let one of the angles at C, F, viz. the angle at C, 
a right angle; in this caſe hkewiſe the triangle ABC is 
juiangular to the triangle DEF. 


TANF. 


Tre the angles ABC, DEF are not unequal, that is, they are Book vi. 
qual: And the angle at A is <qual to the angle at D; where- WW 
pre the remaining angle at C 1s equal to the remaining angle 
RF: Therefore the triangle ABC is equiangular to the tri- 


hich is impoſſible n; and therefore the triangle ABC may be n 17. x, 
roved to be equiangular to the triangle DEF, as in the firſt 


13. 1. 
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Sce N. 


to the baſe BC: The triangles ABD, ADC are ſimilar to the 


4 32. 1. 


b 4. 6. 
c I, Def. 6. 


THE ELEMENTS 


PROP, VIL THEOR. 


N a right angled triangle, if a perpendicular be draw 

from the right angle to the baſe ; the triangles «© 

each ſide of it are ſimilar to the whole triangle, and ts 
one another, 


Let ABC be a right angled triangle, having the right ang: 
BAC; and from the point A let AD be drawn perpendiculz 


whole triangle ABC, and to one another. 

Becauſe the angle BAC is equal to the angle ADB, each « 
them being a right angle, and that the angle at B is commoa 
to the two triangles ABC, 

ABD; the remaining angle A 
ACB is equal to the remaining 
angle BAD*: Therefore the 
triangle ABC is equiangular to 
the triangle ABD, and the ſides 
about their equal angles are pro- | 
portionals® ; wheretore the tri- D C 
angles are fimilar®© : In the like 

manner it may be demonſtrated, that the triangle ADC 1s 
quiangular and ſimilar to the triangle ABC: And the triany 
ABD, ADC, being both equiangular and ſimilar to ABC, A 
equiangular and ſimilar to each other. Therefore, in a 1g 
angle, &c. Q. E D. 

Cos. From this it is manifeſt, that the perpendicular dur 
from the right angle of a right angled triangle to the baſe, * 
mean proportional between the ſegments of the baſe: And all 

that each of the ſides is a mean proportional between the bal 
and its ſegment adjacent to that fide; Becauſe in the triang* 
BDA, ADC, ED is to DA, as DA to DC; and in the t 
angles ABC, DBA, BC is to BA, as BA to BD; and in! 
triangles ABC, ACD, BC is to CA, as CA to CD“. 


PRO! 
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Book VI. 


PROP. IX. PRO B. 


| PROM a given ſtraight line to cut off any part re. 3 N. | 
quired. i 


Let AB be the given ſtraight line; it is required to cut off | | 
any part from it. f 
From the point A draw a ſtraight line AC making any angle | 

with AB; and in AC take any point D, and take AC the ſame , 
multiple of AD, that AB is of the part 
which is to be cut off from it; join BC, A 
and draw DE parallel to it: Then AE is | 
the part required to be cut off. 

Becauſe ED is parallel to one of the ſides 
of the triangle ABC, viz. to BC, as CD is 
to DA, ſois* BE to EA; and, by compo- 
ſtion d, CA is to AD, as BA to AE: But 
[CA is a multiple of AD; therefore © BA 
is the ſame multiple of AE: Whatever part 
therefore AD is of AC, AE is the ſame B C | 
part of AB: Wherefore, from the ſtraight | 
ine AB the part required is cut off, Which was to be done. | 


Por . PROM 


14 a given ſtraight line ſimilarly to a given | 
divided ſtraight line, that is, into parts that ſhall 4 
have the ſame ratios to one another which the parts of ä 

the divided given ſtraight line have. } | 


divided line; it is required to divide AB ſimilarly to AC. 
Let AC be divided in the points D, E; and let AB, AC be 
placed ſo as to contain any angle, and join BC, and through the } 
points D, E, draw DF, EG parallels to it; and through Da zr. 2. 10 
dar DHK parallel to AB: Therefore each of the figures FH, 14 
HB, is a parallelogram W DH is equal“ to FG, ne 34. 1. if 
4 4 


a þ 

Let AB be the ſtraight line given to be divided, and AC the 1 
0 
; 
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* 


C 2. 6. 


a 31. I. 


THE ELEMENTS. 


HK to GB : And becauſe HE is pa- A 

rallel to KC, one of the ſides of the 

triangle DKC, as CE to ED, ſo is 

e KH to HD: But KH is equal to 

BG, and HD to GF; therefore, as F D 
CE to ED, ſo is BG to GF: Again, G H . 
becauſe FD is parallel to EG, one of 
the ſides of the triangle AGE, as ED B 
to DA, ſo is GF to FA: But it has 
been proved that CE is to ED, as 
BG to GF; and as ED to DA, ſo GF to FA : 1 the 


given ſtraight line AB is divided ſimilarly to AC. Which vas 
to be done. 


PRO f. H. PFROQO-B. 


O find a third proportional to two given ſtraight 
lines. 


Let AB, AC be the two given ſtraight lines, and let then 
be placed ſo as to contain any angle; it is A 
required to find a third proportional to AB, 

AC. 

Produce AB, AC to the points D, E; 
and make BD equal to AC; and having B C 
joined BC, through D, draw DE parallel to 
. 

Becauſe BC is parallel to DE, a ſide of \ 
the triangle ADE, AB is® to BD, as AC to > 
CE: But BD is equal to AC; as therefore D * 
'AB to AC, fo is AC to CE. Wherefore to the two give! 
ſtraight lines AB, AC athird proportional CE is found. Which 
was to be done. 


PROP. XII. PR OB. 


1 * find a fourth proportional to three given ſtraigi! 


nay. 


Let A, B, C be the three given ſtraight lines; it is requires 
to find a fourth proport: onal to A, B, C. 15 
; 
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Take two ſtraight lines DE, DF, containing any angle EDF; Book vl. 
and upon theſe make DG D WIN 
equal to A, GE equal to B, A 

and DH equal to C; and | Me . 
© having joined GH, draw EF . 
parallel“ to it through the C 

point E: And becauſe GH —— 


A 31. 1. 


— 


: is parallel to EF, one of the 


© ſides of the triangle DEF, 7 5 
Dod is to GE, as DH to | 

EF HF»; but DG is equal to E WE 
A, GE to B, and DH to C; 

therefore, as A is to B, ſo is C to HF. Wherefore to the 
three given ſtraight lines, A, B, C a fourth proportional HF is 
E ſound. Which was to be done. 


. 6 


PROP. XIII. PROB. 


: O find a mean proportional between two given 
5 ſtraight lines. 


Let AB, BC be the two given ſtraight lines; it is required 
© to find a mean proportional between them. 

Place AB, BC in a ftraight line, and upon AC deſcribe the 
ſemicircle ADC, and from the 

point B draw * BD at right an- 


gles to AC, and join AD, DC. N 
E Becauſe the angle ADC in a 
ſemicircle is a right angle ®, and b 31. 3. 


becauſe in the right angled tri- 
| e nes, DB is drawn from 
| the right angle perpendicular to 

che baſe, DB Apo 3 propor- \ B C 

| tional between AB, BC the ſegments of the baſe ©: Therefore «© Cor. 8. 6, 
between the two given ſtraight lines AB, BC, a mean propor- 

E tional DB is found. Which was to be done. 


PROP. 


THE ELEMENTS 


PROF; AV. THEO 


| QUAL parallelograms which have one angle of the 
one equal to one angle of the other, have their 
ſides about the equal angles reciprocally proportional; 
And parallelograms that have one angle of the one <qual 
to one angle of the other, and their ſides about the equal 
angles reciprocally proportional, are equal to one an- 
ther. 


Let AB, BC be equal parallelograms, which have the angles 
at B equal, and let the ſides DB, BE be placed in the fame 
a 14. 1. ſtraight line; wherefore alſo FB, BG are in one ſtraight line“: 
| The ſides of the parallelograms AB, BC about the equal angles, 
br reciprocally proportional; that is, DB is to BE, as Gb to 
Complete the parallelogram FE ; and becauſe the parallelc- 
gram AB is equal to BC, and 
that FE is another parallelo- A 
gram, AB is to FE, as BC to \ 


b 7. . FE: But as AB to FE, fois 
e 1. 6. the baſe DB to BE e; and, as 
BC to FE, ſo is the baſe GB to D 
BF; therefore, as DB to BE, 
8 11. 3. fois GB to BFA. Wherefore 
the ſides of the parallelograms 
AB, BC about their equal an- 
gles are reciprocally proportional. | 
But, let the ſides about the equal angles be reciprocally pro 
portional, viz. as DB to BE, ſo GB to BF; the parallclogian 
AB is equal to the parallelogtam BC. | 
Becauſe, as DB is to BE, ſo GB to BF; and as DB to BE 
ſo is the parallelogram AB to the parallelogram FE; and a 
GB to BF, ſo is the parallelogram BC tg the parallelogram FL; 
therefore as AB to FE, ſo BC to FE ; Wherefore the parallclo- 
gram AB is equal? to the parallelogram BC. Therefore equal 
parallelograms, &c. Q. E. D. | 


* 


PRO? 


| baſe EA to AB; as therefore 


OF EUCLID. 


PROP. XV. THE OR. 


QUAL triangles which have one angle of the one 
equal to one angle of the other, have their ſides 
about the equal angles reciprocaliy proportional: And 
| triangles which have one angle in the one equal to one 
angle in the other, and their ſides about the equal angles 
reciprocally proportional, are equal to one another, 


Let ABC, ADE be equal triangles, which have the angle 
© BAC equal to the angle DAE; the fides about the equal angles 
ol the triangles are reciprocally proportional; that is, CA is to 
| AD, as EA to AB. | 

Let the triangles be placed ſo that their ſides CA, AD be 
in one ſtraight line; wherefore alſo EA and AB are in one 


| ſtraight line“; and join BD. Becauſe the triangle ABC is e- 14 7 


| qual to the triangle ADE, and that 
| ABD is another triangle; there- B D 
© ſore as the triangle CAB is to the Ff 
triangle BAD, ſo is triangle EAD 
do triangle DAB D: But as triangle 
| CAB to triangle BAD, ſo is the 
EF biſe CA to AD; and as triangle 
© EAD to triangle DAB, ſo is the 


| CA to AD, ſo is EA to AB: C E 
# wherefore the ſides of the triangles ABC, ADE about the equal 
| angles are reciprocally proportional. 

But ler the fides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to 
AB; the triangle ABC is equal to the triangle ADE. 

Having joined BD as before; becauſe, as CA to AD, ſo is 
FA to AB; and as CA to AD, ſo is triangle ABC to triangle 

BAD*®; and as EA to AB, ſo is triangle EAD to triangle 
BAD ©; therefore 4 as triangle BAC to triangle BAD, ſo is 
triangle EAD to triangle BAD; that is, the triangles BAC, 
EAD have the ſame ratio to the triangle BAD: Wherefore the 
triangle ABC is equal? to the triangle ADE. Therefore equal 
triangles, &C. Q. E. D. ; 


PROP. 


191 
Book VL 


Yd 


e 9. 5. 


b 7. 5. 


o 14. 6. 
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PROP. XVI. 'T HE OR. 


F four ſtraight lines be proportionals, the reQang|: 
contained by the extremes is equal to the rectangle 
contained by the means: And it the rectangle contained 
by the extremes be equal to the rectangle contained by 
the means, the four ſtraight lines are proportionals. 


Let the four ſtraight lines, AB, CD, E, F be proportional, 
viz. as AB to CD, ſo E to F; the rectangle contained by AB, 
F is equal to the reQtangle contained by CD, E. 

From the points A, C draw“ AG, CH at right angles to 
AB, CD; and make AG equal to F, and CH equal to E, and 
complete the parallelograms BG, DH : Becauſe, as AB to C0, 
ſoisEtoF; and that E is equal to CH, and F to AG; A} 
is d to CD, as CH to AG: Therefore the ſides of the parallelo- 
grams BG, DH about the equal angles are reciprocally pr- 
portional; but parallelograms which have their fides about e- 
qual angles reciprocally proportional, are equal to one another ©; 
therefore the parallelogram BG is equal to the parallelogran 
DH: And the parallelogram , | 
BG is contained by the E YE N 
ſtraight lines AB, F; becauſe F— . 
AG 1s cqual to F; and the | 
parallelogram DH is con- G 
tained by CD and E; becauſe 
CH is equal to E: There— | 
fore the rectangle contained | 
by the ſtraight lines AB, F 
4 equal to that which is B — 
contained by CD and E. A 

And if the rectangle contained by the ſtraight lines AD, F 
be <qual to that which is contained by CD, E; theſe four lines 
are proport onals, viz. AB is to CD, as E to F. 

The ſame conſtruction being made, becauſe the reCtang!: 
contained by the ſtraight lines AB, F is equal to that which i; 


contained by CD, E, and that the rectangle BG is contains 


by AB, F, becauſe AG is equal to F; and the rectangle UH 
by CD, E, becaule CH is equal to E; therefore the parallclo- 
gram BG is equal to the parallelogram DH; and they ate e. 
10 * | quiang ular, 


| * 
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quiangular : But the ſides about the equal angles of equal pa- Book VI. 
callelograms are reciprocally proportionale: Wherefore, as A8 
to CD, ſo is CH to AG; and CH is equal to E, and AG to F: 14. 6. 
zs therefore AB is to CD, fo E to F. Wherefore, if four, &c. 


QE. D. 


Por. Kun. TRT OR. 


F three ſtraight lines be proportionals, the rectangle 
contained by the extremes is equal to the ſquare of 
che mean: And if the rectangle contained by the ex- 
E tremes be equal to the ſquare of the mean, the three 
E {traight lines are proportionals. 


Let the three ſtraight lines A, B, C be proportionals, viz. 
zs A to B, ſo B to C; the rectangle contained by A, C is equal 
to the ſquare of B. 

Take D equal to B; and becauſe as A to B. ſo B to C, and 
that B is equal to D; A is to B, as D to C: But if four ſtraight 27 
lines be proportionals, 

the rectangle contain- — 9 
ed by the extremes is gy ————— 
equal to that which B 
is contained by the sf 
; * o: Therefore the C 5 

g Icctangle contained b — 

4 A, C is equal to 3 | 'c | D 
I a We by B, 0: bo | 

but the rectangle con- 

tained by B, is che A. 1 | 

E [quare of B; becauſe B is equal to D: Therefore the rectangle 
g contained by A, C is equal to the ſquare of B. 

And if the reCtangle contained by A, C be equal to the 
; quatre of B; A is to B, as B to C. 
lde fame conſtruction being made, becauſe the rectangle 
_ contained by A, C is equal to the ſquare of B, and the ſquare 
8 01 is equal to the rectangle contained by B, D, becauſe B is 
equal to D; therefore the rectangle contained by A, C is equal 
te that contained by B, D: But if the rectangle contained by 
| the extremes be equal to that contained by tne means, the four 
raight lines are proportionals® ; Therefore A is to B, as D to 


— 


b 16. 6. 
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a 23. 1. 


Þ 32. I. 


em em te On 


Book VI. C; but B is equal to D; wherefore as A to B, fo B to ( 


_ CFD is equal to the remaining angle AGBÞ : Wherefore the 


FDE ; therefore the 


THE ELEMENTS 


Theretore, if three ſtraight lines, &c. Q. E. D. 


PROP. XVm. THE OR. 


28 a given ſtraight line to deſcribe a rectilineal 
figure ſimilar, and ſimilarly fituated to a given 
rectilineal figure. 


Let AB be the given ſtraight line, and CDEF the given rec. 
tilineal figure of four ſides; it is required upon the given 
ſtraight line AB to deſcribe a rectilineal figure ſimilar, and 
fimilarly ſituated to COEF. 

Join DF, and at the points A, B in the ftraight line AB, 
make the angle BAG equal to the angle at C, and the ange 
ABG equal to the angle CDF; therefore the remaining angle 


triangle FCD is e- 
quianpular to the tri- H 
angle GAB: Again, G E 
at the points G, B | 
in the ſtraight line F 
GB make* the angle L 

BGH equal to the | / 
angle DFE, and the 


angle GBH equal to A B C D 


K 


remaining angle FED is equal to the remaining angle GIIh, 
and the triangle FDE equiangular to the triangle GBH : Then, 
becauſe the angle AGB is equal to the angle CFD, and BGH 
> DFE, the whole angle AGH is equal to the whole CFE: 

or the ſame reaſon, the angle ABH is equal to the angle CDE; 
alſo the angle at A is equal to the angle at C, and the angle 
GHB to FE1) : Therefore the rectilincal figure ABHG is equi- 
angular to CEF: But likewiſe theſe figures have their (ides 2- 
bout the equal angles proportionals: Becauſe the triangles GAV, 
FCD being equiangular, BA is e to AG, as DC to CF; and 
becauſe AG is to GB, as CF to FD; and as GB to GH, ſo, 
by reaſon of the equiangular triangles BGH, DFE, is FD to 
FE; therefore, ex aequali d, AG is to GH, as CF to FE: |" 
the ſame manner it may be proved that AB is to BH as CV © 
DE: And GH is to HB, as FE to ED e. Wherefore, bcc"! 


Lt 


the rectilineal figures ABHG, CDEF are equiangular, and Baok VI. 
have their ſides about the equal angles proportionals, they are 

Gmilar to one another e. © 1. def. & 
Next, Let it be required to deſcribe upon a given ſtraight line 
AB, a rectilineal figure ſimilar, and ſimilarly fituated to the 
rectilineal figure CDKEF. 

Join DE, and upon the given ſtraight line AB deſcribe the 
tectilineal figure ABHG fGmilar, and fimilarly ſituated to the 
quadrilateral figure CDEF, by the former caſe; and at the 
points B, H in the ſtraight line BH, make the angle HBL e- 
qual to the angle EDK, and the angle BHL equal to the angle 
DEK; therefore the remaining angle at K is equal to the re- 
Imaining angle at L: And becauſe the figures ABHG, CDEF 
are ſimilar, the angle GHB is equal to the angle FED, and 
BHL is equal to DEK; wheretore the whole angle GHL is 
equal to the whole angle FEK : For the fame reaſon the angle 
ABL is equal to the angle CDK: Therefore the five ſided fi- 
gutes AGHLB, CFEK are equiangular : And becauſe the fi- 
gures AGHB, CFED are ſimilar, GH is to HB, as FE ro ED; 
land as HB to HL, ſo is ED to EK ©; therefore, ex aequali 4, © 4 6 
IGH is to HL, as FE to EK : For the ſame reaſon, AB is to BL, . 
as CD to DK: And BL is to LH, ase DK to Kk, becauſe the 
triangles BLH, DEE are cquiangular: Theretore, becauſe the 
sive ſided figures AGH LB, CFEK D are equiangular, and have 
their ſides about the equal angles proportionals, they are ſimilar 
to one another: And in the ſame manner a rectilineal figure of 
Flix or more ſides may be deſcribed upon a given ſtraight ling 
milar to one given, and ſo on. Which was to be done. 


TS 0-100,  THEOR, 


ä 5 55 triangles are to one another in the duplicate 
ratio of their homologous ſides, 


Let ABC, DEF be ſimilar triangles, having the angle B equal 
0 the angle E, and let AB be to BC, as DE to EF, fo that the 
de BC is homologous to EF: The triangle ABC has to the a 14. def. 5. 
angle DEF, the duplicate ratio of that which BC has to EF. 
Take BG a third proportional to BC, EF, ſo that BC is to b 11. 6. 
, as EF to BG, and join GA: Then, becauſe as AB to BC, 
vDEtoEF; alternately e, AB is to DE, as BC to EF; But c 16. 5, 
| | as 


— — 
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Book VI. as BC to EF, ſo is EF to BG; therefore as AB to DE, «6; 
FE to BG: Wherefore the ſides of the triangles ABG, Der 
41T. 5. which are about the equal angles, are reciprocally proportional: 
But triangles which have the fides about two equal angles rec. 
procally proportional 
are equal to one an- A 
e 15. 6. other“: Therefore the 
triangle ABG is equal | D 
to the triangle DEF: 
And becanie as BC is 
to EF, ſo EF to BG; 
and that if three {£. — 
ſtraigbt lines be pro- B 12 C F F 
3 the firſt is 
aid f to have to the third the duplicate ratio of that which it ha 
to the ſecond; BC therefore has to BG the duplicate ratio of thi 
g 1. 6 which BC has to EF: But as BC to BG, ſo isꝭ the triangle ABC 
to the triangle ABG. Therefore the triangle ABC has to the 
triangle ABG the duplicate ratio of that which BC has to EF. 
But the triangle ABG is equal to the triangle DEF; wherefore 
alſo the triangle ABC has to the triangle DEF the duplicat 
ratio of that which BC has to EF. Therefore ſimilar triangle, 
&c. Q. E. D. 

Cor. From this it is manifeſt, that if three ſtraight lines be 
proportionals, as the firſt is to the third, ſo is any triangle up 
on the firſt to a ſimilar, and ſimilarly deſcribed triangle ufa 
the ſecond. 


nt. 


$10. def. 5. 


FAOT 3%. 460K 


IMILAR polygons may be divided into the ſame num 

ber of ſimilar triangles, having the ſame ratio to ol 

another that the polygons have; and the polygons hatt 

to one another the duplicate ratio of that which ti! 
homologous ſides have. 


Let ABC DE, FGHKL be ſimilar polygons, and let Al. 
the homologous fide to FG: The polygons ABC DE, FGHX 
may be divided into the ſame number of ſimilar triang'® 
whereof each to each has the ſame ratio which the po!yc® 

| have; and the polygon ABCDE has to the polygon FG 
the duplicate ratio of that which the fide AB has to the ſide 10 
Join BE, EC, GL, LH; And becauſe the polygon ADC'Y 
Nt 


\ 


"ET Wd. oa <5. 
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nilar to the polygon FGHEL, the angle BAE is equal to the Book VI. 
ngle GFL“, and BA is to AE, as GF to FL* : Wherefore, SY 
cauſe the triangles ABE, FGL have an angle in one equal“ . def. e. 
o an angle in the other, and their ſides about theſe equal angles 
roportionals, the triangle ABE is equiangulat®, and there- b 6. 6. hy 
ore fimilar to the triangle FGL © ; wherefore the angle ABE<« 4. 6. f 
equal to the angle FGL: And, becauſe the polygons are ſi- | 
ilar, the whole angle ABC is equal“ to the whole angle FGH ; 


Lercfore the remaining angle EBC is equal to the remaining 14 
gle LGH: And becauſe the triangles ABE, FGL are ſimilar, | | 
ö is to BA, as LG to GF“; and alſo, becauſe the polygons \ 
Fr: (milar, AB is to BC, as FG to GH *; therefore, ex ae- | | 
nali d, EB is to BC, as LG to GH; that is, the tides about d 22. 5. 4 


he equal angles EBC, LGH are proportionals ; therefore Þ 
be triangle EBC is equiangular to the triangle LGH, and 
milar to it ©, | 

or the ſame * 


aſon, the tri- A M F wy. 
ngic ECD 8 | | | 
E 5 8 | i 


kewiſe is ſi- B. 

ular to the L G 
angle LH: / 
heretore the ; 


milar poly- | 
ns ABGDE, D C K fl | 
GHKL are divided into the fame number of ſimilar tri- | 
ples, | ir. Þ 
Alſo theſe triangles have, each to each, the ſame ratio which vo 
e polygons have to one another, the antecedents being "y 
BE, EBC, ECD, and the conſequents FGL, LGH, LHK : 1 
nd the polygon ABC DE has to the polygon FGHK L the du- 
eos of that which the ſide AB has to the komologous 4 
le FG. ay 
D:cauſe the triangle ABE is ſimilar to the triangle FG, 4 
BL has to FGL the duplicate ratio © of that which the ude © 1). 6. 1 
L has to the fide GL : For the ſame reaſon, the triangle BEC bil 
as to GLH the duplicate ratio of that which BE has to GL : + þ 
verefore, as the triangle ABE to the triangle FGL, fof is the f. 5. 
angle BEC to the triangle GLH, Again, becauſe the tri- 

ze EBC is ſimilar to the triangle IL. GI, EBC has to LGH 

e duplicate ratio of that which the {ide EC has to the ſide 


H: For the fame reaſon, the triangle ECD has to the triangle 
NM I. HK, 
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* VI. LHK, the duplicate ratio of that which EC has to LH: hs 
therefore the triangle EBC to the triangle LGH, ſo is g. 
triangle ECD to the triangle LH K: But it has been proved thy 
the triangle EBC is likewiſe to the triangle LGH, as the teiange 
ABE to the triangle FGL. Therefore, as the triangle ABE, 
to the triangle FGL, ſo is triangle EBC to triangle LGH, 3 
triangle ECD to triangle LHK: And therefore, as one of th. 
antecedents to one of the conſequents, ſo are all the anteceden: 
g 12. 5, to all the conſequents s. Wheretore, as the triangle ABE to ti, 
1 triangle FGL, ſo is the polygon ABC DE to the polygen 
iN FGHKL : But the triangle ABE has to the triangle FGL, ty 
1 duplicate ratio of that which the ſide AB has to the homologoy 
|, fide FG. Therefore alſo the polygon ABCDE has to the poj. 
| gon FGHEL:' the duplicate ratio of that which AB has to th 
homologous fide FG. Wherefore fimilar polygons, & Q. L. |) 
Co. . In like manner, it may be proved, that ſimilar fou 
ſided figures, or of any number of ſides, are one to another in 
the duplicate ratio of their homologous ſides, and it has alrcay 
been proved in triangles. Therefore, univerſally ſimilar ref. 
lineal figures are to one another in the duplicate ratio of thei 
homologous ſides. | 
Cor. 2. And if to AB, FG, two of the homologous ſide 
h ro, def. 5. a third proportional M be taken, AB has® to M the duplica: 
ratio of that which AB has to FG: Bur the four ſided figure o 
polygon upon AB has to the four ſided figure or polygon up 
FG likewiſe the duplicate ratio of that which AB has to F6: 
Therefore, as AB is to M, ſo is the figure upon AB to the figure 
i Cor. 19 6. upon FG, which was allo proved in trianglesi. 'Therelor 
BY univerſally, it is manifeſt, that if three ſtraight lines be propor 
1 tionals, as the firſt is to the third, fo is any rectilineal figure 
1 pon the firſt, to a ſimilar and ſimilarly defcribed recilinee! 
gure upon the ſecond. 


II. 5. 
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Book vi. 
PROP. XXII. THE OR. A 


4 
IF 

* 
G 


ty ECTILINEAL figures which are ſimilar to the ſame 
R rectilineal figure, are alſo ſimilar to one another. 


Let each of the rectilineal figures A, B be ſimilar to the rec- 
lineal figure C: Ihe figure A is ſimilar to the figure B. 
Becauſe A is ſimilar to C, they are equiangular, and alſo 
have their ſides about the equal angles proportionals *. Again, a x, def. 6; 
becauſe B is ſimilar to 


C, they are equiangu- 
gar, and have their ſides 
bout the equal angles 
proportionals * : There- A N 
Jore the figures A, B Pi % 


are each of them equi- | | 

ngular to C, and have the ſides about the equal angles of each 

ff them and of C proportionals. Wherefore the rectilineal fi- 

ures A and B are ecquiangular >, and have their ſides about theb x. Ax. 2. 


Fal angles proportionals*®. Therefore A is fimilar* to B. 11. f. 
E. D. 


reo. 


I four ſtraight lines be proportionals, the ſimilar rec- 

tilineal figures ſimilarly deſcribed upon them ſhall alſo 
de proportionals; and if the ſimilar rectilincal figures 
Jinilarly deſcribed upon four ſtraight lines be proportion— 
, thoſe ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH he propor- 
'onals, viz AB to CD, as EF to GH, and upon AB, CD let 
he imilar rectilineal figures KAB, LCD be fimilarly deſeri- 
ed; and upon EF, GH the ſimilar reQtilineal hgures MF, NH, 
| — manner: The rectilineal figure K AB is to LCD, as MF 

To AB, CD take a third proportional a X; and to EF, GH a 11. 6. 
third proportional O: And becauſe AB is to CD, as EF to 

H, and that CD is® to X, as GH to O; wherefore, ex ae- b 11. f. 
Palit, as AB to X, ſo EF to O: But as AB to X, ſo is d the © g. 


Si d 2. Cor. 
M 2 rectilineal zo, 6. 
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Book VI. rectilineal KAB to the rectilineal LCD, and as EF to O, 4% 

3 4 the reCtilineal MF to the reCtilineal NH: Therefore, as |; 4: 

256. to LCD, ſo® is MF to NH. | 

b 11. f. And if the reCtilineal KAB be to LCD, as MF to NH, 4. 
- ſtraight line AB is to CD, as EF to GH. 

e 12. 6. Make © as AB to CD, fo EF to PR, and upon PR deſcribe 


f 18. 6. the reQilineal figure SR ſimilat and fimilarly ſituated to cithy 


2 L 
© ts Fit HE 
M A. B C _—:: 


1. LET; 


of the figures MF, NH: Then, becauſe as- AB to CD, ſo is E 
to PR, and that upon AB, CD are deſcribed the ſimilar 200 
{ſimilarly fituated rectilineals KAB, LCD, and upon EF, Pl, 
in like manner, the ſimilar rectilineals MF, SR; KAB is 
LCD, as MF to SR; but, by the hypotheſis, KAB is to LCD), 
as MF to NH; and therefore the reQtilineal MF having th: 

3 9.5, ſame ratio to cach of the two NH, SR, theſe are equal“ to et 
another: They are alſo ſimilar, and fimilarly ſituated; there 
fore GH is equal to PR: And becauſe as AB to CD, ſo is H 
to PR, and that PR is equal to GH; AB is to CD, as EFt 
GH. I! therefore four ſtraight lines, &c. Q. E. D. 
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PROF. LAN. THEOR:; 


Sce N. > ont 3igntr parallelograms have to one anoti« 
the ratio which is compounded of the ratios 0 
their ſides. 


Let AC, CF be equiangular parallelograms, having the ang 

BCD equal to the angle ECG: The ratio of the parallclogi 

. AC to the parallelogram CF, is the ſame with the ratio wi 
is compounded of the ratios of their ſides, 1 


let BC, CG be placed in a ſtraight line; therefore DC and Book VT. 
cx are alſo in a ſtraight line“; and complete the parallelogram 2 
E DG; and, taking any ſtraight line K, make b as BC to CG, b 13. - 
so k to L; and as DC to CE, ſo make b L to M: Thereſore 

© the ratios of K to L, and L to M, are the ſame with the ratios 


Jof the ſides, viz. of BC to CG, and DC to CE. But the ra- 
ratios of K to L, and L to M: Wherefore alſo K has to M, the 


I 
1 
4 


ratio compounded of the ratios 

E of the dior : And becauſe as BC A D H 

Eto CG, ſo is the parallelogram I F \ 

A to the parallelogram CH d; G 41. 6. 
but as BC to CG, ſo is K to L; B nt 

therefore K is? to L, as the pa- 
© :allelogram AC to the parallelo- 
gtam CH: Again, becauſe as DC 
% CE, fo is the parallelogram 
Ell to the parallelogram CF; but f | 

Be DC-o-CEfo rw tt TH. TO 

E whereſore L is to M, as the pa- KLM E F 
allelogram CH to the parallelogram CF: Therefore, ſince it 

las been proved, that as K to L, ſo is the parallelogram AC to 

tde parallelogram CH; and as L to M, ſo the parallelogram CH 

to the parrallelogram CF; ex acqualif, K to M, as the paral- f 22 f. 
Velogram AC to the parallelogram CF; But K has to M the 

dio which is compounded of the ratios of the ſides; therefore 

ar the parallelogram AC has to the parallelogram CF the ratio 

Evhich is compounded of the ratios of the ſides. Wherefore 
p<quiangular parallelograms, &c. Q. E. D. 


. 


PROP. XXIV. THE OR. 


Tur parallelograms about the diameter of any pa- see N. 


rallelogram, are ſimilar to the whole, and to one 
another, | 


Let ABCD be a parallelogram, of which the diameter is 
Ac; and EG, HK the parallelograms about the diameter: The 
parallelograms EG, HK are fimilar both to the whole paralle- 
Yam ABCD, and to one another. 

| Lecauſe DC, GF are pacallels, the angle ADC is equal a to a 29- 1. 
de angle AGF: For the ſame reaſon, becauſe BC, EF are pa- 


M 3 rallels, 


ro of K to M is that which is ſaid to be compounded © of the © “. def 5 
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THE ELEMENTS 


Book VI. rallels, the angle ABC is equal to the angle AEF: And eig 
of the angles BCD, EFG is equal to the oppoſite angle DAB. 
b 34. 1. and therefore are equal to one another; wherefore the pati. 
lelograms ABCD, AEF G are equiangular: And becaule t, 
angle ABC is equal to the angle AEF, and the angle BAC 
common to the two triangles BAC, EAF, they are equany, 
© 4. 6. lar to one another; therefore® as AB 


to BC, ſo is AE to EF: And becauſe A F. 5 
the oppoſite ſides of parallelograms — 
47.5% are equal to one another b, AB is* to F N 
AD, as AE to AG; and DC to CB, G — 


as GF to FE; and alſo CD to DA, 
2s FG to GA: Therefore the ſides of 
the parallelograms ABCD, AEFG a- 
bout the equal angles ate proportion- > K \ 
als; and they are therefore ſimilar to 0 
. def. 6. one another © : For the ſame reaſon, the parallelogram ABCI 
is ſimilar to the parallelogram FHCK. Wherefore each of th 
parallelograms GE, KH is ſimilar to DB; But rectilineal figure 
which are ſimilat to the ſame reCtilineal figure, are alſo fimilx 


T8 to one another f; therefore the parallelogram GE is fimilart 
KH. Wherefore the parallelograms, &c. Q. E. D. 
PROP. XXV. PROB. 
159 15 O deſcribe a rectilinecal figure which ſhall be finilx 
to one, and equal to another given reCQtilineal i» 
gure. 


Let ABC be the given rectilineal figure, to which the feat 
to be deſcribed is required to be ſimilar, and D that to whic 
it muſt be equal. It is required to deſcribe a rectilineal hgui 
ſimilar to ABC, and equal to D. 

Cor. 43. 1. Upon the ſtraight line BC deſcribe * the parallelogram 5) 
equal to the figure ABC; alſo upon CE deſcribe * the para 
logram CM equaj to D, and having the angle FCE «qu 
to ihe angle CBL : Thereſorr BC and CF are in a firzg" 

9 ry line b, as alſo LE and EM; Between BC and CF finde nw 

© 15. 6 Proportional GH, and upon GH deſcribe 4 the reQiline! “ 

418.6, gure KGH vmilar and fimilarly fituated to the figure Ab 

And becauſe BC is to GH as GH to CF, and if three {trais* 


e 2. ov, lincs be proportionale, as the firſt is to the third, ſo * (ts 
© a g the, + . N 6 6 Full 


dd 


| 
| 
| 
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eure upon the firſt to the ſimilar and ſimilarly deſcribed fi- Book VI. 
ure upon the ſecond ; therefore as BC to CF, fo is the recti?! 
neal figure ABC to KGH: But as BC to CF, ſo is f the pa- f. 6. 
Fallclogram BE to the parallelogram EF: Therefore as the rec- 


neal figure ABC is to KGH, fo is the parallelogram BE to By 
| 8 8 II. 5. 


Bie parallelogram EF“: And the rectilineal figure ABC is equal 


H 


; A. 

| — 

] B * 3 

| owes ” | . 

C L KM 

J to the parallelogram BE; therefore the rectilineal figure KEGH 

is equal“ to the parallelogram EF: But EF is equal to the fi- 

mT Fc D; wherefore alſo KGH is equal to D; and it is fimilar 

Eto ABC. Therefore the rectilincal figure KGH has been de- 
E {cribed ſimilar to the figure ABC, and equal to D. Which 


4 was to be done. 


PN OF. Kuril THE OR. 


14. 5. 


5 F two ſimilar parallelograms have a common angle, and 
be ſimilarly ſituated ; they are about the ſame diameter. 


Let the parallelograms ABCD, AEFG be fimilar and ſimi- 
F larly ſituated, and have the angle DAB common. ABCD and 
FAEFG are about the ſame diameter, 
For, if not, let, if poſſible, the 
| parallelogram BD have its dia- | D 
meter AHC in a different ſtraight 7 


line from AF the diameter of the 
parallelogram EG, and let GF 
meet AHC in H; and through 
H draw HK parallel to AD or 
BC: Therefore the parallelograms 
ABCD, AKHG being about the | $ 
lame diameter, they are ſimilar 

to one another“: Wherefore as DA to AB, ſo is* GA to AK: 2 24: . 
But becauſe ABCD and 4 are ſimilar parallelograms, * 4 

4 as 
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Book VE, as DA is to AB, ſo is GA to AE; therefore e as GA to AF, ; 
c TI. . 
d 9 5. 


See N. 


THE ELEMENTS 


GA to AK; wherefore GA has the ſame ratio to each of g. 
ſtraight lines AE, AK; and conſequently AK is equal d to A1 
the leſs to the greater, which is impoſſible: Therefore ABC 
and AKHG are not about the ſame diameter; wherefore ABC} 
and AEFG muſt be about the ſame diameter. "Therefore, | 
two ſimilar, &c. Q. E. D. 


Jo underſtand the three following propoſitions more enſh, 
£ jt is to be obſerved, 

© 1. That a parallelogram is ſaid to be applied to a ſtnigt 
© line, when it is deſcribed upon it as one of its ſides. Lx gr, 
0 = parallelogram AC is ſaid to be applied to the ſtraight line 
© AD. 
© 2. But a parallelogram AE is ſaid to be applied to a ſtraight 
line AB, deficient by a parallelogram, when AD the baſc d 
AE is lefs than AB, and there- | G 
fore AE 1s lefs than the paral- | 


RE 
lelogram AC deſcribed upon * | 
D B 


AB in the ſame angle, and be- 
tween the ſame parallels, by | 
the parallelogram DC; and DC A. 
is therefore called the defect of 
AE. | 

* 3- And a parallelogram AG is ſaid to be applied to a ſtraight 
line AB, exceeding by a parallelogram, when AF the baſe ct 
AG is greater than AB, and therefore AG exceeds AC the 
parallelogram deſcribed upon AB in the ſame angle, aud be- 
tween the ſame parallels, by the parallelogram BG. 


F 


„ RY BE MF TE Tim 


PROP. XXVII. THEOR. 


F all parallelograms applied to the ſame ſtraight line, 

and deficient by parallelograms, fimilar and fin- 

larly fituated to that which is deſcribed upon the halt ot 
the line; that which is applied to the half, and is fimilar 
to its defect, is the greateſt, | 


Let AB be a ftraight line divided into two equal parts in C; 
and let the parallelogram AD be applied to the half AC, 
which is therefore deficient from the parallelogram upon tht 
whole line AB by the parallelogram GE upon the other half 
CB; Of all the parallelograms applied to any other 7 0 


4 B, and deficient by parallelograms that are ſimilar, and fimi- Book VI, 


let AF be any parallelogram applied to AK, any other part 


AB than the half, ſo as to be deficient from the parallelo- 
ram upon the whole line AB by the parallelogram KH fimi- 
ir, and ſimilarly ſituated to CE; AD is greater than AF. 

= Firſt, let AK, the baſe of AF, be greater than AC the half of 
IB; and becauſe CE 1s Gmilar to the 57 

parallelogram KH, they are about the = E 

lame diameter“: Draw their diame- 4 a 26. 6, 
ter DB, and complete the ſcheme : Be- F 
cauſe the parallelogram CF is equal G — 
EB to FE, add KH to both, therefore b 43. I. 
the whole CH is equal to the whole 
Kk: But CH is equal © to CG, be- | e 36. I, 
cauſe the baſe AC is equal to the baſe — — 

ch; therefore CG is equal to KE: A CK B 
To each of theſe add CF; then the 

E whole AF is equal to the gnomon CHL: Therefore CE, or the 
© parallelogram AD, is greater than the parallelogram AF. 
Next, let AK the baſe of AF, 

be leſs than AC, and, the ſame G F M H 


conſtruction being made, the paral- 4 \ « E 
0 2 E d 34. 1. 


lelogram DH is equal to DG *, for 
HM is equal to MG 4, becauſe BC 
© is equal to CA; wherefore DH is 
E greater than LG: But DH is equal b 
to DK; therefore DK is greater than 
E LG: To each of theſe add AL; then 
the whole AD is greater than the 
| whole AF. Therefore of all paralle- 
bograms applied, &c. Q. E. D. 


KC Hf 


hy ftuated to CE, AD is the greateſt. E 


a TO. I, 


b 18, 6. 


e 25. 6. 


d. 21. 6. 


meal figure, to which the parallelogram to be applied is regu 
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PROP. XXVI. PROB. 


1 a given ſtraight line to apply a parallelogram e. 
| qual to a given rectilineal figure, and deficienc hy 
a parallelogram ſimiſar to a given parallelogram : But the 
given rectilineal figure to which the parallelogram to be 
applied is to be equal, muſt not be greater than the pz. 
rallelogram applied to half of the given line, having its 
defect ſimilar to the defect of that which is to be ap- 
plied; that 1s, to the given parallelogram. 


Let AB be the given ſtraight line, and C the given re(ili. 


red to be equal, which figure muſt not be greater than the p- 
rallelogram applied to the half of the line having its defect from 
that upon the whole line ſimilar to the defect of that which! 
to be applied; and let B be the parallelogram to which tlis 
defect is 2 to 12 ſimilar. It is requited to apply a 9 
rallelogram to the ſtraight 

line AB, which ſhall be —_ H G OF 
to the figure C, and be defi- 
cient frem the parallelogram 

upon the whole line by a pa- p 
rallelogram ſimilar to D. X 


Divide AB into two equal T \ \ 
A 


parts à in the point E, and 
upon EB delicribe the paral- 


lelogram EBFG fimilar b and L 
ſimilarly ſituated to D, and 

complete. the parallelogram $ 
AG, which mult either be e- 3 


qual to C, or greater than it, | | 
by the determination: And it a * 
AG be equal to C, then what was required is already done 


For, upon the ſtraight line AB, the paralielogram AG is applied 
equal to the figure C, and deficient by the parailelogram II 
ſimilar to DD: But, if AG be not equal to C, it is greater 144! 
it; and EF is equa! to AG; therefore EF alſo 1s greater i 
C. Make « the parallelogram KLMN equal to the excess d 
EF above C, and fimilar and ſimilarly fituated to D; but D 1 
ſimilar tę EF, therefore d alſo KM is fimilar to EF: I. Wy 


n= 
* 
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be the homologous fide to EG, and LM to G: And becauſe Book vi 

[EF is equal to C and KMavgether, EF is greater than KM; - | 

therefore the ſtraight line EG is greater than KL, and GF | 
i! 
| f 


than LM: Make GX equal to LK, and GO equal to LM, and 
complete the parallelogram XGOP : Therefore XO is equal 

and ſimilar to KM; but KM is ſimilar to EF; wherefore alſo 

XO is ſimilar to EF, and therefore XO and EF are about the 

ame diameter ©; Let GPB be their diameter, and complete the e 26. 6. 
ſcheme : Then becauſe EF is equal to C and KM together, and 

XO a part of the one is equal to KM a part of the other, the 

F remainder, viz. the gnomon ERO, is equal to the remainder 

C: And becauſe OR is equal f ro XS, by adding SR to each, f 34. 7. 
the whole OB is equal to the whole XB: But XB'is equal s tos 36: *. 
TE, becauſe the baſe AE is equal to the baſe EB; whereſore 

alſo TE is equal to OB: Add XS to each, then the whole 8 

is equal to the whole, viz. to the gnomon ERO: But it has been | g 
proved, that the gnomon ERO is equal to C, and therefore alſo | 


r 7 e n 


IS is equal to C. Wherefore the parallelogram TS, equal to 
| the given rectilineal figure C, is applied to the given ſtraight 
line AB deficient by the parallelogram SR, ſimilar to the gi- 
yen one D, becauſe SR is ſimilar to EFh. Which was to be h 24. 6. 
done. 


Nr. An PR OB. 


* a given ſtraight line to apply a parallelogram e- see N. 
L qual to a given rectilineal figure, exceeding by a ; 
parallelogram ſimilar to another given. | | 


Let AB be the given ſtraight line, and C the given rectilineal 
hgure to which the parallelogram to be applied is required to 
be equal, and D the parallelogram to which the exceſs of the 
one to be applied above that upon the given line is required to 
| be limilar. It is required to apply a parallelogram to the given 
ſtraight line AB which ſhall be equal to the figure C, exceed- 
ing by a parallelogram ſimilar to D. 
Divide AB into two equal parts in the point E, and upon 
ED deſcribe © the parailelogram EL ſimilar and 6 milarly ſitua» a 18. 6, 
| ted 
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Book VI. ted to D: And make b the parallelogram GH equal to EI. and 


b 25. 6. 
C 21, 6. 


A 26. 6. 


e 36 7. 
f 43- 1. 


3 24. 6. 


C together, and ſimilar and ſimilarly ſituated to D; where, 
GH is ſimilar to EL ©: Let KH be the fide homologous u 
FL, and KG to FE: And becauſe the parallelogram GH; 
greater than EL, therefore the ſide KH is greater than Fl. 
and KG than FE : Produce FL and FE, and make FLM equi 
to KH, and FEN to KG, and complete the parallelogram My, 
MN is therefore e 
qual and ſimilar to 
GH; but GH is ſi- 
milar to EL; where- 
fore MN is ſimilar to 
EL, and conſequent- 
ly EL and MN are 
about the ſame dia- 
meter 4: Draw their 
diameter FX, and 
complete the ſcheme. 
Therefore, fince GH 
is equal to EL and C 
together, and that 
GH is equal to MN; 


MN is equal to EL and C: Take away the common part EL; 
then the remainder, viz. the gnomon NOL, is equal to C. An! 
becauſe AE is equal to EB, the parallelogram AN is equal * to 
the parallelogram NB, that is, to BMf, Add NO to each; 
therefore the whole, viz. the parallelogram AX, is equal to the 
gnomon NOL. But the gnomon NO is equal to C; theretore 
alſo AX is equal to C Wherefore to the ſtraight line A 
there is applied the parallelogram AX equal to the given rect! 
lineal C, exceeding by the parallelogram PO, which is fimia! 
to D, becauſe PO is ümilar to EL. Which was to be done. 


PROP. XXX. PROB. 


* 22 given ſtraight line in extreme and meal. 
ratio. | | 


o KO 
Let AB be the given ſtraight line; it is required to cut it i 

extreme and mean ratio. : 
Upon 


OF EUCLID. 


rarallelogram CD equal to BC, exceeding by the figure AD ſi- 


therefore alſo AD is a ſquare ; and be- D 
exuſe BC is equal to CD, by taking the 
common part CE from each, the re- 
mainder BF is equal to the remainder A* E 
AD: And theſe figures are equiangu- 
ar, therefore their ſides about the equal 
angles are reciprocally proportional e: 


Wherefore, as FE to ED, fo AE to EB: 


and ED is equal to AE : Therefore as C 
D to AE, ſo is AE to EB: But AB is 
greater than AE; wherefore AE is 


F 


| Otherwiſe, 
Let AB be the given ſtraight line; it is required to cut it in 
| extreme and mean ratio. 
Divide AB in the point C, ſo that the rectangle contained 
| by AB, BC be equal to the ſquare of AC s. 6 
then, becauſe the rectangle AB, BC is equal & C 
t0 the ſquare of AC, as BA to AC, fois 


toin Ct, Which was to be done. 


PRO P. . THEOR. 


bed upon the ſide oppoſite to the right angle, is equal 
to the ſimilar, and ſimilarly deſcribed figures upon the 
des containing the right angle. 


Let ABC be a right angled triangle, having the right angle 
BAC: The rectilineal figure deſcribed upon BC is equal to the 
limilar, and ſimilarly deſcribed figures upon BA, AC. 

Draw the perpendicular AD; therefore, becauſe in the 
light angled triangle ABC, AD is drawn from the right angle 
at A perpendicular to the baſe BC, the triangles ABD, ADC 


and 


189 
Upon AB defcribe* the ſquare BC, and to AC apply the Book VI. 


Ailar to BC b: But BC is a ſquare, a 46. 4 


c I 4+ 6. 


hut FE is equal to AC d, that is, to AB; d 34. I. 


greater than EB ©: Therefore the ſtraight line AB is cut in ex- e 14. 5. 
eme and mean ratio in Ef. Which was to be done. f 3. def. 6. 


OL II, 2» 


to CB: Therefore AB is cut in extreme and mean ra- h 17. 6 


N right angled triangles, the rectilineal figure deſcri- See N. 


are imilar to the whole triangle ABC, and te one another *, 4 8. 6. 


190 


Book VI. 


d 4. 6. 


c 2 Cor. 
6. 


d B. 5. 
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and becauſe the triangle ABC is ſimilar to ADB, as CB. 
BA, ſo is BA to BD® and becauſe theſe three ſtraight lines 
are proportionals, as the firſt to the third, ſo is the figure u 
on the firſt to the ſimilar, and ſimilarly deſcribed figure upon th, 
ſecond © : Therefore as CB to 
BD, ſo is the figure upon 
CB to the ſimilar and fimi- 
larly deſcribed figure upon 
BA : And, inverſely 4, as DB \ 
to BC, ſo is the figure upon / 
BA to that upon BC: For 

the ſame reaſon, as DC to B D C 
CB, ſo is the figure upon CA 

to that upon CB, Wherefore WR. 
as BD and DC together to BC, ſo are the figures upon BA, AC 
to that upon BC: But BD and DC together are equal to BC, 
Therefore the figure deſcribed on BC is equal f to the ſimilz 
and ſimilarly deſcribed ftfgures on BA, AC. Wherefore, in 
right anglec triangles, &c. Q. E. D. 


Sce N. 


DC, and the ſtraight line A 


2 29. 1. 


I two triangles which have two ſides of the one pro- 


PROP; IA THOR. 


portional to two ſides of the other, be joined at one 
angle, fo as to have their homologpus ſides parallel to 
one another; the remaining ſides ſhall be in a {traight 
line. 


Let ABC, DCE be two triangles which have the two (ide; 
BA, AC proportional to the two CD, DE, viz. BA to AC, 
as CD to DE; and let AB be parallel to DC, and AC to UE 
BC and CE are in a ſtraight line. 

Becauſe AB is parallel to 


AC meets them, the al- 
ternate angles BAC, ACD 
are equal a; for the ſame 
reaſon, the angle CDE is 
equal to the angle ACD; 
wherefore alſo BAC is e- 
qual to CDE: And becauſe 
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the triangles ABC, DCE have one angle at A equal to one at Book VI. 
D, and the ſides about theſe angles proportionals, viz. BA to.. 
AC, as CD to DE, the triangle ABC is equiangular d to DCE : v 6. 6. 
Therefore the angle ABC is equal to the angle DCE : And the 

angle BAC was proved to be equal to ACD: Therefore the 

| whole angle ACE is equal to the two angles ABC, BAC; add 

the common angle ACB, then the angles ACE, ACB are e- 

qual to the angles ABC, BAC, ACB: But ABC, BAC, ACB 

are equal to two right angles“; therefore alſo the angles ACE, e 32. . 
ACB are equal to two right angles: And ſince at the point 

C, in the ſtraight line AC, the two ſtraight lines BC, CE, 

$ which are on the oppoſite ſides of it, make the adjacent angles 

ACE, ACB equal to two right angles; therefore 4 BC and d 14. 3. 
CE are in a ſtraight line, Wherefore, if two triangles, &c. 


QE. D. 


PROP. XXXIL T H E O R. 


— — 


18 equal circles, angles, whether at the centres or cir- see Ne 
cumferences, have the ſame ratio which the circum- 
ferences on which they ſtand have to one another: So. 

allo have the ſectors. 


Let ABC, DEF be equal circles; and at their centres the 
angles BGC, EHF, and the angles BAC, EDF at their cir- 
cumferences; as the circumference BC to the circumference 
EF, ſo is the angle BGC to the angle EHF, and the angle 
197 to the angle EDF; and alſo the ſector BGC to the ſector 
Take any number of circumferenczs CK, KL, each equal to 
BC, and any number whatever FM, MN each equal to EF: 
And join GK, GL, HM, HN. Becauſe the circumferences 
BC, CK, KL are all equal, the angles BGC, CGK, KGL 
are alſo all equal“: Therefore what multiple ſoever the circum- 3 27. 3. 
terence BL is of the circumference BC, the ſame multiple is | 
| the angle BG of the angle BGC: For the ſame reaſon, what- 
erer multiple the circumference EN is of the circumference 


LF, the ſame multiple is the angle EHN of the * 1 
n 


— ova, >; \ 
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b 5. Def. 5. 


c 15. 6. 
d 20. 3. 


Ce 4 I, 


111. def, 3. and the ſegment BXC is therefore ſimilar to the ſegment COR. 
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And if the circumference BL be equal to the; circumferen, 
EN, the angle BGL is alſo equal * to the angle EHN ; a4 
if the circumference BL be greater than EN, likewiſe the angle 
BGL is greater than EHN ; and if leſs, lefs : There being the 


four magaitudes, the two circumferences BC, EF, ang ths 


two angles BGC, EHF; of the circumference BC, and of the 
angle BGC, have been taken any equimultiples whatever, viz, 
the circumference BL, and the angle BGL; and of the circum; 
ference EF, and of the angle EHP, any equimultiples what: 


5 S E 


ever, viz- the circumference EN, and the angle EHN : And 
it has been proved, that, it the circumference BL be greater 
than EN, the angle BGL is greater than EHN ; and if e- 
qual, equal; and if leſs, leſs : As therefore the circumference 
BC to the circumference EF, ſo® is the angle BGC to the 
angle EHF: But as the angle BGC is to the angle EH, fois 
c the angle BAC to the angle EDF, for each is double cf 
each 4: Therefore, as the circumference BC is to EF, ſo is the 
angle BGC to the angle EHF, and the angle BAC to the angle 
EDF. 

Alſo, as the circumference BC to EF, ſo is the ſector B60 
to the ſector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK: 
'Then, becauſe in the triangles GBC, GCK the two ſides BG, 
GC are equal to the two CG, GK, and that they contain e- 
qual angles; the baſe BC is equal © to the baſe CK, and tte 
triangle GBC to the triangle GCK : And becauſe the circum- 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal to 
the remaining part of the whole circumference of the fame 
circle: Wherefore the angle BXC is equal to the angle COR. 


and 
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and they are upon equal ſtraight lines BC, BK : But ſimilar ſeg. Book VI. 
ments of circles upon equal ſtraight lines, are equal © to one ano. WW 
ther: Therefore the ſegment BXC is equal to the ſegment CORK ;$ *+ ** 


And the triangle BGC is equal to the triangle CGK; therefore 
the whole, the ſector BGC, is equal to the whole, the ſector CGK: 
For the ſame reaſon, the ſector KGL is equal to each of the 
ſectors BGC, CGE : In the ſame manner, the ſectors EHF, 
FHM, MHN may be proved equal to one another : Therefore, 
what multiple. ſoever the circumference BL is of the circumfe- 
rence BC, the ſame multiple is the ſector BGL of the ſector 
BGC : For the ſame reaſon, whatever multiple the circumfe- 
rence EN is of EF, the ſame multiple is the ſector EHN of the 
(tor EHF: And if the circumference BL be equal to EN, the 


S 


K 


{tor BGL is equal to the ſector EHN; and if the circumfe- 
rence BL be greater than EN, the ſector BG is greater than 
the ſector EHN; and if leſs, leſs: Since, then, there are four 
magnitudes, the two circumferences BC, EF, and the two ſec- 
tors BGC, EHF, and of the circumference BC, and ſector 
GC, the circumference BL and ſector BGL are any equi- 
multiples whatever; and of the circumference EF and ſector 
Hr, the circumference EN and ſector EHN are any equi- 
multiples whatever; and that it has been proved, if the circum» 
ference BL be greater than EN, the ſector BGL is greater than 
the ſector EHN; and if equal, equal; and if leſs, leſs. There- 


the ſector BGC to the ſector EHF. Wherefore, in equal cir- 
les, &c. Q. E. D. . N | 


N PROP, 


lore d, as the circumference BC is to the circumference EF, fo b 5. def. . 
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— PROP. B. THE OR. 


F an angle of a triangle be biſected by a ſtraight lire, 

which likewiſe cuts the baſe; the rectangle contained 

by the ſides of the triangle is equal to the rectangle con. 

tained by the ſegments of the baſe, together with the 
ſquare of the ſtraight line biſecting the angle. 


Let ABC be a triangle, and let the angle BAC be biſeQeq 
by the ſtraight line AD; the rectangle BA, AC is equal to the 
reQangle BD, DC, together with the ſquare of AD. 

A 5. 4. Deſcribe the circle * ACB about the triangle, and produce 
AD to the circumference in E, 1 
and join EC: Then, becauſe the 
angle BAD is equal to the angle 
CAL, and the angle ABD to the 

bat. 3. angle® AEC, for they are in the 
ſame tegment; the triangles ABD, 
AEC are equiangular to one an- 
other: 'Therefore as BA to AD, 

c 4. 6. ſo is © FA to AC, and conſe- 
quently the reQtangle BA, AC is 

d 16. 6, cqual 4 to the rectangle EA, AD, 

e 3. 2. that is*, to the rectangle ED, DA 
together with the ſquare of AD: But the rectangle ED, DA 

f 35. 3. is Equal to the reCtangle t BD, DC. "Therefore the reCtanglc 
BA, AC is equal to the rectangle BD, DC, together with the 
iquare of AD. Wheretore, if an angle, &c. Q. E. D. 


- 


PRO P. G. T-H LOR; 


Sce N. F from any angle of a triangle a ſtraight line be draw" 
perpendicular to the baſe; the rectangle contained b) 
the ſides of the triangle is equal to the rectangle cob. 
tained by the perpendicular and the diameter of the ci. 

cle deſcribed about the triangle. 


Let ABC be a triangle, and AD the perpendicular from the 
angle A to the baſe BC; the rectangle BA, AC is equal to the 
rectangle contained by AD and the diameter of the circle de 
ſcribed about the triangle. Dea 

oſcribt 
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Deſcribe * the circle ACB about Book VI. 
the triangle, and draw its diame- A IOW) 
ter AE, and join EC: Becauſe the . 4 
right angle BDA is equal b to the kai a 
angle ECA in a ſemicircle, and B 80 0 
the angle ABD to the angle AEC D 
in the ſame ſegment©; the tri- | C21. 3. 
angles ABD, AEC are equian- 
gular : Therefore as 4 BA to AD, d 4. 6. 
ſo is EA to AC; and conſequent- 
ly the rectangle BA, AC is equal E i 


*to the rectangle EA, AD. If 
therefore, from an angle, &c. Q. E. D. 


PROS Dc. THEODOR. 


4 her rectangle contained by the diagona's of a qua- 
drilateral inſcribed in a circte, is equal to both the. 
rectangles contained by its oppoſite ſides, 


Let ABCD be any quadrilateral inſcribed in a circle, and 
join AC, BD; the reQtangle contained by AC, BD is equal to 
the two rectangles contained by AB, CD, and by AD, BC +. 

Make the angie ABE equal to the angle DBC ; add to each 
of theſe the common angle EBD, then the angle ABD is e— 
qual to. the angle EBC: And the angle BDA is <qual* to the a 21. 3. 
angie BCE, becauſe they are in the tame ſegment ; therefore 
the triangle ABD is equiangular ro 
the triangle BCE: Wheretore ® as 8 b 4 6. 
VC is to CE, ſo is BD to DA; and SID) 9 
conſequently the rectangie BC, AD | 
1s equal © to the rectangle BD, CE : | e 16. 5. 
Again, becauſe the angle ABE is 
equal to the angle DBC, and the 
angle * BAE to the angle BDC, the | 
[tangle ABE is cquiangular to the 
triangle BCD: As therefore BA to A 
AL, ſo is BD to DC; whercfore 
the rectangle BA, DC is equal to the rectangle BD, AE : But 
the rectangle BC, AD has been thewn equal to the rectangle 
BD, CE; tberefore the whole rectangle AC, BD is equal to d 1. 4. 
tbe rectangle AB, DC, together with the rectangle AD, BC. 
therefore the rectangle, & c. Q. E. D. 

| N 2 THE 


This is a Lemma of Cl. Ptolomacus, in page 9. of his p6#ya>n 0vT4% 150 
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DEFINITION 8. 


——[— — * = 


K * 
A Solid is that which hath length, breadth, and thickneſs 
II. 
That which bounds a ſolid is a ſuperficies, 
III. 

A ſtraight line is perpendicular, or at right angles to a plane, 
when it makes right angles with every ſtraight line meeting 
it in that plane. LY | 

IV. 


A plane is perpendicular to a plane, when the ſtraight Jines 
drawn in one of the planes perpendicularly to the common 
ſection of the two planes, are perpendicular to the other 


plane. 
V. 


The inclination of a ſtraight line to a plane is the acute angle 
contained by that ſtraight line, and another drawn from the 
point in which the firit line meets the plane, to the point in 

which a perpendicular to the plane drawn from any point of 
the firſt line above the plane, meets the ſame plane. 


- —_— — 


— — ——— —-—-—— — — "_—_ 
- 


The inclination of a plane to a plane is the acute angle contain- 
ed by two ſtraight lines drawn from any the ſame point of 
their common ſection at right angles to it, one upon one 
plane, and the other upon the other plane. fun 
az VII. Ty: 


— 1 —— > 
— — 
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VII. . Book XI. 
Tuo planes are ſaid to have the ſame, or a like inclination to 
one another, which two other planes have, when the ſaid 


angles of inclination are equal to one another. 
| VIII. | 


Parallel planes are ſuch which do not meet one another though 
produced. 


IX. 
A ſolid angle is that which is made by the meeting of more Sce N. 
than two plane angles, which are not in the ſame plane, in 
one point. 
X. | 
The tenth definition is on for teaſons given in the notes.“ See N. 
XI. 
Similar ſolid figures are ſuch as have all their ſolid angles equal, See N. 
each to each, and which are contained by the ſame number 
of ſimilar planes. * 


A pyramid is a folid figure contained by planes that are conſti- 
tuted betwixt one plane and one point above it in which they 
meet. | | 
| XIII. 
A priſm is a ſolid figute contained by plane figures of which 
two that are oppoſite are equal, ſimilar, and parallel to one 
another; and the others „ Eg 
| 6: IV. | 

A ſphere is a ſolid figure deſcribed by the revolution of a ſemi- 
circle about its diameter, which remains unmoved. 
XV. 
The axis of a ſphere is the fixed ſtraight line about which the 

ſemicircle revolves. 4412 
| 21 97-7 XVI. 
The centre of a ſphere is the ſame with that of the ſemicirele. 

XVII. 

The diameter of a ſphere is any ſtraight line which paſſes thro” 
the centre, and is terminated both ways by the ſuperſicies of 


the ſphere. | 
X VIII: 


A cone is a ſolid figure deſcribed by the revalution of a right 
angled triangle about one of the ſides containing the right 
angle, which fide remains fixed. 

if the fixed fide be equal to the other fide containing the right 
angle, the cone is called a right angled cone; if it be leſs 
than the other fide, an obtuſe angled, and if greater, an acute 


angled cone, 5 
bog. N 3 XIX. The 
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XIX. 
The axis of a cone is the fixed ſtraight line about which the 
triangle revolves. . 
XX. 


The baſe of a cone is the circle deſcribed by that ſide contain. 
ing the right angle, which revolves. 

XXI. 

A cylinder is a ſolid figure deſcribed by the revolution of , 
right angled parallelogram about one of its ſides which re. 
mains fixed. | 

XXII. 

The axis of a cylinder is the fixed ſtraight line about which the 

parallelogram revolves. | 
XXIII. 


The baſes of a cylinder are the circles deſcribed by the two te- 
volving oppoſite ſides of the parallelogram. 
XXIV. 
Similar cones and cylinders are thoſe which have their axes and 
the diameters of their baſes proportionals. 
XXV. 
A cube is a ſolid figure contained by ſix equal ſquares. 
XXVI. 
A tetrahedron is a ſolid figure contained by four equal and e- 
quilateral triangles. | | 
| XXVII. | 
An octabedron is a ſolid figure contained by eight equal and 
equilateral triangles. 
XX VIII. 


A dodecachedron is a ſolid figure contained by twelve equa! 

pentagons which are equilateral and equiangular. 
XXIX. 

An icoſahedron is a ſolid figure contained by twenty equal and 
equilateral triangles. 

DEF. A. 

A parallelopiped is a ſolid figuze contained by fix quadrilateral 

gures whereof every oppolite two are parallel, 
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PROP. I. THE OR. ond 


NE part of a ſtraight line cannot be in a plane and see N. 
0 another part above it. 


If it be poſſible, let AB, part of the ſtraight line ABC, be in 
the plane, and the part BC above it: And ſince the ſtraight 
line AB is in the plane, it can be | C 
produced in that plane: Let it be 2 
produced to D: And let any plane 1 

paſs thro* the ſtraight line AD, and \ . = \ 
be turned about it until it paſs \ A B D 
thro' the point C; and becauſe the 2 
points B, C, are in this plane, the ſtraight line BC is in it“: a 7. def. x, 
Therefore there are two ſtraight lines ABC, ABD in the ſame 


plane that have a common ſegment AB, which is impoſſible b. b. Cor. 11.1. 
Therefore one part, &c. Q. E. D. 


Non uu. . TT HROR 


1 5 ſtraight lines which cut one another are in one $ce N. 
plane, and three ſtraight lines which meet one ano- 
ther are in one plane. 


Let two ſtraight lines AB, CD cut one another in E; AB, 
D are one plane: And three ſtraight lines EC, CB, BE 
which meet one another, are in one plane. 
Let any plane. paſs through the ſtraight 
line EB, and let the plane be turned a- 
bout EB, produced, if neceſſary, until it 
pals through the point C: Then becauſe 
the points E, C are in this plane, the 
traight line EC is in it?: For the ſame 
reaſon, the ſtraight line BC is in the 
lame; and, by the hypotheſis, EB is in 
't : Therefore the three ſtraight lines EC, 
CB, BE are in one plane : But in the plane * 
n nich EC, EB are, in the ſame are 
CD, AB: Therefore AB, CD are in 
ene plane, Wherefore two ſtraight lines, &c. Q. E. D. 


N 4 PROP. 


a7. def. Is 


dee N. 


210, Ax. 1. 


dee N. 


a Is. 1. 
b 4. 1. 


Ez, adjacent to the equal angles, equal · to one another; wheit- 


e 26. I, 


T HE ELEMENTS 


PROP. III. T HE OR. 


JF two planes cut one another, their common ſeftion j 
2 ſtraight line. 


Let two planes AB, BC, cut one another, and let the lin; 
DB be their common ſection: DBis a 
ſtraight line: If it be not, from the point 
D to B, draw, in the plane AB, the 
ſtraight line DEB, and in the plane BC 
the ſtraight line DFB: Then two ſtraight 
lines DEB, DFB have the ſame extremi- 
ties, and therefore include a ſpace be- 
twixt them; which is impoſſiblea: There - 
fore BD the common ſection of the planes 
AB, BC cannot but be a ſtraight line. 
Wherefore, if two planes, & c. Q. E. D. 


PROP. IV. THE OR. 


F a ſtraight line ſtand at right angles to each of tuo 
1 ſtraight lines in the point of their interſection, it ſhal 
alſo be at right angles to the plane which paſtes throuz) 
them, that 1s, to the plane in which they are, 


Let the ſtraight line EF ſtand at right angles to each of th! 
ſtraight lines AB, CD in E, the point of their interſection: Ef 
is alſo at right angles to the plane paſſing through AB, CV. 

Take the ſtraight lines AE, EB, CE, ED all equal to one an: 
other; and through E draw, in the plane in which are AB,C), 
any ſtraight line GFH ; and join AD, CB; then, from 1) 
point F in EF, draw FA, FG, FD, FC, FH, FB: And becaul: 
the two ſtraight lines, AE, ED are equal to the two BE, LC. 
and that they contain equal angles a AED, BEC, the bale AV 
is equal b to the baſe BC, and the angle DAE to the ang! 
EBG And the angle AEG is equal to the angle BEH *; theres 
fore the triangles AEG, BEH have two angles of one equi 
to two angles of the other, each to each, and the ſides A, 


fore they ſhall have their other kdes equal*:*GE is therefore 


equi 
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© equal to EH, and AG to BH: And becauſe AE is equal to EB, Book Xl. 1 
and FE common and at right angles to them, the baſe AF is 3 

equal b to the baſe FB; for the ſame reaſon, CF is equal to? “ 1. 
rb: And becauſe AD is equal to BC, and AF to FB, the two 

W Gdes FA, AD are equal to the two 
TB, BC, each to each; and the baſe DF 
was proved equal to the baſe FC; 
W therefore the angle FAD is equal d to 
the angle FBC: Again, it was proved 
that GA is equal to BH, and alſo AF 
© to FB; FA, then, and AG, are equal 
© to FB and BH, and the angle FAG 
bas been proved equal to the angle 
E FBH; therefore the baſe GF is equal 


to the baſe FH : Again, becauſe it : 
vas proved, that GE is equal to EH, | bt 
1 and EF is common ; GE, EF are e- D 

qual to HE, EF; and the baſe GF 

is equal to the baſe FH; therefore the angle GEF is equal d to 

E the angle HEF; and confequently each of theſe angles is a 

right © angle. Therefore FE makes right angles with GH, e 10. def. 2. 

© that is, with any ſtraight line drawn through E in the plane 

E paſſing through AB, CD. In like manner, it may be proved, that 

Fk makes right angles with every ſtraight line which meets it 
in that plane. But a ſtraight line is at right angles to a plane | | 
ben it makes right angles with every ſtraight line which meets | 
it in that plane : Therefore EF is at right angles to the plane * 3. def. 17, 
| in which are AB, CD. Wherefore, if a ſtraight line, &c. 4 


QE. D. 


| -_ SY 


PROP. v. THEOR © | 


10 

F three ſtraight lines meet all in one point, and a 5 x. i 
ſtraight line ſtands at right angles to each of them in 4 
that point ; theſe three ſtraight lines are in one and the 4 
ame plane. | } 


Let the ſtraight line AB ſtand at right angles to each of the 
liraight lines BC, BD, BE, in B the point where they meet; 

C, BD, BE are in one and the ſame plane. 1 
It not, let, if it be poſſible, BD and BE be in one plane, and 
BC be above it; and Jet a plane paſs through AB, BC, the 
common ſection of which with the plane, in which BD and BE 
are, 


a dcf. 11. 


9 4. 1. 


are, ſhall be a ſtraight a line ; let this be BF: Therefore the th; 


ſtraight lines, &c. Q. E. D. 
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ſtraight lines AB, BC, BF are all in one plane, viz. that which 
paſſes through AB, BC; and becauſe AB itands at right angle 
to each of the ſtraight lines BD, BE, it is alſo at right angles. 
» to the plane paſſing through them; and therefore mat 
right angles © with every 1 
line meeting in that plane; but“! 
BF which is in that plane meets it: 
Therefore the angle ABF is a right C 


angle; but the angle ABC, by the F 
hypotheſis, is alſo a right angle; F441 
therefore the angle ABF is equal 

to the angle ABC, and they are 2 
both in the ſame plane, which is 6 
impoſſible: Therefore the ſtraight 
line BC is not above the plane in 


which are BD and BE: Wherefore the three ſtraight lines BC, 
BD, BE are in one and the fame plane. Therefore, if thre 


* 


FRN rern 


F two ſtraight lines be at right angles to the ſame plane, 
they ſhall be parallel to one another. | 


Let the ſtraight lines AB, CD be at right angles to the fam: 
plane; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw th: 
ſtraight line BD, to which draw DE at right angles, in the 
ſame plane; and make DE equal to AB, 
and join BE, AE, AD. Then, becauſe A 
AB is perpendicular to the plane, it 
mall make right à angles with every 
{traight line which meets it, and is in 
that plane : But BD, BE, which are in 
that plane, do each of them meet AB. 
Therefore each of the angles ABD, 
ABE is a right angle: For the fame rea- 
ſon, each of the angles CDB, CDE is 
a right angle: And bi AB is equal 
to DE, and BD common, the two E 
ſides AB, BD, are equal to the two | 
ED, DB ; and oy contain right angles ; therefore the bale 
AD is equal b to the baſe BE: Again, becauſe AB is 24% 

4 - [0 
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„ DE, and BE to AD; AB, BE are equal to ED, DA; and, Book XL 
\ the triangles ABE, EDA, the baſe AE is common; there- 

"re the angle ABE is equal © ro the angle EDA: But ABE is © 8. I. 
right angle; therefore EDA is alſo a right angle, and ED 

r rpendicular to DA: But it is alſo perpendicular to each of 

be two BD, VC: Wherefore ED is at right angles to each of 

he three ſtraight lines BD, DA, DC in the point in which 

hey meet : Therefore theſe three ſtraight lines are all in the 

ame plane 4: But AB is in the plane in which are BD, DA, d F. 11. 
becauſe any three ſtraight lines which meet one another are in 

ne plane?: Therefore AB, BD, DC are in one plane: And e 2. 11. 
each of the angles ABD, BDC is a right angle; therefore AB is 

barallelf to CD. Wherefore, if two ſtraight lines, &c. Q. E. D. f 28. 1. 


* 


PROP. VI. THE OR. 


Hr two ſtraight lines be parallel, the ſtraight line drawn see N. 
from any point in the one to any point in the other, 
bs in the ſame plane with the parallels, _ , 


| Let AB, CD be parallel ſtraight lines, and take any point 
L in the one, and the point F in the other: The ſtraight line 
which joins E and F is in the fame plane with the parallels. 

If not, let it be, if poſſible, above the plane, as EGF; and 
in the plane ABCD in which the 
parallels are, draw the 'ſtraight A 2 B 
Hine EHF from E to F; and ſince 
ECF alſo is a ſtraight line, the 
wo ſtraight lines EHF, EGF 
include a ſpace between them, 
rich is impoſſible . Therefore ——— 
the ſtraight line joining the C 
points E, F is not above the 
plane in which the parallels AB, CD are, and is therefore in 
at plane, Wheretore, if two ſtraight lines, &c. Q. E. D. 


PROP. VIII. THE OR. 


] two ſtraight lines be parallel, and one of them is at see N. 
ght angles to a plane; the other alſo ſhall be at right 
angles to the ſame plane, 


Let 


204 


Book XI. 


* 


g 7. 11. 


a3. def 11. 


b 49. 1. 


e 4. 1. 


d 8. 1. 


e 4. If, 
f 3. def. 11. 


cCauſe all three are in the plane in which are the parallels AÞ, 


angles to the ſame place. 5 


cqual d to two right angles: And ABD is a right angle; 
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Let AB, CD be two parallel ſtraight lines, and let one gt 
them AB beat right angles to a plane; the other CD is at right 


Let AB, CD meet the plane in the points B, D, and jg 
BD: Therefore : AB, CD, BD are in one plane. In the pls 
to which AB is at right angles, draw DE at right ang 
to BD, and make DE equal to AB, and join BE, AE, ah, 
And becauſe AB is perpendicular to the plane, it is perpen: 
dicular to every ſtraight line which meets it, and is in thy 
plane“: Therefore each of the angles ABD, ABE, is a rig 
angle: And becauſe the ſtraight line BD meets the patalle 
ſtraight lines AB, CD, the angles ABD, CDB are together 


therefore alſo CDB is a right angle, and CD perpendicular ty 
BD: And becauſe AB is equal to DE, and BD common, the 
two AB, BD, are equal to the two ED, 
DB, and the angle ABD is equal to A 
the angle EDB, becauſe each of them 
is a right angle; therefore the baſe AD 
is equal to the baſe BE: Again, be- 
cauſe AB is equal to DE, and BE to 
AD; the two AB, BE are equal to the 
two ED, DA; and the baſe AE is com- Þ 
mon to the triangles ABE, EDA ; 
wherefore the angle ABE is equal* to 
the angle EDA: And ABE is a right 
angle; and therefore EDA is a right F 
angle, and ED perpendicular to DA : 
But it is alſo perpendicular to BD; therefore ED is perpend- 
cular® to the plane which paſſes through BD, DA, and {hall! 
make right angles with every ſtraight line meeting it in that 
plane: But DC is in the plane paſſing through BD, DA, be 


D: Wherefore ED is at right angles to DC; and theretvis 
is at right angles to DE: But CD is alſo at right angles u 
DB; CD then is at right angles to the two ſtraight lines DE 
DB in the point of their interſection D; and therefore is# 
right angles © to the plane paſſing through DE, DB, which s 
the ſame plane to which AB is at right angles. Theretore, 
two ſtraight lines, &. Q. E. D. 


PROP, IS. THEOR. 


WO ſtraight lines which are each of them parallel 
to the ſame ſtraight line, and not in the ſame plane 
ith it, are parallel to one another, 


awe plane with it; AB ſhall be parallel to CD, 

In EF take any point G, from which draw, in the plane 
aſſing through EF, AB, the ſtraight line GH at right angles to 
F; and in the plane paſſing through EF, CD, draw GK at 
aht angles to the ſame EF. And A H | 
ecauſe EF is perpendicular both Tx { 
o GH and GK, EF is perpendi- | | 
ular* to the plane HGK paſſing | 
krough them: And EF is parallel E 
0 AB; therefore AB is at right 
Ingles? to the prone HGRK. For the 1 
ame reaſon, CD is likewiſe at right | 7 0 
nzles to the plane HGK. There- C K D | 
ore AB, CD are each of them at right angles to the plane 
GK. But if two ſtraight lines be at right angles to the ſame | 


lane, they ſhall be parallel © to one another. 'therefore AB is e 6. 11. | 
aallel to CD. Wherefore two ſtraight lines, &c. Q. E. D. 


Let AB, CD be each of them parallel to EF, and not in the 


"PROP. x. THEOR, 


If two ſtraight lines meeting one another be parallel to 
two others that meet one another, and are not in the 
ane plane with the firſt two; the firſt two and the other 
o ſhall contain equal angles, 


Let the two ſtraight lines AB, BC which meet one another 

e parallel to the two ſtraight lines DE, EF that meet one an- 

iber, and are not in the ſame plane with AB, BC. The angle 

WC is equal to the angle DEF. + 

Take: BA, BC, ED, EF all equal to one another; and join | # 
N AD, i 
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AD, CF, BE, AC, DF: Becauſe BA is equal and parallel ,, 
ED, therefore AD is* both equal and 


parallel to BE. For the ſame reaſon, 

CF is equal and parallel to BE. There- 4 g 

fore AD and CF are each of them e- A, ; 
| 


qual and parallel to BE. But ſtraight - | 
lines that are parallel to the ſame ſtraight 
line, and not in the ſame plane with it, | 
are parallel® to one another. Therefore 
AD is parallel to CF; and it is equal? 
to it, and AC, DF join them towards UA 
the ſame parts; and therefore“ AC is 

equal and parallel to DF. And be- D. F 
cauſe AB, BC are equal to DE, EF, and the baſe AC to the 
baſe DF; the angle ABC is equal to the angle DEF. There. 
fore, if two ſtraight lines, &c. Q. E. D. 


PROP. XI. PROB. 


O draw a ſtraight line perpendicular to a plane, 
from a given point above it. 


Let A be the given point above the plane BH ; it is requi- 
red to draw from the point A a ſtraight line perpendicular to 
the plane BH. 

In the plane draw any ſtraight line BC, and from the point 
A draw! AD perpendicular to BC. If then AD be allo per: 
pendicular to the plane BH, the thing required 1s already 


done; but if it be not, from the | 

point D draw®, in the plane BH, A 

the ſtraight line DE at right an- E. 

gles to BC; and from the point 

A draw AF perpendicular to G N H 
DE; and through F draw* GH r 
parallel to BC : And becauſe BC | \ 
is at right angles to ED and DA, 

50 5 at right angles to the plane ö 
paſling through ED, DA. And "I 0 
GH 10 parallel to BC; but, if B 1 , 
two ſtraight lines be parallel, one of which is at right angles © 
a plane, the other ſhall be at right e angles to the ſame plane; 
whereſore GH is at right angles to the plane through ED, Ua, 
and is perpendicular f to every ſtraight line meeting it in '" 
plane. But AF, which is in the plane through ED, DA, wy 


: Therefore GH is. perpendicular to AF; and conſequently Book X1. 


AF is perpendicular to GH; and AF is perpendicular to DE; tte 


terefore AF is perpendicular to each of the ſtraight lines GH, 
DE. But if a ſtraight line ſtands at right angles to each of 
two ſtraight lines in the point of their interſeCtion, it ſhall alſo 
de at right angles to the plane paſſing. through them. But the 
plane paſſing through ED, GH js the plane BH; therefore AF 
15 perpendicular to the plane BH. Therefore, from the given 
point A, above the plane BH, the ſtraight line AF is drawn 
perpendicular to that plane, Which was to be done, 


PROP! xn, PROP. 


O erect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to erect 
a {traight line from the point A at right 1 B 
angles to the plane. 
From any point B above the plane 
draw BC perpendicular to it; and | 
from A draw Þ AD parallel to BC. Be- | pres 
cauſe, therefore, AD, CB are two pa- 
rallel ſtraight lines, and one of them | 
& is at right angles to the giyen plane, A C / 
the other AD is alſo at right angles to 5 
ite. Therefore a ſtraight line has been erected at right angles to c 8. 11. 
a given plane from a point given in it. Which was to be done. 


— — 


PROP, XI. THE OR. 


Fs the ſame point in a given plane, there cannot 
be two ſtraight lines at right angles to the plane, up- 
on the ſame fide of it: And there can be but one per- 
pendicular to a plane from a point above the plane. 


For, if it be poſſible, let the two ſtraight lines AC, AB, be at 
1ght angles to a given plane from the ſame point A in the plane, 
and upon the ſame fide of it; and let a plane paſs through BA, 
AC; the common ſection of this with the given plane is a * 

| ine 


* 9 5 —— * £ 
. Fe bw ſk - E 
— — ——ä—By ͥ —ͤ—ę—ê — — 
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line paſſing through A: Let DAE be their common ſcction 
Therefore the ſtraight lines AB, AC, DAE are in one plane: 
And becauſe CA is at right angles to the given plane, it ſhal 
make right angles with every ſtraight B 

line meeting it in that plane. But C 
DAE, which is in that plane, meets 
CA ; therefore CAE is a right angle. 
For the ſame reaſon BAE 1s a right 
angle. Wherefore the .angle CAE 
is equal to the angle BAE; and 55 5 
they are in one plane, which is D A . 
impoſſible. Alſo, from a point a- 

bove a plane, there can be but one perpendicular to that plane; 
for, if there could be two, they would be parallel ® to one 
another, which is abſurd. Therefore, from the ſame point, &c. 


Q. E. P. 


TN 


PROP. XIV. THE OR. 


LANES to which the ſame ſtraight line is perpend. 
cular, are parallel to one another. 


Let the ſtraight line AB be perpendicular to each of th: 
planes CD, EF; theſe planes are parallel to one another. 
If not, they ſhall meet one another when produced; |: 
them meet; their common ſection 
ſhall be a ſtraight line GH, in which 8 
take any point K, and join AK, BK: 
Then, becauſe AB is perpendicular to 
the plane EF, it is perpendicular * to 
the ſtraight line BK which is in that C 
lane. Therefore ABK is a right angle. 
or the ſame reaſon, BAK is a right 
angle; wherefore the two angles ABK, 
BAK of the triangle ABK are equal 
to two right angles, which is impoſ- | 
ſible b: Therefore the planes CD, EF, E * 
though produced, do not meet one an- D 
other; that is, they are parallel e. 
Therefore planes, &. Q. E. D. 
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PROP. XV. THEOR. WIE 


I two ſtraight lines meeting one another, be parallel to See N. 
two ſtraight lines which meet one another, but are 

not in the ſame plane with the firſt two; the plane which 

paſſes through theſe is parallel to the plane paſſing through 

| the others. 


1 

Let AB, BC, two ſtraight lines meeting one another, be pa- 
rallel to DE, EF that meet one another, but are not in the 
fame plane with AB, BC: The planes through AB, BC, and 
DE, EF ſhall not meet, though produced. 

From the point B draw BG perpendicular * to the plane a re. 11. 
which paſſes through DE, EF, and let it meet that plane in 
EG; and through G draw GH parallel d to ED, and GK pa: b xr. x. 
allelto EF; And becauſe BG 1s perpendicular to the plane 
through DE, EF, it fhall E;. 
make right angles with every a 8 F 
ſraight line meeting it in that B : l 8 
plane“: But the ſtraight lines 7 'S 41S 3 er 
Cl, GK in that plane meet | 2 2 
it: Therefore each of the an- | 
es BGH, BGK is a right * 
angle: And becauſe BA is 8 * | 
parallel a to GH (for each of — K 49 11. 
them is parallel to DE, and 
they are not both in the {ſame plane with it) the angles GBA, 
ÞGH are together equal to two right angles: And BGH is a e 29. 1. 
right angle; therefore alſo GBA is a right angle, and GB per- 
pendicular to BA: For the ſame reaſon, GB 1s perpendicular 
tÞC: Since therefore the ſtraight line GB ſtands at right an- 
pics to the two ſtraight lines BA, BC, that cut one another in 
; GB is perpendicular f to the plane through BA, BO: And t. xx, 
tis perpendicular to the plane through DE, EF; therefore BG 
5 perpendicular to each of the planes through AB, BC, and DE, 
LF: But planes to which the fame {traight line is perpendicular, 
rc parallel to one another: Therefore the plane through AB, 8 14. 12. 
C 1s parallel to the plane through DE, EF. Whercfore, if 
ro ſtraight lines, &c. QE. D. 


! 


O PROP. 
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PROP. XV. THEOR. 


IF two parallel planes be cut by another plane, ther. 
common ſections with it are parallels, 


Let the parallel planes, AB, CD be cut by the plane EFH0G, 
and let their common ſections with it be EF, GH: EF is, 
rallel to GH. 

For, if it is not, EF, GH ſhall meet, if produced, eithe © 
the ſide of FH, or EG : Firſt, let them be produced on the (0: 
of FH, and meet in the point K: Therefore, ſince EFK is n 
the plane AB, every point in 
EFK is in that plane; and K 
K is a point in EFK; there- 
fore K is in the plane AB: 
For the ſame reaſon K is alſo 
in the plane CD: Wherefore — I 
the planes AB, CD produced B 
meet one another; but they | 
do not meet, fince they are 
parallel by the hypotheſis : A C 
Therefore the ſtraight lines E 
EF, GH do not meet when 
produced on the fide of FH : In the ſame manner it may 6: 
proved, that EF, GH do not meet when produced on the ſit! 
of EG: But ſtraight lines which are in the ſame plane and do 
not meet, though produced either way, are parallel: Theref: 
EF is parallel to GH. Wherefore, it two paralle] planes, & 
Q. E. D. | 


PROP. AVI  TH-EOR, 


10 two ſtraight lines be cut by parallel planes, they (ha 
be cut in the ſame ratio. 


Let the ſtraight lines AB, CD be cut by the parallel Plane 
GH, KL, MN, in the points A, E, B; C, F, D: As AE 5% 
EB, fo is CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the 

oint X; and join EX, XF: Becauſe the two parallel plans 
KL, MN are cut by the plane EBDX, the common ſchon 
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| IX, BD, are parallel =. For the ſame reaſon, becauſe the two Book XI. 
| parallel planes GH, KL are | 


cut by the plane AX FC, the bo H a 16. 11. 
. 25 ſe&ions AC, XF are A "3 Pp 

parallel: And becauſe EX is G 1 

E paralle] to BD, a fide of the tri- 
© angle ABD, as AE to EB, fo | 
is b AX to ma. $a» gt 
E cauſe XF is parallel to 7 — 

© {de of the 7 ADC, as Kl. E — \F F 
AX to XD, fo is CF to FD: 28 — 
And it was proved 7 N es is | 
to XD, as AE to EB; 'lhere- — 

bore e 0 as AE to EB, ſo is CF / B — W 7A C IL, 5. 
Eto FD. Wherefore, if two M ö : 

E ſtraight lines, &c. Q. E. D. 


Ro VII THEOR 


4 Ir a ſtraight line be at right angles to a plane, every 
plane which paſſes through it ſhall be at right angles 
to that plane. 

Let the ſtraight line AB be at right angles to a plane CK; 
Fevery plane which paſſes through AB ſhall be at right angles to 
the plane CK. 

Let any plane DE paſs through AB, and let CE be the 
__ {dion of the planes DE, CK ; take any point F in 
ECL, from which draw FG in 

Ide plane DE at right angles D G A H 
mio CL: And becauſe AB is | 

erpendicular to the plane | 
k, therefore it is alſo per- K. 


rg to every -\kraight —— 

Wine in that plane meeting Ita; had 

Aud conſequently it is perpen- | | X ; 
cular to CE: Wherefore — 1— oo 

ADF is a right angle; but C F B E 


BIB is likewiſe a right angle; 
terefore AB is parallel ro FG. And AB is at right angles to h 28. x, 
be plane CK; therefore FG is alſo at right angles to the ſame 
jane e. But one plane is at right angles to another plane when «8, rx, 
e ſtraight lines drawn in one of the planes, at right angles 
2 to 
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to their common ſection, are alſo at right angles to the «|, 
plane 4; and any ſtraight line FG in the plane DE, which in. 
right angles to CE the common ſection of the planes, has been 
proved to be perpendicular to the other plane CK; therefor. 
the plane DE is at right angles to the plane CK. In like mas. 
ner, it may be proved that all the planes which paſs throuet 
AB are at right angles to the plane CK. Therefore, if a ſtraight 
line, &c. Q. E. D. | 


PROP. AD. THE 0-R. 
IH two planes cutting one another be each of them per. 
pendicular to a third plane; their common ſcion 


ſhall be perpendicular to the fame plane. 


Let the two planes AB, BC be each of them perpendicularts 
a third plane, and let BD be the common ſection of the fr! 


two ; BD is perpendicular to the third plane. 
If it be not, from the point D draw, in the plane AB, the 


ſtraigbt line DE at right angles to AD the common ſection of 
the plane AB with the third plane; and in the plane BC dray 


a 4. def. 11. 


DF at right angles to CD the common ſection of the plane BC 
with the third plane. And becauſe the B 
plane AB is perpendicular to the third WV 
plane, and. DE is drawn in the plane AB , 
at right angles to AD their common | 
ſection, DE is perpendicular to the third E F 
lane a. In the ſame manner, it may 
be proved that DF is perpendicular to \ 
the third plane. Wherefore, from the | | 
point D two ſtraight lines ſtand at right 0 
angles to the third plane, upon the ſame 5 
ſide of it, which is impoſſible d: There» | | BW 
fore, from the point D there cannot be En 
any ſtraight line at right angles to the A 2 
third plane, except BD the common ſec- 
tion of the planes AB, BC. BD therefore is perpendicu 27 
the third plane, Wherefore, if two planes, &c, Q. E. P. 


| Book XI. 
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ira ſolid angle be contained by three plane angles, any See N. 
1 two of them are greater than the third. 


Let the ſolid angle at A be contained by the three plane an- 

eles BAC, CAD, DAB. Any two of them are greater than 

the third. 

Il che angles BAC, CAD, DAB be all equal, it is evident 

that any two of them are greater than the third. But if they 

ate not, let BAC be that angle which is not leis than either of 

© the other two, and is greater than one of them DAB; and 

in the point A in the (ſtraight line AB, make, in the plane 

E which paſſes through BA, AC, the angle BAE equal* to thea 23. f. 
Bangle DAB; and make AE equal to AD, and through E. 

aw BEC cutting AB, AC in the I 

points B, C, and join DB, DC. And 

@ becauſe DA is equal to AE, and A8 
Dis common, the two DA, AB are e- 
W qual to the two EA, AB, and the 
angle DAB is equal to the angle EAB: 
Iberefore the baſe DB is equal® to 
the baſe BE. And becauſe BD, DC B 
fare greater? than CB, and one of them e 20. 1. 
ELD has been proved equal to BE a part of CB, therefore the 

other DC is greater than the remaining part EC. And becaule 

Dis equal to AE, and AC common, but the baſe DC greater 

then the baſe EC; therefore the angle DAC is greater 4 than d. 25: 1. 
the angle EAC; and, by the conſtruction, the angle DAB is 

equal to the angle BAE; wherefore the angles DAB, DAC are 
Wogerher greater than BAE, EAC, that is, than the angle BAC. 

Put BAC is not leſs than either of the angles DAB, DAC; 
Wherefore BAC, with either of them, is greater than the other. 

PV herefore, if a ſolid angle, &c. Q. E. D. 


NRO. Al. THF ON. 


VERY jolid angle is contained by plain angles which 
together arc leſs than four right angles. 


Firlt, Let the ſolid angle at A be contained by three plane 
ples BAC, CAD, DAB. Theſe three together are leſs than 


Cur right angles. 
O 3 Take» 
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Book XI. Take in each of the ſtraight lines AB, AC, AD any de 
Wy B, C, D. and join BC, CD, DB: Then, becauſe 2 
angle at B is contained by the three plain angles CBA, ABU 
DBC, any two of them are greater“ than the third; there. 
fore the angles CBA, ABD are greater than the angle DBC. 
For the ſame reaſon, the angles BCA, ACD are greater thin 
the angle DCB; and the angles CDA, ADB greater then 
BDC: Wherefore the fix angles CBA, ABD, BCA, ACh 
CDA, ADB are greater than the | 
three angles DBC, BCD, CDB: But D 
the three angles DBC, BCD, CDB 
b 32. 1. are equal to two right angles bd: There- 
fore the ſix angles CBA, ABD, BCA, 
ACD, CDA, ADB are greater than 
two right angles: And becauſe the | 
three angles of each of the triangles B ws = 
ABC, ACD, ADB are equal to two 
right angles, therefore the nine angles of theſe three triangles, 
viz. the angles CBA, BAC, ACB, ACD, CDA, DAC, ADB, 
DBA, BAD are equa! to fix right angles: Of theſe the fix an- 
gles CBA, ACB, ACD, CDA, ADB, DBA are greater that 
two right angles: Therefore the remaining three angles BAC, 
DAC, BAD, which contain the ſolid angle at A, are leis than 
| four right angles. 
Next, Let the ſolid angle at A be contained by any number 


a 20. 11. 


_— 


| of plane angles BAC, CAD, DAE, EAF, FAB}; theſe toge- 
| | ther are leſs than {our right angles. 
| Let the planes in which the angles are, be cut by a plane, and 
tet the common ſections of it with thoſe 
lanes be BC, CD, DE, EF, FB: And A 
. the fold angle at B is contain- 


| ed by three plane angies CBA, ABF, 

vp FBC, of which any two are greater“ | 

than the third, the angles CBA, ABF N 
are greater than the angle FBC: For B — 1 
the ſame reaſon, the two plane angles | | 
at cach of the points C, D, E, F, | 
Viz. the angles which are at the baſes \| 

| , of the triangles having the common C 


vertex A, are greater than the third 
| angle at the ſame point, which is one D 
of the angles of the polygon BCDEF: 
L 


Therefore all the angles at the baſes of the triangles are p 
; 4 the 
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ther greater than all the angles of the polygon: And becauſe Book XI. 
all the angles of the triangles are together equal to twice as 
many right angles as there are triangles d; that is, as there are b 3% 1. 
des in the polygon BCDEF : and that all the angles of the 
polygon, together with four right angles, are likewiſe equal to 
twice as many right angles as there are ſides in the polygon © ; © 1. Cor, 
| therefore all the angles of the triangles are equal to all the an- 3** ** 
gles of the polygon together with four right angles. But all 
the angles at the bates of the triangles are greater than all the 
angles of the polygon, as has been proved. Wherefore the re- 
maining angles of the triangles, viz. thoſe at the vertex, which 
contain the ſolid angle at A, are leis than four right angles. 
Therefore every ſolid angle, &c. Q. E. D. 


PROP. XIII. 1H EO R. 


IFevery two of three plain angles be greater than the sce N. 


third, and if the ſtraight lines which contain them be 
all equal; a triangle may be made of the ſtraight lines 
that join the extremities of thoſe equal ſtraight lines. 


Let ABC, DEF, GHE be three plane angles, whereof e- 
| very two are greater than the third, and are contained by the 
& equal ſtraight lines AB, BC, DE, EF, GH, HK; if their 
extremities be joined by the ſtraight lines AC, DF, GK, a 
triangle may be made of three ſtraight lines equal to AC, DF, 
reg that is, every two of them are together greater than the 
| third. 
If the angles at B, E, H are equal; AC, DF, GK are al- 
lo equal *, and any two of them greater than the third: But ® + f. 
ik the angles are not all equal, let the angle ABC be not lets 
than either of the two at E, H; therctore the ſtraight line 
AC is not leſs than either of the other two DF, GK; and b 4. or 24.1. 
it is plain that AC, together with either of the other two, mutt 
be greater than the third : Alſo DF with GK are greater than 
| AC: For, at the point B in the ſtraight line AB make © the e 23. 1. 
. angle 
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angle ABL equal to the angle GHK, and make BL equal t 


one of the itraight lines AB, BC, DE, EF, GH HK, and 


4 24. 1. 


e 20. I. 


22. 1. 


See N. 


join AL, LC; Then becauſe AB,/BL are equal to GH, HK, 
and the angle ABL to the angle GHK, the baſe AL is equal 
to the baſe GK: And becauſe the angles at E, H are greater 
than the angle ABC, of which the angle at H is equal to ABL; 
therefore the remaining angle at E is greater than the angle LBC: 


K H 


. A 
— Pon t) F G K 
L | 

And becauſe the two ſides LB, BC are equal to the two DF, 
EF, and that the angle DEF ts greater than the angle LBC, 
the baſe DF is greater than the baſe LC: And it has been 
proved that GK is equal to AL; therefore DF and GK arc 
greater than AL and LC : But AL and LC are greater © than 
AC; much more than are PF and GK greater than AC. Where- 
fore every two of theſe ſtraight lines AC, DF, GK are greatcr 
than the third; and, therefore, a triangle may be made f, th: 


ſides of which ſhall be equal to AC, DF, GK, Q. L. D. 


PROP. Salk PR O-B. 


O make a ſolid angle which ſhall be contained by 
| three given plane angles, any two of them being 
greater than the third, and all three together lels than 
four right angles. 5 


Let the three given plane angles be ABC, DEF, GIIK, any 
two of which are greater than the third, and all of them toge- 
ther lets than four right angles. It is required to make a tohd 


angle contained by three plane angles equal to ABC, DET, 


GHK, each to each. 
; From 


OF EUCLID. 217 


From the ſtraight lines containing the angles, cut off AB, Book XI. 
BC, DE, EF, GH, HK all equal to one another; and join 
AC, DF, GK: Then a triangle may be made“ of three ſtraight © 2 3 


B 


2 


74 * 
4 1 Ys 


* 


* 


H 


/ 


3 ah, 


* 


* 8 K 


XF 


| ſides, or without it. 


angle MAN, and the angle GHK 
to the angle NXL : Therefore the 
three angles ABC, DEF, GHEK 
| are equal to the three angles LXM, 
MXN, NXL : But the three angles 
| LXM, MXN, NXL are equal to 
{ tour right angles; therefore alſo 
the three angles ABC, DEF, GHK 
| ire equal to four right angles: But, 
by the hypotheſis, they are leſs 
than four right angles; which is 
abſurd ; therefore AB is not equal 
o LX: But neither can AB be 


nes equal to AC, DF, GK. Let this be the triangle LMN Þ, b 22. r: 
| ſo that AC be equal to LM, DF to MN, and GK to LN; and 

about the triangle LMN deſcribe® a circic, and find its centre e 5. 4. 
X, which will either be within the triangle, or in one of its 


| Firſt, Let the centre X be within the triangle, and join 
IX, MX, NX: AB is greater than JX: If not, AB mult ei- 
ther be equal to, or leſs than LX; firſt, let it be equal: Then 
becauſe AB is equal to LX, and that AB is alſo equal to BC, 
and LX to XM, AB and BC are equal to LX and XM, each 
to each; and the baſe AC is, by conſtruction, equal to the 
baſe LM; wherefore the angle ABC is equal to the angle 
EF LXNM4:; For the ſame reaſon, the angle DEF is equal to the q g, x, 


leſs than LX: For, if poſſible, let it be leſs, and upon the 
ſtraight line LM, on the ſide of it on which is the centre X, 
| deſcribe the triangle LOM the fides LO, OM, of which are 
equal to AB, BC; and becauſe the baſe LM is equal to the 


baſe 


jj 
| 
Y 
# 
| 


218 THE ELEMENTS 


Book Xl. baſe AC, the angle LOM is equal to the angle ABC, 4,, 
AB, that is, LO, by the hypotheſis, is leſs than LX; where 
48.7 fore LO, OM fall within the triangle LXM; for, if they fel 
upon its ſides, or without it, they 
would be equal to, or greater than 


121. 1 | R | 
a % LX, XM: Therefore the angle 
LOM, that is, the angle ABC, is L, 
\ 


greater than the angle LXMf:; In 

the ſame manner it may be proved 

| that the angle DEF is greater than 

| the angle MXN, and the angle 

[; GHKRK greater than the angle NXL: X 

Therefore the three angles ABC, 2 N 

DEF, GHK are greater than the M 

three angles LXM, MXF, NXL; 

| © that is, than four right angles: But 

1 the ſame angles ABC, DEF, GHK are leſs than four right 
angles; which is abſurd: Therefoie AB is not leſs than LY, 
and it has been proved that it is not equal to LX; wherefore 

. AB is greater than LX. 

Next, Let the centre X of the circle fall in one of the (ide 

of the triangle, viz. in MN, and | 

join XL: In this caſe alſo AB is 

greater than LX. If not, AB is 


| either equal to LX, or leſs than it: 
| N Firft, let it be equal to LX: 'There- 


fore AB and BC, that is, DE and 
EF, are equal to MX and XL, that 
1 1s, to MN: But, by the conſtruction, 
| iN is equal to DF; therefore DE, M 
l | EF are equal ro DF, which is im- 
+ 20, x poſſible +: Wherefore AB is not e- 
qual to LX; nor is it leſs; for then, 
much more, an abſurdity would 

lf | follow: Therefore AB is greater than LX. 
| But, let the centre X of the circle fall within the triang!s 
LMN, and join LX, MX, NX. In this cafe likewife AY | 
greater than I. X: If not, it is either equal to, or leſs than LY: 
Firſt, let it be equal; it may be proved in the fame mannes 
as in the firſt caſe, that the angle ABC is equal to the 18" 
MXL, and GHK to LXN; therefore the whole angle MXN 
| is equal to the two angles, ABC, GHK ; But ABC and CH 
1 are together greater than the angle DEF; therefore allo 


| the angle MXN is greater than DEF. And becauſe 5 


* 
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Fr are equal to MX, XN, and the baſe DF to the baſe Book XI. 
MN, the angle MXN is equal d to the _ DEF: And it has | 8 | 
been proved that it is greater than DEF, which is abſurd. K 
Therefore AB is not equal to LX. Nor yet is it leſs; for then, 
as has been proved in the firſt caſe, the angle ABC is greater 
than the angle MXL, and the angle GHK greater than the 

| angle LXN. At the point B in the ſtraight line CB make the 

angle CBP equal to the angle GHK, and make BP equal to 


B H 


G 
- F 


| HK, and join CP, AP. And becauſe CB is equal to GH; 

Ch, BP are equal to GH, HK, each to each, and they con- 

| tain equal angles; wherefore the baſe CP is equal to the baſe 

(K, that is, to LN. And in the iſoſceles triangles ABC, MXL, 

becauſe the angle ABC is greater than the angle MXL, there- 

fore the angle MLX at the baſe is greater “ than the angle 8 3% K. 
| ACB at the Jaſe. For the ſame reaſon, becauſe the angle GH K, 

or CBP, is greater than the angle 
LXN, the angle XLN is greater 
than the angle BCP. Therefore the 
| whole angle MLN is greater than 
| the whole angle ACP. And becauſe 
ML, LN are equal to AC, CP, 
each to each, but the angle MEN 
is greater than the angle ACP, the 
baſe MN is greater ® than the baſe 
AP. And MN is equal to DF; 
therefore alſo DF is greater than 
AP. Again, becauſe DE, EF are 
equal to AB, BP, but the baſe DF 
greater than the baſe AP, the an- | 

gle DEF is greater * than the angle K 25+ 1. 
ABP. And ABP is equal to the two angles ABC, CBP, that 

is, to the two angles ABC, GH K; therefore the angle DEF is 
greater than the two angles ABC, GHK; but it is alſo leſs 

than theſe; which is impoſſible, Therefore AB is not leſs than 


LI; 


* = * ——— c — 
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LX; and it has been proved that it is not equal to it; therefors 
AB is greater than LX. , | | 

From the point X erect* XR at right angles to the plane 
of the circle LMN. And becauſe it has been proved in all the. 
caſes, that AB is greater than LX, find a ſquare equal to th 
exceſs of the ſquare of AB above 
the ſquare of LX, and make RX R 
equal to its fide, and join RL, RM, 
RN. Becauſe RX is perpendicular 
to the plane of the circle LMN, it 
is d perpendicular to each of the 
ſtraight lines LX, MX, NX. And 
becauſe LX is equal to MX, and 4 
. N 
X 


ro cach of them, the baſe RL is M 
qual to che baſe RM. For the ſame 

reaſon, RN is equal to each of the 

two RL, RM. Therefore the three 

ſtraight lines RL, RM, RN are all 

equal. Aud becauſe the ſquare of 

XR is equal to the exceſs of the ſquare of AB above the ſquare 
of LX ; therefore the ſquare of AB is equal to the ſquares of 
LX, XR. But the ſquare of RL is equal®© to the ſame ſquares, 
becauſe LXR is a right angle. Therefore the ſquare of AB 
is equal to the ſquare of RL, and the ſtraight line AB to RL, 
But each of the ſtraight lines BC, DE, EF, GH, HK is equal 
to AB, and each of the two RM, RN is equal to RL. Where- 
fore AB, BC, DE, EF, GH, HK are each of them equal to 
each of the ſtraight lines RL, RM, RN And becaule RL, 
RM, are equal ro AB, BC, and the baſe LM to the baſe AC; 
the angle LRM is equal d to the angle ABC. For the ſame 
reaſon, the angle MRN is equal to the angle DEF, and NEL 
to GHK. Iherefote there is made a ſolid angle at R, which 
is contained by three plane angles LAM, MRN, NRL, Which 


are equal to the three given plane angles ABC, DEF, GEB, 


tach to cach. Which was to be donc. 


PROT 


OF EUCLID. * 


PROP. A. THE OR. WY 


F each of two ſolid angles be contained by three plane Ste N. 
] angles equal to one another, each to cach ; the planes 

in which the equal angles are, have the fame inclination 

to one another. | 


Let there he two ſolid angles at the points A, B; and Jet 
| the angle at A be contained by the three plane angles CAD, 
EF CAE, EAD; and the angle at B by the three plane angles 
# FBG, FBH, HBG; of which the angle CAD is equal to the 
angle FBG, and CAE to FBH, and EAD to HBG : The planes 
in which the equal angles are, have the ſame inclination to one 
another. 
In the ſtraight line AC take any point K, and in the plane 


| CAD from K draw the ſtraight line KD at right angles 
to AC, and in the B 
plane CAE the ſtraight 
| line KL at right angles 
to the ſame AC: 
| Therefore the angle MN 
| DEL is the inclina— | | 
| tion * of the plane F DJ « 6, def. Ing 
| CAD to the plane "0G 
CAE: In BF take H 
IM equal to AK, and 
ſtom the point M draw, in the planes FBG, FBH, the ſtraight 
ines MG, MN at right angles to BF; therefore the angle GMN 
s the inclination ? of the plane FBG to the plane FBH : Join 
LD, NG; and becauſe in the triangles KAD, MBG, the 
ingles KAD, MBG are equal, as alſo the right angles AK, 
MG, and that the ſides AK, BM, adjacent to the equal 
angles, are equal to one another, therefore KD js equal ® toy, x5, x. 
MG, and AD to BG: For the fame reaſon, in the triangles | 
KAL, MBN, KL is equal to MN, and AL to BN: And in 
ine triangles LAD, NBG, LA, AD are equal to NB, BG, 
an they contain equal angles; therefore the baſe LD is e- 
qual © to the baſe NG. Laſtly, in the triangles KLD, MNG, e 4. 1. 
the ſides DK, KL ate equal to GM, MN, and the baſe LD to 
the baſe NG ; therefore the angle DKL is equal to the angle d 8. x. 
GMN : But the angle DEL is the inclination of the plane 
CAD to the plane CAE, and the angle GMN is the inclina- 
| | tion 
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Book xt. tion of the plane FBG to the plane FBH, which planes hi. 


therefore the ſame inclination * to one another: And in the 


27. def. 11. ſame manner it may be demonſtrated, that the other planes in 


which the equal angles are, have the ſame inclination to one 
another. Therefore, if two ſolid angles, &c. Q. E. D. 


PROP. B. THE OR. 


F two ſolid angles be contained, each by three plane 

angles which are equal to one another, each to each, 

and alike ſituated ; theſe ſolid angles are. equal to one 
another. 


Let there be two ſolid angles at A and B, of which the (oli 
angle at A is contained by the three plane angles CAD, CAF, 
EAD; and that at B, by the three plane angles FBG, FBH, 
HBG ; of which CAD is equal to FBG; CAE to FBH ; and 


AD to HBG: The ſolid angle at A is equal to the ſolid angie 


at B. 

Let the ſolid angle at A be applied to the ſolid angle at Þ: 
and, firſt, the plane angle CAD being applied to the plane 
angle FBG, fo as the point A may coincide with the point B, 
and the ſtraight line AC with BF; then AD coincides with 
BG, becauſe the angle CAD A 6 
is equal to the angle FBG: | - 
And becauſe the inclination of \ N 
the plane CAE to the plane | 
CAD is equala to the inclina- | \ 
tion of the plane FBH to the E H 
plane FBG, the plane CAE C D F G 
coincides with the plane FBH, 
becauſe the planes CAD, FBG coincide with one another: And 
becauſe the ſtraight lines AC, BF coincide, and that the angle 
CAE is equal to the angle FBH ; therefore AE coincides wit 
BH, and AD coincides with BG; wherefore the plane EA“ 
coincides with the plane HBG : Therefore the ſolid angl- A 
coincides with the ſolid angle B, and conſequently they are e. 


b 8. A. 6. qual b to one another. Q. E. D. 


P R OF. 
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PROP. C. THEOR. 9 


| AOLID figures contained by the ſame number of e. 5 N. 
qual and ſimilar planes alike ſituated, and having 

| none of their ſolid angles contained by more than three 

| plane angles; are equal and ſimilar to one another, 


Let AG, KQ be two ſolid figures contained by the ſame 
| number of ſimilar and equal planes, alike fituated, viz. let the 
plane AC be fimilar and equal to the plane KM, the plane 
AF to KP; BG to LQ; GD to ON; DE to NO; and laſtly, 
H ſimilar and equal to PR: The ſolid figure AG 1s equal aud 
ſimilar to the ſolid figure K Q. 

Becauſe the ſolid angle at A is contained by the three plane 
| angles BAD, BAE, EAD, which, by the hypotheſis, ace e- 
| qual to the plane angles LEN, LKO, OKN, which contain 


the ſolid angle at K, each to each; therefore the ſolid angle [ 
at A is equal to the ſolid angle at K: In the ſame manner, 2 B. 1e. 
the other tolid angles of the figures are equal to one another, 
If, then, the ſolid tgure AG be applied to the ſolid figure K, 
ficſt, the plane fi- 
| cure AC being H (3 R 
| applied to the NN 
plane figure KM; 
the ſtraight line 
| AB coinciding 
| with KL, the fi- | — 3 
"we AC muſt A B K L 
| coincide with the | 
| /igure KM, becauſe they are equal and ſimilar : Therefore the 
liraight lines AD, DC, CB coincide with KN, NM, ML, 
each with each; and the points A, D, C, B, with the points 
K, N, M, I.: And the ſolid angle at A coincides with * the 
lolid angle at K; wherefore the plane AF coincides with the 
| Plane KP, and the figure AF, with the figure KP, becauſe they 
Ye equal and ſimilar to one another: Therefore the ſtraight 
lines AE, EF, FB, coincide with KO, OP, PL; and the points 
I. F, with the points O, P. In the ſame manner, the figure 
AH coincides with the figure KR, and the ſtraight line DH 
ih NR, and the point H with the point R: And becauſe the 
lolid angle at B is equal to the ſolid angle at L, it may be pro- 
ved, in the ſame manner, that the figure BG coincides with 


the 


Q 
Dr 


ls 
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Book XI. the figure LQ, and the ſtraight line CG with M, and g 
point G with the point Q: Since, therefore all the planes 
and ſides of the ſolid figure AG coincide with the planes a 
ſides of the ſolid figure K, AG is equal and ſimilar to KG: 
And, in the ſame manner, any other ſolid figures whatever cob. 
tained by the ſame number of equal and ſimilar planes, ai; 
ſituated, and having none of their ſolid angles contained b. 


more than three plane angles, may be proved to be equal and 
ſimilar to one another. Q. E. D. 


= CO w— a GO ͤðO— ] a. *” a>. 240 on emenoogsd a7 


FROPF A&I. THEDRE. 


See N. F a ſolid be contained by ſix planes, two and two cf 
| which are parallel; the oppoſite planes are fimilar and 
equal parallelograms. | 


Let the ſolid CDGH be contained by the parallel planes AC, 
GF; BG, CE; FB, AE: Its oppoſite planes are ſimilar and 
equal parallelograms. 
Becauſe the two parallel planes, BG, CE, are cut by th: 
x 16, 11. plane AC, their common ſections AB, CD, are parallel“. A. 
gain, becauſe the two parallel planes BF, AE, are cut by the 
plane AC, their common ſections AD, BC, are parallel“: And 
AB is parallel to CD; therefore AC is a parallelogram. In lis: 
manner, it may be proved that each B 1 
of the figures CE, FG, GB, BF, - 


AE is a parallelogram : Join AH, Ef 


DF; and becauſe AB is parallel to _- j 
E 


De, and BH to CF; the two 
ſtraight lines AB, BH, which meet 


om 
Fl 


one another, are parallei to DC C X 
and CF which meet one another, D 
and are not in the ſame plane with D 1 


the other two; wherefore they con- 
b. 10. 11. tain equal angles d; the angle ABH is therefore equal to the 
angle DCF: And becauſe AB, BH, are equal to DC, CF, aud 
the angle ABH equal to the angle DCF; therefore the bais 
c4.r. AH is equal? to the baſe DF, and the triangle ABH to the ti 
d 34-1. angle DCF: And the parallelogram BG is double 9 of the tr 
angle ABH, and the parallelogram CE double of the triang“ 
DCF; therefore the parallelogram BG is equal and sn 
lar to the parallelogram CE. In the ſame manner it 
be proved, that the parallelogram AC is equal au * 


M «16+ 
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milar to the parallelogram GF, and the parallelogram AE to Book Xi. 
BF, Therefore, if a ſolid, &c. Q. E. D. — 


PROP. XXV. THE OR. 


F a ſolid parallelepiped be cut by a plane parallel to two see N. 
Jof its oppoſite planes; it divides the whole into two 
ſolids, the baſe of one of which ſhall be to the baſe of 

the other, as the one ſolid is to the other. 


Let the ſolid parallelepiped ABCD be cut bv the plane EV, 
which is parallel to the oppoſite planes AR, HD, and divides 
the whole into the two folids ABFV, EGCD; as the baſe 
AEFY of the firſt is to the baſe EHCF of the other, lo is the 
ſolid ABFV to the ſolid EGCD. 

Produce AH both ways, and take any number of ſtraight 
lines HM, MN, each equal to EH, and any number AK, KL 
eich equal to EA, and complete the parallelograms LO, KY, 
HQ, MS, and the ſolids LP, KR, HU, MT: Then, becauſe 
the ltraight lines LK, KA, AE are all equal, the parallelograms 


. 


© <p RR NMT 


- | | | 


EIL AI |E\|H}IMLIN 


L 


FBF 


LO, KY, AP are equal“: And likewiſe the parallelograms KX, a 36. f. 
8B, AG*; as alſo® the parallelograms LZ, KP, AR, becauſe b 24. 11. 
they are oppoſite planes: For the ſame reaſon, the paral- 
lograms EC, HO, MS are equal *; and the parallclograms 
HC, HI, IN, as alſo > HD, MU, NT: Therefore three planes 
of the ſolid LP, are equal and ſimilar to three planes of the fo- 
id KR, as alſo to three planes of the ſolid AV: But the three 
planes oppoſite to theſe three are equal and ſimilar Þ to them 
in the ſeveral ſolids, and none of their ſolid angles are contain- 
*1 by more than three plane angles: Therefore the three ſolids 
LP, KR, AV are equal © to one another: For the ſame reaſon, e C. 11. 


——_— 


ide three ſolids ED, HU, MT are equal to one another: There- 
P fore 
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fore what multiple ſoever the baſe LF is of the baſe AF, |, 
ſame multiple is the ſolid LV of the ſolid AV: For the ſans 
reaſon, whatever multiple the baſe NF is of the baſe HF, 1, 
ſame multiple is the ſolid NV of the ſolid ED: And if the hi 
LF be equal to the baſe NF, the folid LV is equal © to the h. 
lid NV; and if the baſe LF be greater than the baſe NF, h. 
ſolid LV is greater than the folid NV; and if leſs, leſs: Sine, 
then there are four magnitudes, viz. the two baſes AF, HII, 


3 8 


7 1 3 1 


| | 


L Ki A |E||HIIMIIN 


| — 


9 F.C 8 
and the two ſolids AV, ED, and of the baſe AF and ſolid AV, 
the baſe LF and ſolid LV are any equimultiples whatever; ani 
of the baſe FH and ſolid ED, the baſe FN and ſolid NV are :- 
ny equimultiples whatever; and it has been proved, that iſ the 
baſe LF is greater than the baſe- FN, the ſolid LV is greater 
than the ſolid NV; and if equal, equal; and if leſs, leb. 
Therefore 4 as the baſe AF is to the baſe FH, ſo is the ſolid AV 
to the ſolid ED. Wherefore, if a ſolid, &c. Q. E. D. 


PROP. XXVI PROB. 


T a given point in a given ſtraight line, to make a 
ſolid angle equal to a given ſolid angle contained 
by three plane angles. | 3 


Let AB be a given ſtraight line, A a given point in it, a"! 
D a given ſolid angle contained by the three plane angles LDC, 
EDF, FDC: It is required to make at the point A in the ſtraight 
line AB a ſolid angle equal to the ſolid angle D. 

In the ſtraight line DF take any point F, from which dia 
* FG perpendicular to the plane EDC, meeting that plane 
G; join DG, and at the point A in the ſtraight line Ab 
make® the angle BAL equal to the angle EDC, and in the 
plane BAL make the angle BAK equal to the angle EDC 
then make AK equal to DG, and from the point K erect Kl 
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xt right angles to the plane BAL; and make KH equal to Book X.. 
| GF, and join AH: Then the ſolid angle at A, which is contain- 
| ed by the three plane angles BAL, BAH, HAL, is equal to the 
ſolid angle at D contained by the three plane angles EDC, EDF, 
| {DC. | 
| Take the equal ſtraight lines AB, DE, and join HB, KB, 
| FE, GE: And becauſe FG is perpendicular to the plane EDC, 
it makes right angles with every ſtraight line meeting it in da- def. rr. 
| that plane: Therefote each of the angles FGD, FGE is a right 
| angle: For the fame reaſon, HK A HEB are right angles: And 
E becauſe KA, AB are equal to GD, DE, each to each, and 
contain equal angles, therefore the baſe BK is equal to the e 4. 1. 
baſe EG: And KH is equal to GF, and HEB, FGE, are right 
angles, therefore HB is cqual? to FE: Again, becauſe AK, 
E KH are equal to DG, GH, and contain right angles, the 
E baſe AH is equal to the bale DF; and AB is equal to DE; 
therefore HA, AB are cqual to FD, DE, and the baſe HB is e- 
qual to the baſe FL, 
| therefore the angle A 
F BAH is equal f to // 
the angle EDF: For Pg | 
| the ſame reaton, the 
angle HA is equal B 
to the angle FDC. 
| Becauſe if AL and — 
| VC be made equal, K H 
and KL, HL, GC, 
| IC be joined, fince the whole angle BAL is equal to the 
whole EDC, and the parts of them BAK, EDG are, by 
| the conſtruction, equal; therefore the remaining angle KAL 
is equal to the remaining angle GDC: And becauſe KA, 
AL are equal to GD, DC, and comain equal angles, the baſe 
XL 1s equal © to the baſe GC: and K is equal to GF, 1o that 
LK, KH are equal to CG, GF, and they contain right angles; 
therefore the baſe HL is equal to the bate FC: Again, becauſe 
| HA, AL are equal to FD, DC, and the bale HL to the baſe 
FC, the angle HAL is equal f to the angle FDC: Therefore, 
becaule the three plane angles BAL, BAH, HAL, which contain 
the folid angle at A, arc equal to the three plane angles EDC, 
LDF, FDC, which contain the fold angle at D, each to each, 
and are ſituated in the ſame order, the ſolid angle at A is e- 
qua] £ to the ſolid angle at I) Therefore, at a given point in g. B xx, 
4 given ſtraight line, a ſolid angle has been made equal to a gi- 
ren ſolid angle contained by three plane angles. Which was to 


be done, 
T4 PR OP. 
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ſon, the parallelo- 


d 24. 11. 
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111. def. 11. folid CD. Wherefore from a given ſtraight line AB a ſolid p- 
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PROP. XXVII. PROB. 


{ ns deſcribe from a given ſtraight line a ſolid parall 
lepiped ſimilar, and fimilarly fituated to one given, 


Let AB be the given ſtraight line, and CD the given ſolid p. 
rallelepiped. It is required from AB to deſcribe a ſolid paralls. 
lepiped ſimilar, and ſimilarly fituated to CD. 

At the point A of the given ſtraight line AB, make* a (gli, 
angle equal to the ſolid angle at C, and let BAK, KAH, Hag 
be the three plane angles which contain it, ſo that BAK hee. 
qual to the angle ECG, and KAH to GCF, and HAB tr 
FCE: And as EC to CG, ſo make b BA to AK; and as GC 0 
CF, ſo make? KA to AH; wherefore, ex aequali ©, as EC t 
CF, ſo is BA to AH: Complete the parallelogram BH, and 
the ſolid AL: And 
becauſe, as EC to BW 
CG, ſo BA to AR, INTE 
the tides about the —_ 
equal angles ECG, 
BAK are proporti- | 
onals; therefore the 
parallelogram BK 
is ſimilar to EG. — 
For the ſame rea- 


| 

989 1L 
gram KH 1s ſimilar to GF, ond HB to FE. Wherefore three 
parallelograms of the ſolid AL are ſimilar to three of the oli! 
CD; and the three oppoſite ones in each folid are equal d ond 
ſimilar to thele, each to each. Alfo, becauſe the plane ange 
which contain the ſolid angles of the figures are equal, each te 


each, and ſituated in the ſame order, the ſolid angles arc © 
qual ©, each to each. "Therefore the ſolid AL is fimilarf to the 


rallelepiped AL has been deſcribed fimilar, and ſimilarly ſituate 
to the given one CD. Which was to be done. 
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PROP. XXVII THEOR. 


F a ſolid parallelepiped be cut by a plane paſſing through N. 
| | the diagonals of two of the oppoſite planes; it ſhall 
de cut in two equal parts. 


let AB be a ſolid parallelepiped, and DE, CF, the diago- 
nals of the oppoſite parallelograms AH, GB, viz. thoſe which 

nie drawn betwixt the equal angles in each: And becauſe CD, 

P are each of them parallel to GA, and not in the ſame plane 

© with it, CD, FF are parallel“; wherefore the diagonals CF, a 9. 173 
E DE are in the plane in which the pa- 

1 rallels are, and are themlec]ves paral— (C by BY B 
 !cls>; And the plane CDEF {hall cut | 
the ſolid AB into two equal parts. G — 

| Becauſe the triangle CGF is equal | ws 
to the triangle CBF, and rhe triangle „ 
DAE to DHE ; and that the paral- | 

lelogram CA is equal d and ſimilar to D—— —[ 9 2+ 7. 
& the oppolite one BE; and the paral= | — 
| iclogram GE to CH : Therefore the A E 
| priſm contained by the two triangles 

(C, DAE, and the three parallclograms CA, GE, EC, is 
qual to the priſm contained by the two triangles CBF, DHE, e C. 11. 
| and the three parallelograms BE, CH, EC; hecauſe they are 
contained by the ſame number of equal and ſimilar planes, alike 

| btuated, and none of their folid angles are contained by more 

than three plane angles. Therefore the ſolid AB is cut into two 

cqual parts by the plane CDEF. Q. E. D. 

N. B The infilling ſtraight lines of a parallelepiped, men— 

| * tioned in the next and ſome following propoſitions, are the 

* lides of the parallelograms betwixt the baſe and the oppoſite 
plane parallel to it.” 


b 16. 11. 


FROM n. THEOR 


| 8 pacallelepipeds upon the ſame baſe, and of the see N. 
) fame altitude, the infiſting ſtraight lines of which are 
terminated in the ſame ſtraight lines in the plane oppoſite 

o the baſe, are equal to one another, 


P 4 Let 
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oppoſite planes A LN G, A L 
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Let the ſolid parallelepipeds AH, AK be upon the ſame hz'- 
AB, and of the ſame altitude, and let their infiſting ſtraig); 
lines AF, AG, LM, LN, be terminated in the fame ſtraight 
line FN, and CD, CE, BH, BK be terminated in the fade 
ſtraight line DK; the ſolid AH is equal to the ſolid AK. ; 

Firſt, Let the parallelograms DG, HN, which are opboßte 
to the baſe AB, have a common fide HG: Then, becaafe the 
ſolid AH is cut by the plane AGHC paſſing through the diag. 
nals AG, CH of the oppoſite planes ALGF, CBHD, AH i; 
cut into two equal parts“ by the plane AGHC : "Therefore the 
folid AH is double of the D H K 
priſm which is contained be- * 
twixt the triangles ALG, 
CBH : For the ſame reaſon, 
becauſe the ſolid AK is cut 
by the plane LGHB through C 
the diagonals LG, BH of the 


CBEH, the ſolid AK is double of the ſame priſm which! 
contained betwixt the triangles ALG, CBH. Therefore the 
ſolid AH is equal to the ſolid AK. 

But, let the parallelograms DM, EN oppoſite to the baſe, 
have no common fide; Then, becanfe CH, CK are parallelo- 
grams, CB is equal® to each of the oppolite ſides DH, EK; 
wherefore DH 1s equal to EK : Add, or take away the common 
part HE; then DE is equal to HK: Wherefore alſo the tr 
angle CDE is equal® to the triangle BHK: And the parallc!9- 
gram DG is equal d to the parallelogram HN: For the {anc 
reaſon, the triangle AFG is equal to the triangle LMN, . 
the parallelogram CF is equal © to the parallelogram BM, ai 


f C. 11. 


H E 1 1 K 


CG to BN ; for they are oppoſite. Thereſore the priſm which 
is contained by the two triangles AFG, CDE, and the thi! 
parallelograms AD, DG, GC is equal f to the priſm, contaiu- 
ed by the two triangles LMN, BHK, and the three parallel 
grams BM, MK, KL. If therefore the priſm LMNBIIk tt 


taken 


taken from the. ſolid of which the baſe is the parallelogram Book XI. 
AB, and in which FDKN is the one oppoſite to it; and if . 
| from this ſame ſolid there be taken the priſm AFGCDE ; 
the remaining ſolid, viz. the parallelepiped AH, is equal to the 
| remaining parallelepiped AK. Therefore ſolid parallelepipeds, 


ö Kc. Q. E P. 
PROP. AXX. THEO R. 


| GOLID parallelepipeds upon the ſame baſe, and of the See N. 
| © ſame altitude, the inſiſting ſtraight lines of which are 
not terminated in the ſame ſtraight lines in the plane 

E oppoſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN be upon the fame baſe AB, 
vnd of the ſame altitude, but their inſiſting {traight lines AF, 

E \G, LM, LN, CD, CE, BH, BK not terminated in the ſame 

# {traight lines: The ſolids CM, CN are equal to one another. 

EF Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, Q, R; and join AO, LP, BO, 
> CR: And becauſe the plane LBEIM is parallel to the oppolite 


| ane ACDF, and that the plane LBHM is that in which are 
| thc parallels LB, MHP, in which alſo is the figure BLPQ ; 
| and the plane ACDF is that in which are the parallels AC, 
bon, in which alſo is the figure CAOR ; therefore the ſi- 
| gures BLPOQ, CAOR are in parallel planes: In like manner, 
becauſe the plane ALNG is parallel to the oppoſite plane CBKE, 
and that the plane ALNG is that in which are the parallels 
2 3 AL., 
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Book XI. AL, OPGN, in which alſo is the figure ALPO; and the 
CRE is that in which are the parallels CB, RQEK, in Which 


2 29. 11. 
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plene 


alſo is the figure CBR; therefore the figures ALPO, CBQR 
are in parallel planes: And the planes ACBL, ORQP are p. 
rallel; therefore the ſolid CP is a parallelepiped: But the 6 
lid CM, of which the baſe is ACBL, to which FDHM is the 
oppoſite parallelogram, is equal“ to the ſolid CP, of which the 


See N. 


baſe is the paraltelogram ACBL, to which ORQP is the one 
oppoſite z3 becauſe they are upon the ſame baſe, and their i- 
fiſting ſtraight lines AF, AO, CD, CR; LM, LP, BH, bd 
are in the ſame ſtraight lines FR, MQ: And the folid CP is e. 
qual“ to the ſolid CN; for they are upon the ſame bate ACL, 
and their infiſting ſtraight lines AO, AG, LP, LN; CR, Ct, 
BQ, BK are in the ſame ſtraight lines ON, RK: "Therefore th: 
ſolid CM is equal to the folid CN. Wherefore ſolid paralicl:- 
pipeds, &c. Q. E. D. 


PROP. XXXI THE OX. 


GOLD parallelepipeds which are upon equal baſes, and 
of the ſame altitude, are equal to one another. 


Let the ſolid parallelepipeds AE, CF, be upon equa! batc 
AB, CD, and be of the ſame altitude; the folid AE is equi 
to the ſolid CF. 

Firſt, Let the inſiſting ſtraight lines be at right angles to ibe 
bates AB, CPD, and let the baſes be placed in the ſame pins 


all 
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and ſo as that the ſides CL, LB be in a ſtraight line; there- Book XI. 
fore the ſtraight line LM, which is at right angles to the plane WW 
in which the baſes are, in the point L, is common“ to the two“ 3. 11. 
ſolids AE, CF; let the other inſiſting lines of the ſolids be 

AG, HK, BE; DF, OP, CN: And firit let the angle ALB be 

equal to the angle CLD; then AL. LD are in a ſtraight line b. b 14. 1. 
produce OD, HB, and let them meet in Q and complete the 

| folid parallelepiped LR, the baſe of which is the parallelogram 

I, and of which LM is one of its inſiſtiug ſtraight lines: 
Therefore, becauſe the parallelogram AB is equal to CD, as the 

baſe AB is to the baſe LO, ſo is © the baſe CD to the ſame © 7: 5- 

E 10: And becauſe the ſolid parallelepiped AR is cut by the 

plane LMEB, which is parallel to the oppoſite planes AK, DR; 

is the baſe AB is to the baſe LQ, ſo is d the ſolid AE to the d 25. fr. 
E {olid LR: For the ſame reaſon, becauſe the ſolid parallelepiped 

F CR is cut by the plane LMFD, which is parallel to the oppolite 

planes CP, BR; as p F R 
the baſe CD to the —— 

baſe LQ, ſo is the N M E. 

ſolid CF to the ſo- | "RW — 
Bin ere — eee ae. 

4 baſe AE to the bale } 1 D Q | | 
1, ſothe baſe CD. oY | 
io the baſe LQ, as l . B | 
E before was proved: 'S EN 
© lherefore as the ſo- 

lid AE ro the ſolid A 8 * 

LE, fo is the ſolid CF to the ſolid LR; and therefore the ſolid 

Ak is equal © to the folid CF. © 9. 5. 
| But ler the ſolid parallelepipeds SE, CF be upon equal baſes 

bb, CD, and be of the ſame altitude, and let their inſiſting 

E !iraight lines be at right angles to the baſes; and place the 

& bates dB, CD in the ſame plane, ſo that CL, LB be in a ſtraight 

Une; and let the angles SLB, CLD be unequal ; the ſolid SE 

Valſo in this caſe equal to the folid CF: Produce DL, To un- 

ul they meet in A, and from B draw BH parallel to DA; and 

let HB, OD produced meet in Q. and complete the ſolids AE, 

IR: Therefore the ſolid AE, of which the baſe is the parallelo- 

Stam LE, and AK the one oppolite to it, is equal f to the ſo- f 29. 11. 
E lid SE, of which the baſe is LE, and to which 5X is oppolite ; 

bor they are upon the ſame baſe LE, and of the ſame altitude, 

| and their inſiſting ſtraight lines, viz. LA, LS, BH, BT; MG, 

M, EK, EX arc in the ſame {traight lines AT, GX: And be- 

cauſe 
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Book Xl. cauſe the parallelogram AB is equal ® to SB, for they ate Upon 


E 35. I, 


h 11. 11. 


the ſame baſe LB, and between the ſame parallels LB, a7. 
and that the baſe | 
SB is equal to the P E FA 
baſe CD ; therefore MN | 
the baſe AB is equal . | 128 
to the baſe CD, and | 
the angle ALB is 0 
equal to the angle V. Von 

LD Therefore, Wa > 'B 
by the firſt caſe, > RS . 
he ſolid AE is e- C N 1 1 
qual to the ſolid A 8 

CF; but the ſolid AE is equal to the ſolid SE, as was dent. 
ſtrated 3 therefore the ſolid SE is equal to the ſolid CF, 

But, if the inſiſting ſtraight lines AG, HK, BE, LM; c., 
RS, DF, OP, be not at right angles to the baſes AB, CV; ir 
this caſe likewiſe the ſolid AE is equal to the ſolid CF; Fri 
the points G, K, E, M; N, 8, F, P, draw the ſtraight line: 
GQ, KT, EV, MX; NY, 82, FI, PU, perpendicular to the 
plane in which are the baſes AB, CD; and let them meet it in 
the points Q, T, V, X; X, Z, I, U, and join QT, TV, Vx, 
XQ; YZ, ZI, IU, UI: Then, becaule GQ, KT, are at right 


& Is. If. 


angles to the fame plane, they are parallel i to one anothe: 
And MG, EK ace parallels; therefore the planes MQ, ET, ct 
which one paſſes through MG, G0, and the other throup" 
EK, KT which are parallel to MG, GO and not in the lame 
plane with them, are parallel“ to one another: For the ſame 
reaſon, the planes MV, GU are parallel to one another: The 
fore the ſolid QE is a parallelepiped : In like manner, it 5 
be proved, that the ſolid YF is a parallelepiped : But, {0 
what has been demonſtrated, the ſolid EQ is equal to the 0 
FV, becauſe they are upon equal baſes MK, PS, and ct tte 


ſame altitude, and have their inſiſting ſtraight lines at 1ight (38% 
10 


7 to the baſes: And the ſolid EQ is equal! to the ſolid AE; and Book XI. 

Etc ſolid F to the ſolid CF; becauſe they are upon the ſame 12 

Ebaſes and of the ſame altitude: Therefore the ſolid AE is equal 1.39. 
Eto the ſolid CF. Wherefore ſolid parallelepipeds, &c. Q. E. D. 


I FAUEP. AAA THEUR 
EF COLID parallelepipeds which have the fame altitude, are see N. 
to one another as their bales, 

. Let AB, CD be ſolid parallelepipeds of the ſame altitude: 

They are to one another as their baſes; that is, as the baſe AE 

to the baſe CF, ſo is the ſolid AB to the ſolid CD. a 

E To the ſtraight line FG apply the parallelogram FH equal * « Cor. 45. f. 
© to AE, ſo that the angle FGH be equal to the angle LCG; 

and complete the ſolid parallelepiped GK upon the baſe FH, 

one of whoſe inſiſting lines is FD, whereby the ſolids CD, GK 

© muſt be of the ſame altitude: Therefore the ſolid AB is equal® b 31 11. 

to the ſolid | | 

© CK, becauſe | B — D K 
© they are upon | | N N | 
E qual baſes N OP N * 

AE, FH, and L 5 F 


© are of the ſame E q — 

altitude: And | \ A 

E becauſe the ſo- | ; 

ld parallelepi- A NI „„ 

ped CK is cut 

by the plane DG which is parallel to its oppoſite planes, the baſe 

is eto the baſe FC, as the ſolid HD to the folid DC: But ec 25. 17. 
E the baſe HF is equal to the baſe AE, and the ſolid GK to the 

solid AB: Therefore, as the baſe AL to the baſe CF, fo is the 

fold AB to the ſolid CD. Waheretore folid parallelepipeds, &c. 

. E. D. 

Con. From this it is manifeſt that priſms upon triangular ba- 

E ics, of the ſame altitude, ate to one another as their baſes. 

Let the priſms, the baſes of which are the triangles AEM, 

Cre, and NBO, PDO the triangles oppolite to them, have 

| the fame altitude; aud complete the parallelograms AE, CF, 

| and the ſolid parallelepipeds AB, CD, in the firſt of which let 

Mo, and in the other let GQ be one of the inſiſting lines. And 491 
| becauſe the ſolid parallelepipeds AB, CD have the ſame alti- 11 


tude, they are to one another as the baſe AE is to the ow 
5 
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Book XI. CF; wherefore the priſms, which are their halves d, are 0 ;.. 
» another, as the baſe AE to the baſe CF; that is, as the trianyle 


d 28. 11. 


2 24. It. 


b'C.: 38; 


AEM to the triangle CFG. 


PROP. XXXIII. THE OR. 


IMILAR ſolid parallelepipeds are one to another in the 
triplicate ratio of their homologous ſides. 


Let AB, CD be ſimilar ſolid parallelepipeds, and the {de AP 
homologous to the ſide CF: The ſolid AB has to the ſolid Ch, 
tne triplicate ratio of that which AE has to CF. 

Produce AE, GE, HE, and in theſe produced take EK e 
qual to CF, EL equal to FN, and EM equal to FR; and con- 
plete the parallelogram KL, and the ſolid KO: Becauſe KE, II 
are equal to CF, FN, and the angle KEL equal to the angle CFV, 
becaule it is equal to the angle AEG which is equal to CFN, ty 
reaſon that the folids AB, CD are fimilar ; therefore the paral- 
lelogram KL is ſᷣmilar and equal to the parallelogram CN : Fo 


the fame reaſon, the parallelogram MK is ſimilar and equal tc 
CR, and alſo OE 


0 BF. 2 There» B 2 
fore three paralle 

lograms of tha ſo — OO 
lid KO are equal 6 - 

and ſi milar to three vn 
parailelograms of | i 
the folid CD: And 
the three oppoſite By 
ones in each ſolid 


are equal * and MT 
| 


| 

L 

1 
Umilar to theſe : FN 
Thereſore the fo» 0 


iid KO is equal Þ | 

and ſimilar to the folid CD: Complete the parallelogran 
GK, and complete the ſolids EX, LP upon the bat 
GEK, KL, ſo that EH be an inſiſting ſtraight line in each 
of them, whereby they muſt be of the tame altitude wit the 
ſolid AB: And becauſe the ſolids AB, CD are ſimilar, and, 
by permutation, as AE is to CF, fois EG to FN, and ſo is ER 


to FR; and FC is equal to EK, and FN to EL, and FR e 


EM ; therefore as AE to EK, ſo is EG to EL, and io is Hf 
to EM: But, as AE to EK, ſo*© is the parallelogram Abt 


ide parallelogram GK; and as GE to EL, to is © GK t Kl 


al 


— — —— — — 


OF EUCLID. 


ind as HE to EM, ſo© is PE to KM : Therefore as the parallelo- Book XL. 
| gram AG to the parallelogram GK, fois GK to KL, and PE 9 
to KM: But as AG to GK, fot is the ſolid AB to the ſolid 4; 11. 
EX; and as GK to KL, fo is the ſolid EX to the ſolid PL; © 
and as PE to KM, ſo d is the folid PL to the folid KO: And 
thereſore as the ſolid AB to the ſolid EX, fo is EX to PL, 
and PL to KO: But if four magnitudes be continual propor» 
F tionals, the firſt is ſaid to have to the fourth the triplicate ratio 
of that which it kas to the ſecond : Therefore the ſolid AB 
has to the ſolid KO, the triplicate ratio of that which AB has 
to EX: But as AB is to EX, fo is the parallelogram AG to 
ide parallelogram GK, and the ſtraight line AE to the ſtraight 
line EK. Wherefore the ſolid AB has to the folid KO, the tri- 
plicate ratio of that which AE has to EK. And the folid KO 
is equal to the ſolid CD, and the ſtraight line EK is equal to 
the {traight line CF. Therefore the ſolid AB has to the ſolid 
Cb, the triplicate ratio of that which the ſide AE has to the 
homologous ide CF, &c. Q. E. D. 


— — — 


mn ———— 
” 
- 
. 


| Cor. From this it is manifeſt, that, if four ſtraight lines be 

| continual proportion ils, as the firſt is to the fourth, ſo is the 

| fold parallelepiped deſcribed from the firſt to the ſimilar ſolid 
imilarly deſcribed from the ſecond ; becauſe the firſt {traight | 

ne has to the fourth the triplicate ratio of that which it has 
to the ſecond, 


PROF D.THEOR: 


88 parallelepipeds contained by parallelograms ste N. 1 
equiangular to one another, cach to cach, that is, LY 
of which the ſolid angles are equal, each to each, have to 

one another the ratio which is the ſame with the ratio | 
compounded of the ratios of their ſides. 1% 


Let AB, CD be ſolid parallelepipeds, of which AB is con- 
tained by the parallelograms AE, AF, AG equiangular, each 
0 each, to the parallelograms CH, CK, CL which contain the 
ſolid CD. The ratio which the ſolid AB has to the ſolid CD is : 
the lame with that which is compounded of the ratios of the 1 
ides AM to DL, AN to DK, and AO to DH. N 

5 Produce | 


* 


WYV to DL, AQ to DK, and AR to DH; and complete the solid 


b 32. 11. 


C 25» 11. 


4 def. A. 5. be compounded 4 of the ratios of a to b, b to c, and c tod, 
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Produce MA, NA, OA to P, Q, R, fo that AP be eq, 


parallelepiped AX contained by the parallelograms A8, Af, 
AV ſimilar and equal to CH, CK, CL, each to each. Ther. 
fore the ſolid AX is equal * to the ſolid CD. Complete likeyi{ 
the ſolid AY, the baſe of which is AS, and of which A0 
one of its inſiſting ſtraight lines. Take any ftraight line 3. 
and as MA to AP, ſo make a to b; and as NA to AQ, 60 
make b toc; and as AO to AR, ſoc to d: Then, becauſe the 
parallelogram AE is equiangular to AS, AE is to AS, as ths 
ſtraight line a to c, as is demonſtrated in the 23. Prop. Book 
6. and the ſolids AB, AY, being betwixt the parallel planes 
BOY, EAS, are of the ſame altitude. Therefore the ſolid AB 
is to the ſolid AY, as ® the baſe AE to the baſe AS; that i, 
as the ftraight line a is to c. And the ſolid AY is to the oli, 


D IL D 


ES p 
F AQ 5 
. Kiln e 
„ 

Y x 


AX, as © the baſe OQ is to the baſe QR; that is, as the Qraigit 
line OA to AR; that is, as the ſtraight line c to the ſtraight 
line d. And becauſe the ſolid AB is to the ſolid AY, as a 15! 
c, and the ſolid AY to the ſolid AX, as c is to d; ex acqua! 
the ſolid AB is to the ſolid AX, or CD which is equal to i., 
as the ſtraight line a is to d. But the ratio of a to d is ſaid i 


which are the ſame with the ratios of the ſides MA to AP, NA 
to AQ, and OA to AR, each to each. And the fides AP, A0 
AR are equal to the ſides DL, DK, DH, each to each. Th 
fore the ſolid AB has to the ſolid CD the ratio which is the ſame 
with that which is compounded of the ratios of the ſides AM 
DL, AN to DE), and AO to DH. . E. D. 


PROP. 
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PROP. XXXIV. THE OR. 9 


HE baſes and altitudes of equal ſolid parallelepi- see N. 
peds, are reciprocally proportional; and it the 
baſes and altitudes be reciprocally proportional, the ſolid 
parallelepids are equal, | 


Let AB, CD be equal ſolid parallelepipeds ; their baſes are 
| reciprocally proportional to their altitudes ; that is, as the baſe 
© FH is to the baſe NP, ſo is the altitude of the ſolid CD to the 
altitude of the ſolid AB. 

Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; 
CM, NX, OD, PR be at right angles to the baſes. As the baſe 
LH to the baſe NP, ſo is 
CM to AG. If the baſe E B R. D 
| FH be equal to the baſe F 
Nb, then becauſe the ſo- G 
lid AB is likewiſe equal | 
to the ſolid CD, CM ſhall | L | 
be qual to AG. Becauſe, Hkt— P I 10 

il the baſes EH, NP be e- a — 
qual, but the altitudes A E C N 
| AG, CM be not equal, 
neither ſhall the ſolid AB be equal to the ſolid CD. But the 
ſolids are equal, by the hypotheſis. Therefore the altitude CM 
is not unequal to the altitude AG; that is, they are equal. 
Wherefore as the baſe EH to the baſe NP, ſo is CM to AG. 

Next, Let the baſes EH, NP not be equal, but EH greater 
them the other: Since then the ſolid AB is equal to the folid 
| CD, CM is therefore | 

greater than AG : For, 
if it be not, neither al | R..4 
lo, in this caſe, would | 


R 


FIDE 
the ſolids AB, CD be K ÞB MT" 
equal, which, by the 2 | Sag! ib 
hypotheſis, are equal, SP * 
7% then CT equal to | 

„and complete the | 
ſolid parallelepiped CV H — * P wv 
of which the baſe is % N WN 2X 


NP, and altitude CT. A: -:F6 C N 
Lecauſe the ſolid AB 


5 <qual to the folid CD, therefore the ſolid AB is to the 
ſolid 
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Book XI. ſolid CV, as a the ſolid CD to the ſolid CV. But as the 4, 

ua AB to the ſolid CV, fo bis the baſe EH to the baſe NP; fo 

., the ſolids AB, CV are of the ſame altitude; and as the ſolid 

py ming CD to CV, ſo© is the baſe MP to the baſe PT, and ſo 41g 

6. the ſtraight line MC to CT; and CT is equal to AG. There. 

fore, as the baſe EH to the baſe NP, ſo is MC to AG. Where. 

fore the baſes of the ſolid parallelepipeds AB, CD are recipro. 
cally proportional to their altitudes. 

Let now the baſes of the ſolid parallelepipeds AB, CD he te. 

ciprocally proportional to their altitudes ; viz. as the baſe EH 


to the baſe NP, ſo the al- 

titude of the ſolid CD to K B R. D 

the altitude of the ſolid 

AB; the ſolid AB is e- e 7 - 

qua! to vs ſolid ws Let Wo | | 

the inſiſting lines be, as 

before, at right angles to H Ab P * 

the bates. Then, if the _ — 

baſe EH be equal to the A E C N 

baſe NP, ſince EH is to 

NP, as the altitude of the ſolid CD is to the altitude of the o- 
e A.s. lid AB, therefore the altitude of CD is equal © to the altitude 

of AB. But folid parallelepipeds upon equal baſes, and of the 
f3r. 11. ſame altitude, are equal f to one another; therefore the ſolid A} 

1s equal to the folid CD. 


But let the baſes EH, NP be unequal, and let EH he the 
reater of the two. Therefore, ſince as the baſe EH to the bale 


. 0 Pn 
— 828 2 


P, ſo is CM the alti- N 
tude of the ſolid CD to — 2 
AG the altitude of AB, 8 1 , 
CM is greater than K P * N 
AG. Again, Take CT N 
equal to AG, and com- 8 F 1 


lid CV. And, becauſe . p 0 
LEN 

and that AG is equal A 

ſod js the ſolid AB to the ſolid CV; for the ſolids AB, CV are & 


plete, as before, the ſo- 1 
the baſe EH is to the H 
baſe NP, as CM to AG, 
EN 

to CT, therefore the baſe | 
EH is to the baſe NP, as MC to CT. But as the baſe EH is to NY, 
the ſame altitude; and as MC to CT, ſo is the baſe MP to the 

| a *1 
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PT, and the ſolid CD to the ſolid CV: And therefore as the Book XI. 
ſolid AB to the ſolid CV, ſo is the ſolid CD to the folid CV 3; WY 
that is, each of the ſolids AB, CD has the ſame ratio to the © 25. 1x. 
{alid CV; and therefore the ſolid AB is equal to the ſolid CD. 

Second general caſe. Let the infiſting ſtraight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to 
the baſes of the ſolids; and from the points F, B, K. G; X, 
D, R, M draw perpendiculars to the planes in which are the 
baſes EH, NP meeting thoſe planes in the points 8, Y, V, T; 
QI, U, Z; and complete the ſolids FV, XU, which are pa- 
allelepipeds, as was proved in the laſt part of prop. 31- of 
this book. In this caſe, likewiſe, it the ſolids AB, CD be e- 
qual, their baſes are reciprocally proportional to their altitudes, 
viz. the baſe EH to the baſe NP, as the altitude of the ſolid 
CD to the altitude of the ſolid AB. Becauſe the ſolid AB is 
equal to the ſolid CD, and that the folid BT is equal ? to the 8 29. or 38. 
ſolid BA, for they are upon the ſame baſe FK, and of the ** 


K_B 


0 5 
| 


Y 


NI 
Al, 
7 8 
A E 
ſame altitude ; and that the ſolid DC is equal © to the ſolid 
DZ, being upon the ſame baſe XR, and of the ſame altitude z 
tacrefore the ſolid BT is equal to the ſolid DZ : But the baſes 
pre reciprocally proportional to the altitudes of equal ſolid pa- 
Pullelepipeds of which the inſiſting ſtraight lines are at right 
pngies to their baſes, as before was proved: Therefore as the 


bale FK to the baſe XR, ſo is the altitude of the ſolid DZ to 
de altitude of the ſolid BT: And the baſe TK is equal to the 


ale EH, and the baſe XR to the baſe NP: Wherefore, as the 
1 EH to the baſe NP, ſo is the altitude of the ſolid DZ to 
| e altitude of the ſolid BT : But the altitudes of the ſolids 
. DC, as alſo of the ſolids BT, BA are the ſame. There- 
ne, as the baſe EH to the baſe NP, ſo is the altitude of the 


ſolid 
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ſolid CD to the altitude of the ſolid AB ; that is, the bafes ,; 
the ſolid parallelepipeds AB, CD are reciprocally proportional 
to their altitudes. | 
Next, Let the baſes of the ſolids AB, CD be reciprocal 
oportional to their altitudes, viz. the baſe EH to the ba 
P, as the altitude of the ſolid CD to the altitude of the {. 
lid AB; the ſolid AB is equal to the ſolid CD: The fan: 
conſtruction being made; becauſe, as the baſe EH to the bal 


NP, ſo is the altitude of the ſolid CD to the altitude of the 


3 29. or 30. 
11. 


ſolid AB; and that the baſe EH is equal to the baſe FK; and 
NP to XR; therefore the baſe FK is to the baſe XR, as th: 
altitude of the ſolid CD to the altitude of AB: But the alt. 


K B 


H 


8 
FS 
A E I 


tudes of the ſolids AB, BT are the ſame, as alſo of CD and 
DZ; therefore, as the baſe FK to the baſe XR, ſo is the alt: 
tude of the ſolid NZ to the altitude of the ſolid BIT: Where- 
fore the baſes of the ſolids BT, DZ are reciprocally propor- 
tional to their altitudes ; and their ipſiſting ſtraight lines are a: 
right angles to the baſes ; wherefore, as was before proved, the 
ſolid BT is equal to the ſolid DZ: But BT is equal t to the i0- 


lid BA, and DZ to the ſolid DC, becauſe they are upon tn! 


ſame baſes, and of the fame altitude. Therefore the ſolid AL 


is equal to the ſolid CD. Q. E. D. 


PROP 
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Book x. 
PROP. XXXV. THE O R. — 


, from the vertices of two equal plane angles, there $:c N. 
be drawn two ſtraight lines elevated above the planes 
in which the angles are, and containing equal angles with 
the ſides of thoſe angles, each to each ; and if in the 
lines above the plancs there be taken any points, and 
from them perpendiculars be drawn to the planes in 
which the firſt named angles are : And from the points 
in which they meet the planes, ſtraight lines be drawn to 
the vertices of the angles firſt named; theſe ſtraight 
lines mall contain equal angles with the ſtraight lines 
which are above the planes of the angles. 


Let BAC, EDF be two equal plane angles; and from the 0 
points A, D let the ſtraight lines AG, DM be elevated above 
the planes of the angles, making equal angles with their fides 
each to each, viz. the angle GAB equal to the angle MDE, and 
GAC to MDF ; and in AG, DM let any points G, M be ta- 
ten, and from them let perpendiculars GL, MN be drawn to 
the planes BAC, EDF mecting theſe planes in the points L, N; 


1 LA, ND: The angle GAL is equal to the angle 


Make AH equal to DM, and through H draw HK parallel 
toGL : But GL is perpendicular to the plane BAC; where- 
lore HK is perpendicular * to the ſame plane: From the points a 8. 12. 
„N, to the ſtraight lines AB, AC, DE, DF, draw perpen- 
Uiculars KB, KC, NE, NF; and join HB, BC, ME, EF: 


2 Becauſe 


244 THE ELEMENTS 


Book XI. Becauſe HK is perpendicular to the plane BAC, the plane 
ERK which paſſes through HK is at right angles d to the plan 
b 18. 11. BAC; and AB is drawn in the plane BAC at right angles to 
| the common ſeaion BK of the two planes; therefore AB ;; 

c 4.def. 11. perpendicular © to the plane HBK, and makes right angles 
d 3. def. zu. ith every ſtraight line meeting it in that plane: But BH meet; 
it in that plane; therefore ABH is a right angle: For the ſame 

| reaſon, DEM is a right angle, and is therefore equal to th: 

angle ABH : And the angle HAB is equal to the angle M D;. 
Therefore in the two triangles HAB, MDE there are two angle; 

in one equal to two angles in the other, each to each, and 

one fide equal to one fide, oppoſite to one of the equal angles 

in each, viz. HA equal to DM; therefore the remaininy {des 

© 26. 2. are equal , each to each: Wherefore AB is equal to DE. lu 
the ſame manner, if HC and MF be joined, it may be demon- 

{trated that AC is equal to DF: Therefore, ſince AB is equal to 

DE, BA and AC are equal to ED and DF; and the angle 


D 


H . M 
8 


BAC is equal to the angle EDF; wherefore the baſe BC is e. 
4. 1. qual f to the baſe EF, and the remaining angles to the remain: 
ing angles: The angle ABC is therefore equal to the angle 
DEF: And the right angle ABK is equal to the right angle 
DEN, whence the remaining angle CBK is equal to the rc 
maining angle FEN: For the ſame reaſon, the angle BCK .= 
equal to the angle EFN : Therefore, in the two triangles BCh, 
EFN, there are two angles in one equal to two angles in the 
other, each to each, and one fide equal to one fide adjacent 
to the equal angles in each, viz. BC equal to EF ; the other 
tides, therefore, are equal to the other ſides; BK then is equal 
to EN: And AB is equal to DE; wherefore AB, BK are equi! 
to DE, EN; and they contain right angles; wherefore 1h. 
baſe AK is equal to the baſe DN; And fince AH is 1. 


4144 
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DM, the ſquare of AH is equal to the ſquare of DM: But the Book Xl. 


ſquares of AK, KH are equal to the ſquare ® of AH, becauſe 


245 ! 


AKH is a right angle: And the ſquares of DN, NM are equal 8 47+ 1. 


to the ſquare of DM, for DNM 1s a right angle : Wherefore 
the ſquares of AK, KH are equal to the ſquares of DN, NM; 
and of thoſe the ſquare of AK is equal to the ſquare of DN : 
Therefore the remaining ſquare of KH is equal to the remain» 
ing ſquare of NM; and the ſtraight line KH to the ſtraight 
line NM : And becauſe HA, AK are equal to MD, DN, each 
to each, and the baſe HK to the baſe MN, as has been proved; 


therefore the angle HAK is equal“ to the angle MDN. Q. 8. z. 


E. D. 
Con. From this it is manifeſt, that if, from the vertices of 
two equal plane angles, there be elevated two equal ſtraight lines 
containing equal angles with the ſides of the angles, each to 
each; the perpendiculars drawn from the extremities of the e- 
qual ſtraight lines to the planes of the firſt angles are equal to 
| one another. | | 


Another Demonſt rat ion of the Coroliary. 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM be two equal ſtraight lines abore the planes of 
the angles, containing equal angles with BA, AC; ED, DF, 
each to each, viz. the angle HAB equal to MDE, and HAC 
equal to the angle MDF; and from H, Mlet HK, MN be per- 
pendiculars to the planes BAC, EDF: HE is equal to MN. 

Becauſe the ſolid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the ſolid 
angle at D; the ſolid angles at A and D are equal: And there- 
ſore coincide with one another ; to wit, if the plane angle BAC 
be applied to the plane angle EDF, the ſtraight line AH coin- 
cides with DM, as was thewn in prop. B of this book: And 
becauſe AH is equal to DM, the point H coincides with the 
_ M: Wheretore HK which is perpendicular to the plane 


AC coincides withi MN which is perpendicular to the plane i 13. 5, 


EDF, becauſe theſe planes coincide with one another: There- 
fore HK is equal to MN. Q. E. D. 


Q 3 PROP. 


_—_ — 
uy ___—_ an —ů — ” 
— 


2 26, 11. 


b 14. 6. 


FDG, GDE; and make each of the ſtraight lines ED, DF, 
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" PROP. XXXVI. THEOR. 


I three ſtraight lines be proportionals, the ſolid paral. 
lelepiped deſcribed from all three as its ſides, is equal 
to the equilateral parallelepiped deſcribed from the mean 
proportional, one of the ſolid angles of which is contain. 
ed by three plane angles equal, each to each, to the three 
plane angles containing one of the ſolid angles of the o- 


ther figure. 


Let A, B, C be three proportionals, viz. A to B, as Bt 
C. The ſolid deſcribed from A, B, C is equal to the equilz. 
teral ſolid deſcribed from B, equiangular to the other. 

Take a ſolid angle D contained by three plane angles EDF, 


DG equal to B, and complete the ſolid parallelepiped DH: 
Make LK equal to A, and at the point K in the ſtraight line 
LK make“ a ſolid angle contained by the three. plane angle: 


LEM, MEN, NEL equal to the angles EDF, FDG, GD. 


0 1 
nt . | G 
Ml . i. 


— 
K 5 


each to each; and make KN equal to B, and KM, equal to 
C; and complete the folid parallelepiped KO : And becauſe, as 
A is to B, ſo is B to C, and that A is equal to LK, and B 
to each of the ſtraight lines DE, DF, and C to KM; there- 
fore LK is to ED, as DF to KM; that is, the ſides about the 
_ angles are reciprocally proportional; therefore the pa- 
rallelogram LM is equal d to EF: And becauſe EDF, LEM are 
two equal plane angles, and the two equal ſtraight lines DG, 
KN are drawn from their vertices above their planes, and con- 
tain equal angles with their ſides; therefore the perpendicu- 
lars from the points G, N, to the planes EDF, LKM are * 

9 
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hual* to one another: Therefore the ſolids KO, DH are of Book xt. 


the ſame altitude; and they are upon equal baſes LM, EF, 
and therefore they are _ to one - another : But the ſolid © yoo _ 
KO is deſcribed from the three ſtraight lines A, B, C, and the d zr. xr. 
| (olid DH from the ftraight line B. If therefore three ſtraight 


lines, &c. QE. D. 


P R O P. XXILVII. THE OR. 


JF four ſtraight lines be proportionals, the ſimilar ſol d ge N. 
parallelepipeds ſimilarly deſcribed from them ſhall alſo 

be proportionals. And if the ſimilar parallelepipeds ſimi- 

lacly deſcribed from four ſtraight lines be proportionals, 

the ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be proporti- 

F onals, viz. as AB to CD, ſo EF to GH; and let the ſimilar 

| parallclepipeds AK, CL, EM, GN be 6Gmilarly deſcribed from 
them. AK is to CL, as EM to GN. 

Make“ AB, CD, O, P concinual proportionals, as alſo EF, a xr. 6. 
{ CH, Q, R: And becauſe as AB is to CD, ſo EF to GH; and 


* ——U— eters 


E Q R 


that CD is d to O, as GH to Q, and O to P, as Qto R; there- b fr. f. 
fore, ex aequali e, AB is to P, as EF to R: But as AB to P, c 22. . 
ſo a is the folid AK to the ſolid CL ; and as EF to R, ſo 4 is q Cor. 33. 1 
the ſolid EM to the ſolid GN: Therefore b as the ſolid AK to 11. 1614 
the ſolid CL, ſo is the ſolid EM to the ſolid GN. 


24 But 
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Y the ſolid GN: The ſtraight line AB is to CD, as EF to GH 


© 27. It, 


f 9. 5. 


Sce N. 


jet AD be their common ſection; if any point E be taken in 


THE ELEMENTS 
But let the ſolid AK be to the ſolid CL, as the ſolid EA 


Take AB to CD, as EF to ST, and from ST deſcribe, 
ſolid parallelepiped SV ſimilar and ſimilarly ſituated to either gf 
the ſolids EM, GN: And becauſe AB is to CD, as EF to 81 
and that from AB, CD the ſolid parallelepipeds AK, CL _ 
ſimilarly deſcribed; and in like manner the ſolids EM, $y 
from the ſtraight lines EF, ST ; therefore AK is to Cl, 


z af 


EM to SV: But, by the hypotheſis, AK is to CL, as EM t 
GN: Therefore GN is equal f to SV: But it is likewiſe fmilar 
and ſimilarly fituated to SV ; therefore the planes which contain 
the ſolids GN, dV are ſimilar and equal, and their homologou: 
ſides GH, 5'T equal to one another: And becauſe as AB to CD, 
ſo EF to ST, and that ST is equal to GH; AB is to CD), a: 
EF to GH. Therefore, if four ſtraight lines, &c. Q. E. D. 


PROP. XXXVII. THE OR. 


88 FF a plane be perpendicular to another plane, and 
« a ſtraight" line be drawn ſrom a point in ouc of 
e the planes perpendicular to the other plane, this ſtraigli 
e line ſhall fall on the common ſection of the planes, 


he Let the plane CD be perpendicular to the plane AB, ane 
te the plane CD, the perpendicular drawn from E to the plant 
* AB ſhall fall on AD. 9 


« For, 
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« Por, if it does not, let it, if poſſible, fall elſewhere, as EF; Book XI. 
« and let it meet the plane AB in the point F; and from F 
« draw *, in the plane AB, a perpendicular FG to DA, which a 12. 1. 

« is alſo perpendicular® to the plane CD; and join EG: Then Þ4. def. 17. 
« hecauſe FG 1s 3 C — 
« to the plane CD, and the L. | 


e ſtraight line EG, which is in \ 
Gi \ 


« that plane, meets it; there- 
« fore FGE is a right angle“: | 
« But EF is alſo at right angles A XL D 
to the plane AB; and there- RE 

« fore EFG is a right angle: F 8 

| « Wherefore two of the angles — 
of the triangle EFG are equal together to two right angles; 
„ which is abſurd: Therefore the perpendicular from the point 
„% E to the plane AB does not fall elſewhere than upon the 


„ ſtraight line AD : It therefore falls upon it. If therefore a 
plane,“ &c. Q. E. D. 


c 3. def. Ir. 


ROF. XXIX. THEO R. 


N a ſolid parallelepiped, if the ſides of two of the op- sce N. 
J polite planes be divided cach into two equal parts, the 
common ſection of the planes paſſing through the points 

ok diviſion, and the diameter of the ſolid parallele piped 

cut each other into two equal parts. 


Let the ſides of 
| the oppoſite planes 2 — . . 
k, AH of the ſo- * 


lid parallelepiped | — 
Af, be divided JE 
tach into two e- þ 

qual parts in the | [N | 
| points K, L., M. | | | 24 
| N; X, O, P, R: | 
| and join KL, MN, | 
XO, P R: And be- | 
cauſe DK, CL are | 


equal and parallel, 


L iS parallel ® to | RO a 33. To 
: For the ſame r 
reaſon; MN is pa- — 
alelto BA; And A 


2;0 


Book XI. BA is parallel to DC; therefore, becauſe KL, BA are each g 
WWYV them parallel to DC, and not in the ſame plane with it, KL ;; 
9. IT. 


e 29. I. 


d 4. 1. 


e 14. 1. 


4 33. I. 


f Is. 1. 


one another; let them meet in T: And becauſe DE is parall 


angle DI is equal F to the angle GIS: Therefore in the ti 


each to each. Wherefore DT is equal to 'I'G, and YT cdu 
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parallel“ to BA: And becauſe KL, MN are each of them p. 
rallel to BA, and not in the ſame plane with it, KL is paralle 
d to MN; wherefore KL, MN are in one plane. In like man. 
ner, it may be proved, that XO, PR are in one plane. Let 18 
be the common ſection of the planes KN, XR; and DG che 
diameter of the folid parallelepiped AF: YS and DG do mee, 
and cut one another into two equal parts. 
Join DY, YE, BS, SG. Becauſe DX is parallel to OF, tz 
alternate 15 45 DXY, YOE are equal? to one another: And 
becauſe DX is e- yy) "© | 
qual to ws and D — _& Ja 1 
XY to YO, and 
contain equal an- | "Wh 1 * | 0 


other angles are 


equal; therefore T 
the angle XYD * N 
is equal to the an- N N 
gle OE, and 5 | 
DYE is a ſtraight B — {2 EY FORFT N 
© line: For the LEE * 
ſame reaſon B88 P | 1 
is a ſtraight line, * 
and BS equal to A N 13 G 
5G : And becauſe CA is equal and parallel to DB, and lf 
equal and parallel to EG; therefore DB is equal and parall:!? 
to EG: And DE, BG join their extremities ; therefore DE 
equal and parallel“ to BG: And DG, 18 are drawn tron 
points in the one, to points in the other; and are therefore it 
cane plane: Whence it is manifeſt, that DG, YS muſt mes 


ples, the baſe DY N L 
is equal a to the | | AR] Ga "L 
baſe YE, and the N | 

| 


Fg 


to BG, the alternate angles EDT, BGT are equal ©; and tit 
angles DTT, GIS there are two angles in the one equal tt 
two angles in the other, and one ſide equal to one ſide, oppoltt 
to two of the equal angles, viz. DX to GS; for they are ie 
balves of DE, BG: Therefore the remaining ſides are equa)! 


to 18. Therefore, it in a ſolid, &. Q. E. D. 


PRO! 
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Hr there be two triangular priſms of the ſame altitude, 
the baſe of one of which is a parallelogram, and the 
paſe of the other a triangle; if the parallelogram be 
Houble of the triangle, the priſms ſhall be equal to one 
4 nother. 


Let the priſms ABCDEF, GHKLMN be of the ſame alti- 

Rude, the firſt whereof is contained by the two triangles ABE, "Y 
ECDF, and the three parallelograms AD, DE, EC; and the 

other by the two triangles GHEK, LMN and the three parallelo- 

rams LH, HN, NG; and let one of them have a parallelo- 

ram AF, and the other a triangle GHK for its baſe; if the 
Eparallelogram AF be double of the triangle GH K, the priſm 
EABCDEF is equal to the priſm GHKLMN. 

Complete the ſolids AX, GO; and becauſe the parallelo- 


A 


gam AF is double of the triangle GHK ; and the parallelo- 


3 Ro = 
A 8 C 1171 


n 


gm HK double * of the ſame triangle; therefore the paral- 2 34. 1. 
Pelogtam AF is equal to HK. But ſolid parallelepipeds upon 

Equal baſes, and of the ſame altitude, are equal d to one an- b 31. 11, 
ether. Therefore the ſolid AX is equal to the ſolid GO; and 

Wie priſm ABCDEF is balf© of the ſolid AX; and the priſm e at. 11. 
EOHKLMN half © of the ſolid GO. Therefore the priſm 
RADCDEF is equal to the priſm GHKLMN, Wherefore, if 

there be two, Kc. Q. E. D. 


* 


THE 
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* BOOK XI. 


LEMMA I. 


Which is the firſt propoſition: of the tenth book, and is nett. 
ſary to ſome of the propoſitions of this book. 


JF from the greater of two unequal magnitudes, ther 

be taken more than its half, and from the remand: 
more than its half; and ſo on: There ſhall at length te 
main a magnitude leſs than the leaſt of the propoſe. 
magnitudes, 


Let AB and C be two unequal magnitudes, of which AB! 
the greater. If from AB there be taken more 
than its half, and from the remainder more than 
its half, and fo on; there ſhall at length remain 
a magnitude Jeſs than C. 14 

For C may be multiplied ſo, as at length to 

become greater than AB. Let it be fo multi- 
plied, and let DE its multiple be greater than 
AB, and let DE be divided into DF, FG, GE, 
each equal to C. From AB take BH greater 
than its half, and from the remainder AH 
take HK greater than its half, and ſo on, until 
there be as many diviſions in AB as there are 
in DE: And let the diviſions in AB be AK, 
KH, HB ; and the diviſions in DE be DF, FG, 
GE. And becauſe DE is greater than AB, and 
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GD is greater than the remainder HA, Again, becauſe GD is 
Prester than HA, and that GF is not greater than the half of 
GD, but HK is greater than the half of HA ; therefore the re- 
Painder FD is greater than the remainder AK. And FD is 
Equal to C, therefore C is greater than AK; that is, AK is leſs 
Shan C. Q. E. D. 

And if only the halves be taken away, the ſame thing may in 
be ſame way be demonſtrated, 


r. L:+'THEOR 


IMILAR polygons inſcribed in circles, are to one an- 
other as the ſquares of their diameters, 

Let ABCDE, FGHKL he two circles, and in them the ſi- 
Wnilar polygons ABCDE, FGHKL; and let BM, GN be the 


1 GN, fo is the polygon ABC DE to the polygon FGHKL. 

Join BE, AM, GL, FN: And becauſc the polygon ABCDE is 
Wmilar to the polygon FGHK L, and ſimilar polygons are divided 
o ſimilar triangles; the triangles ABE, FGL are fimilar and e- 


n the ſame circumference ; and the angle FLG is, for the ſame 
ealon, equal to the angle FNG : Therefore alſo the angle AMB 
equal to FNG : And the right angle BAM is equal to the 


Pelcs ABM, FGN are equal, and they are equiangular to one 
"—» nn er another: 


Wizmeters of the circles: As the ſquare of BM is to the ſquare 


ingular b; and therefore the angle AEB is equal to the angle b C. 3. 
F: But AEB is equal to AMB, becauſe they ſtand up- e 21. ;. 


ght 4 angle GFN ; wherefore the remaining angles in the tri- d 31. 3. 
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bt EG taken from DE is not greater than its half, but BH ta- Book XII, 
Len from AB is greater than its half; therefore the remainder \Wwyad 
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Book XH. another: Therefore as BM to GN, ſo® is BA to GF; and they, 

| fore the duplicate ratio of BM to GN, is the ſame * with the 4, 
© 4.6. plicate ratio of BA to GF: But the ratio of the ſquare of BM 1 
the ſquare of GN, is the duplicate t ratio of that which BN hy 
5. to GN; and the ratio of the polygon ABCDE to the polyzy 


FANS A 
. . 


. AABGEF 
FGHRL is the duplicate ® of that which BA has to GF: Ther. 
fore as the ſquare of BM to the ſquare of GN, ſo is the polyzn 
ABCDE to the polygon FGHKL. Wherefore fimilar polygay, 
&c. Q. E. D. e 


1 | PROP. n. THE OR. 


See N. 6 are to one another as the ſquares of tlii 
diameters. | 


k Let ABCD, EFGH be two circles, and BD, FH their di 
| meters: As the ſquare of BD to the ſquare of FH, ſo is ttt 
circle ABCD to the circle EFGH. 

For, if it be not ſo, the ſquare of BD ſhall be to the ſquar 
of FH, as the circle ABCD is to ſome ſpace either leſs than ils 
circle EFGH, or greater than it“. Firſt, let it be to a pic 
S leſs than the circle EFGH; and in the circle EEC 
deſcribe the ſquare EFGH : This ſquare is greater tu 
| half of the circle EFGH ; becaufe if, through the point 
E, F, G, H, there be drawn tangents to the — the 
i 72 512 | quale 


* For there is ſome ſquare equal to | proportionals ; that is, to the ſquirt 
the circle ABCD ; let P be the fide of BD, FH and the circle ABCD, 157 
it, and to three ſtraight lines BD, FH ſible there may be a fourth props 

aud P, there can be a fourth propor- al. Let this be S. And in like 
tonal ; let this be Q: Therefore the | ner are to be underſtood ſome '""; 
ſquares of theſe four Ttraight lines are | in ſome of the following propoſitics> 
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ſquare EFGH is half * of the ſquare deſcribed about the circle ; Book XII. ] 
und the circle is leſs than the ſquare deſcribed about it; there- | 
Cre the ſquare EFGH is greater than half of the circle. Di- 47 1. 
ride the circumferences EF, FG, GH, HE, each into two equal 

parts in the points K, L, M, N, and join EK, KF, FL, LG, GM, 

MH, HN, NE: Therefore each of the triangles EKF, FLG, 

GMH, HNE 1s greater than half of the ſegment of the circle 

it ſtands in; becauſe, if ſtraight lines touching the circle be 

irawn through the points K, L. M. N, and parallelograms up- 

on the ſtraight lines EF, FG, GH, HE be completed; each 
lol the triangles EKF, FLG. GMH, HNE ſhall be the half *2 47. 5. 
lol the parallelogram in which it is: But every ſegment is leſs 
Ethan the parallelogram in which it is: Wherefore each of the 
Etciangles EKF, FLG, GMH, HNE is greater than half the 
ſegment of the circle which contains it: And if theſe cir- 
FEcumferences before named be divided each into two equal parts, 

land their extremities be joined by ſtraight lines, by continuing 


Wo do this, there will at length remain ſegments of the circle 
hich, together, ſhall be leſs than the exceſs of the circle EFGH 
Pbove the ſpace 8: Becauſe, by the preceding lemma, if 
om the greater of two unequal magnitudes. there be taken q 
more than its half, and from the remainder more than its | 
Wialf, and ſo on, there ſhall at length remain a magnitude lets #| 
an the leaſt of the propoſed magnitudes. Let then the ſeg- 1 
ients EK, KF, FL, LG, GM, MH, HN, NE be thoſe that fb 
emain and are together leſs than the exceſs of the circle EFGH * 

pbove 8: Therefore the reſt of the circle, viz. the polygon 

ESFLGMHN, is greater than the ſpace 8. Deſcribe likewiſe 
a the ciccle ABCD the polygon AXBOCPDR ſimilar to the 1 
Polygon EKFLGMHN: As, therefore, the ſquare of BD is to 1 
he {quare of FH, ſo b is the polygon AX BOC PDR to the po- b . 14 he 
Ion ERFLGMHN : But the ſquare of BD is alſo " the 1 
* | | | quare 
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Book XII. ſquare of FH, as the circle ABCD is to the ſpace 8: Then 
ſore as the circle ABCD is to the ſpace 8, ſo is © the poly, 
© 114 5+ AXBOCPDR to the polygon EKFLGMHN : But the dige 
ABCD is greater than the polygon contained in it; where{g, 

d 14. 5. the ſpace 8 is greater d than the polygon EKFULGMHN : By 
it is likewiſe leſs, as has been demonſtrated ; which is impoſſ. 

ble. Therefore the ſquare of BD is not to the ſquare of FH 

as the circle ABCD is to any ſpace leſs than the circle EFGH 

In the ſame manner, it may be demonſtrated, that neither is the 

ſquare of FH to the ſquare of BD, as the circle EFGH i 1 

any ſpace leſs than the circle ABCD. Nor is the ſquare of 

BD to the ſquare of FH, as the circle ABCD is to any ſpace 

reater than the circle EFGH : For, if poflible, let it be ſo tg 

F, a ſpace greater than the circle EFGH ; Therefore, inverſely, 

as the ſquare of FH to the ſquare of BD, fo is the ſpace I to 


E 


2 M 
G 


the circle ABCD. But as the ſpace+T is to the circle ABC, 
; ſo is the circle EFGH to ſome ſpace, which muſt be leſs © than 
the circle ABCD, becauſe the ſpace T is greater, by hypoti*- 
ſis, than the circle EFGH. 'Therefore as the ſquare of 11 15 q 


+ For as, in the foregoing note, at“, | manner, there can be a fourth propere 
it was explained how it was poſſible | tional to this other ſpace, named 
there could be a fourth proportional to | and the circles ABCD, ETH. 
the ſquares of BD, FH, and the circle | the like is to be underſtood :o ““ 
ABCD, which was named S. So, in like | the following propoſitions, 
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ke ſquare of BD, fo is the circle EFGH to a ſpace leſs than Book $11, 
de circle ABCD, which has been demonſtrated to be impoſe WY 
Thle : Therefore the ſquare of BD is not to the ſquare of FH, 
„ the circle ABCD is to any ſpace greater than the circle 
rell: And it has been demonſtrated, that neither is the ſquare 
{BD to the ſquare of FH, as the circle ABCD to any ſpace 
s than the circle EFGH ; Wherefore, as the ſquare of BD to 


ke ſquate of FH, ſo is the circle ABCD to the circle EFGH f. 
ircles therefore are, &c. Q. E. D. 


P R O P. III. THE OR. 


VERY pycamid having a triangular baſe, may be di- $:: N. 
vided into two equal and fimilar pyramids having 
rangular bates, and which are fimilar to the whole py- 


amid z and into two equal priſms which together are 
greater than half of the whole pyramid. 


Let there be a pyramid of which the baſe is the triangle ABC 


nd its vertex the point D: The pyramid ABCD may be divi- 
ed into two equal and ſimilar pyramids 


wing triangular baſes, and ſimilar to 
he whole; and into two equal priſms 
Fhich together are greater than half of 
be whole pyramid, 

Divide AB, BC, CA, AD, DB, DC, 
ach into two equal parts in the points 
„F, G, H, K, L, and join EH, EG, 
I, HK, KL, LH, EK, KF, FG. Be- 
wie AE is equal to EB, and AH to 
Il), HE is parallel“ to DB: For the 


ame reaſon, HK is parallel to AB: HE 
hereſore HEBK is a parallelogram, and 

K equal ® to EB: But EB is equal to JP 
WL; therefore alſo AE is cqual to 28 


K. And AH is equal to HD; where- 
re EA, AH are equal to KH, HD, 
ch to each; and the angle EAH is equal © to the angle KIID ; e 29. . 
terefore the baſe EH is equal to the baſe KD, and the triangle 

| R AEH 


1 as a fourth proportional to the ſquares of BD, FII and the circle 


-V 1s poſſible, and that it can ncither be leſs nor greater than the circle 
vi, it mult be equal to it, 
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Book XII. AEH equal d and ſimilar to the triangle HKD: For the {ms 
reaſon, the triangle AGH is equal and ſimilar to the triangle 


6 64-2 AM 8 becauſe the two ſtraight lines EH, HG which 


e IO. II. 


1 C. 11. 


g 8 4. 6, 


h 21. 6. 


S002; 
& 171, 
Def, 11, 


Kk 41. I, 


gle KDL. Again, becauſe EH, HG are equal to KD, DL, each 
to each, and the angle EHG equal to the angle KDL; there. 
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meet one another are parallel to KD, DL that meet one an 
ther, and are not in the ſame plane with them, they contain 
equal © angles; therefore the angle EHG is equal to the an. 


fore the baſe EG is equal to the baſe KL: And the triangle 
EHG equal and fimilar to the triangle KDL: For the (ane 
reaſon, the triangle AEG is alſo equal and fimilar to the tr. 
angle HEL. Therefore the pyramid of which the baſe is the 
triangle AEG, and of which the vertex is the point H, is +. 
qual f and ſimilar to the pyramid the SP 

baſe of which is the triangle & HL, and 
vertex the point D: And becauſe HK 
is parallel to AB a fide of the triangle 
ADB, the triangle ADB is equiangu- 
lar to the triangle HDK, and their 
ſides are proportionals s: Therefore the 
triangle ADB is ſimilar to the triangle 
HDK : And for the ſame reaſon, the 
ttiangle DBC is ſimilar to the triangle 
DKL ; and the triangle ADC to the 
triangle HDL; and alſo the triangle 
ABC to the triangle AEG: But the 
triangle AEG is ümilar to the triangle 
HKL, as before was proved; therefore 
the triangle ABC is ſimilar ® to the 
triangle HKL. And the pyramid of | 

which the baſe is the triangle ABC, and vertex the point P, 
is therefore Emilar i to the pyramid of which the baſe is the tri. 
angle HKL, and vertex the ſame point D: But the pyramid ot 
which the baſe is the triangle HKL, and vertex the point D, !s 
ſimilar, as has been proved, to the py:amid the baſe of which s 
the triangle AEG, and vertex the point H: Wherefore the pf. 
ramid the baſe of which is the triangle ABC, and vertex the po- 
D, is ſimilar to the pyramid of which the baſe is the triange 
AEG and vertex H: Therefore each of the pyramids AEGH, 
HKL is ſimilar to the whole pyramid ABCD: And becauis 
BF is equal to FC, the parallelogram EBFG is double of tic 


triangle GFC : But when there are two priſms of the ney 
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de, of which one has a parallelogram for its baſe, and the other Book XH. 
— that is half of the parallelogram, theſe priſms are equal .. 
: 10 one another; therefore the priſm having the. parallelogram # 4% 11. 


EBFG for. its baſe, and the ſtraight line KH oppoſite to 
it, is equal to the / priſm having the triangle GFC for its baſe, 
nd the triangle HKL oppoſite to it; for they are of the ſame 
altitude, becauſe they are between the paralle| Þ planes ABC, 
HK1,: And it is manifeſt that each of theſe priims is greatec 
than either of the pyramids of which the triangles AEG, HKL 
are the baſes, and the vertices the points H, D; becauſe, if 
EF be joined, the priſm having the parallelogram EBFG for 
its baſe, and KH the ſtraight line oppoſite to it, is greater than 
the pyramid of which the baſe 1s the triangle EBF, and vertex 
the point K; but this pyramid is equal © to the pyramid the 
baſe of which is the triangle AEG, and vertex the point ; 
becauſe they are contained by equal and imilar planes: Where- 
fore the priſm having the parallelogram EBFG tor its baſe, 
and oppoſite fide KH, is greater than the pyramid of which 
the baſe 1s the triangle AEG, and vertex the point H : And the 
priſm of which the baſe is the parallelogram EBFG, and op- 
polite ide KH is equal to the priſm having the triangle GFC 
ſor its baſe, and HEL the triangle oppoſite to it; and the pyra- 
mid of which the baſe is the triangle AEG, and vertex H, is 
equal to the pyramid of which the baſe is the triangle HKL, 
and vertex D: "Therefore the two priſms before mentioned are 
greater than the two pyramids of which the baſes are the tri- 
angles AEG, HKL, and vertices the points H, D. Therefore 
the whole pyramid of which the baſe is the triangle ABC, and 
rertex the point D, is divided into two equal pyramids ſimilar 
io one another, and to the whole pyramid ; and into two equal 
priimsz and the two priſms are together greater than half ot the 
whole pyramid, Q. E. D. 


R 2 PR OP. 


b 15. 11. 


e e. 1. 


a 3. 6. 


b 22. 0. 


e Toe 11. 


d 17. 11. 


are of the ſame altitude; and therefore, as the baſe LX C ' 
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F there be two pyramids of the ſame altitude, yy, 
[4 triangular baſes, and cach of them be divided into 
two equal pyramids ſimilar to the whole pyramid, aad al 
into two equal priſins ; and if each of theſe pyramids be 
divided in the ſame manner as the firſt two, and fo on: 
As the baſe of one of the firſt two pyramids is to the ba{: 
of the other, fo ſhall all the priſms in one of them bet 
all the priſms in the other, that are produced by the ſame 
number of diviſions, 


Let there be two pyramids of the ſame altitude upon the ti. 
angular baſes ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
pyramids ſimilar to the whole, and into two equal priſms; and 
let each of the pyramids thus made be conceived to be divided 
in the like manner, and ſo on: As the baſe ABC is to the bat 
DEF, ſo are all the priſms in the pyramid ABCG to all the 
priſms in the pyramid DEFH made by the ſame number of d- 
viſions. 

Make the ſame conſtruction as in the foregoing propoſition : 
and becauſe BX is equal to XC, and AL to LC, therefore XI, 
is parallel * ro AB, and the triangle ABC fimilar to the t1- 
angle LXC : For the ſame reaſon, the triangle DEF is bmi 
to RVF:; And becauſe BC is double of CX, and EF double © 
FV, therefore BC is to CX, as EF to TW: And upon BC, C 
are deſcribed the ſimilar and ſimilarly fituated rectilineal b. 
gures ABC, LXC; and upon EF, FV, in like manner, a 
deſcribed the ſimilar figures DEF, ii VF : Therefore, as the ti. 
angle ABC is to the triangle LXC, ſo b is the triangle DEF to 
the triangle RV, and, by permutation, as the triangle ABL 
to the triangle DET, ſo is the triangle LXC to the tiiange 
RVI : And becaute the planes ABC, OMN, as alio the plane 
DEF, 5T arc parallel ©, the perpendiculars drawn jrom the 
points G, H to the baſes ABC, DEF, which, by the hypothe- 
lis, are cqual to one another, ſhall be cut each into two £qui 
« parts iy the planes OMN, S'TY, becauſe the {ſtraight lines 
GC, HF arc cut into two equal parts in the points N, I, 
the ſame planes: Therefore the prums LXCOMN, RVPoT! 


thi 


the baſe RVF; that is, as the triangle ABC to the triangle Book XII. 
DEF. ſo * is the priſm having the triangle LXC for its baſe, J 
and OMN the triangle oppoſite to it, to the priſm of which the 1 yok 32. 
baſe is the triangle RVF, and the oppoſite triangle STY : And ; 
| becauſe the two priſms in the pyramid ABCG are equal to 
one another, and alſo the two priſms in the pyramid DEFH 
equal to one another, as the priſm ot which the bale is the pa- 
allelogram KEBXL and oppoſite ſide MO, to the priſm having 
the triangle LXC for its baſe, and OMN the triangle oppoſite 
to it; ſo is the priſm of which the baſe® is the parallelogram b . 5. 
PEVR, and oppoſite fide TS, to the priſm of which the baſe 
is the triangle RVF, and oppoſite triangle STY. "Therefore, 
componendo, as the priſms KBXLMO, LXCONN together 


(7 


E F 


| 212 unto the priſm LXCOMN; fo are the priſms PEVRTS, 
RVESTY to the priſm RVFSTY: And, permutando, as the 
priſms KBXLMO, LXCONMN are to the priſms PEVRTS, 
RVFSTY ; ſo is the priſm LXCOMN to the priſm RVFSTY : 
But as the priſm LXCOMN to the priſm RVFSTY, ſo is, as 
has been proved, the baſe ABC to the baſe DEF: 'Inerefore, 
as the baſe ABC to the baſe DEF, ſo are the two priſms in 
the pyramid ABCG to the two priſms in the pyramid DEFH : 
And likewiſe if the pyramids now made, for example, the two 
OMNG, SVYH be divided in the ſame manner; as the baſe 
ON is to the baſe 8 TV, ſo ſhall the two priſms in the py- 
mid OMNG be to the two priſms in the pyramid 8TH: 
But the baſe OMN is to the baſe STY, as the baſe ABC to the 
baſe DEF therefore, as the baſe ABC to the baſe DEF, ſo are 

R 3 the 
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ee N. 


4 3 12. 


b 4 It. 


E 24. 5+ 


Rook XII. the two priſms in the pyramid ABCG to the two priſms in the 


greater than the priſms in the pyramid DEFH. But it 15 allo 
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pyramid DEFH ; and fo are the two priſms in the pyramid 
OMNG to the two priſms in the pyramid 8TH; and (© are 2 
four to all four: And the ſame thing may be ſhewn of the 
priſms made by dividing the pyramids AK LO and DPKS, aud 
of all made by the ſame number of diviſions. Q. E. D. 


PROP. V. THE OR. 


YRAMIDS of the ſame altitude which have trian. 
gular baſes, are to one another as their baſes, 


Let the pyramids of which the triangles ABC, DEF are the 
baſes, and of which the vertices are the points G, I, be of thy 
ſame altitude: As the baſe ABC to the baſe DEF, ſo is the. 
ramid ABCG to the pyramid DEFH. 

For, if it be not ſo, the baſe ABC muſt be to the baſe DIF, 
as the pyramid ABCG to a ſolid either leſs than the pyranid 
DEFH, or greater than it 1. Firſt, let it be to a ſolid lels than 
it, viz. to the ſolid Q: And divide the pyramid DEFH int 
two equal pyramids, {imilar to the whole, and into two «qui! 
priſms : Therefore theſe two priſms are greater * then the halt 
of the whole pyramid. And, again, let the pyramids made by 
this, diviſion be in like manner divided, and ſo on, unt! the 
pyramids which remain undivided in the pyramid DEFH bs, 
all of them together, leſs than the exceſs of the pyramid DEF 
above the ſfohd Q: Let theſe, for example, be the pyramics 
DRS, STYH : Therefore the priſms, which make the relt ci 
the pyramid DEFH, are greater than the ſolid Q: Divide like 
wiſe the pyramid ABCG in the ſame manner, and into a 
many parts, às the pyramid DEFH : Therefore, as the baie 
ABC to the baſe DEF, ſob are the priſms in the pytamd 
ABCG to the priſms in the pyramid DEFH :; But as the bile 
ABC to the baſe DEF, fo, by hypotheſis, is the pyramid ABC 
to the folid Q; and therefore, as the pyramid ABCG to the 
ſolid Q, ſo are the priſms in the pyramid ABCG to the priſms 
in the pyramid DEFH : But the pyramid ABCG is greater 
than the priſms contained in it; wherefore © alſo the ſolid Q 


els, which is impoſſible, Thereſore the baſe ABC is not t0 


8 may be explained the ſame way as at the note “ in propoſition : 12 
che iK caſe. bY 4 
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he baſe DEF, as the pyramid ABCG to any ſolid which is Book XII, 
es than the pyramid * DEFH. In the ſame manner it may 
de demonſtrated, that the baſe DEF is not to the baſe ABC, 
s the pyramid DEFH to any ſolid which is leſs than the py- 
amid ABC G. Nor can the baſe ABC be to the baſe DEF, as 
the pyramid ABCG to any ſolid which is greater than the py- 
amid DEFH. For if it be poſſible, let it be ſo to a greater, 
viz. the ſolid Z. And becauſe the bale ABC is to the baſe DEF 
as the pyramid ABCG to the ſolid Z; by inverſion, as the baſe 
| DEF to the baſe ABC, ſo is the ſolid Z to the pyramid ABCG. 
But as the ſolid Z is to the pyramid ABCG, ſo is the pyramid 


H 


DEFH to ſome ſolid *, which muſt be leſs than the pyramid * 14+ F. 
ABCG, becauſe the ſolid Z is greater than the pyramid DEFH. 
Aud therefore, as the baſe DEF to the baſe ABC, ſo is the py- 
mid DEFH to a ſolid leſs than the pyramid ABCG; the con- 
trary to which has been proved. Therefore the baſe ABC is 
not to the baſe DEF, as the pyramid ABCG to any fold which 
is greater than the pyramid DEFH. And it has been proved, 
that neither is the baſe ABC to the baſe DEF, as the pyramid 
ACG to any ſolid which is leſs than the pyramid DEFH. 
Therefote, as the baſe ABC is to the bate DEF, ſo is the py- 
amid ABCG to the pyramid DEFH. Wherefore pyramids, 
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This may be explained the ſame way as the like at the mark f in prop. 2. 


2 5. 12. 


the pyramid ABC DEM to the pyramid FGHKLN. 


T HE ELEMENTS 


p R O P. VL. IT HE OR. 


\ 


YRAMIDS of the ſame altitude which have Polygon 
tor their baſes, are to one another as their baſcs, 


Let the pyramids which have the polygons ABCDE, FGHRI 
ſor their bales, and their vertices in the points M,. N, be of t, 
{-me altitude: As the baſe ABCDE to the baſe FGHRL, h 


Diyide the baſe ABCDE into the triangles ABC, gh. 
ADE; and the baſe FGHKL into the triangles FCH, Fill 
FRL: And upon the baſes ABC, ACD, ADE let there bes 
many pyramids of which the common vertex is the point ). 
and upon the remaining baſes as many pyramids having ther 
common vertex in the point N: Therefore, fince the trim; 
ABC is to the triangle FGH, as“ the pyramid ABCM tot}; 
pyramid FGHN, and the triangle ACD to the triangle FGH, 


as the pyramid ACDM to the pyramid FGHN ; and als th: 


N 


C G H 


triangle ADE to the triangle FGH, as the pyramid ADEN: 
the pyramid FGHN ; as all the firſt antecedents to their con 
mon conlequent ; ſo® are all the other antecedents to their con. 
mon conſequent ; that is, as the baſe ABCDE to the bal 
FGH, ſo is the pyramid ABCDEM to the pyramid FGHN: 
And, for the ſame reaſon, as the baſe FGHKL to the baſe FG, 
ſo is the pyramid FGHKLN to the pyramid FGHN : And, 
inverſion, as the baſe FGH to the baſe FGHK L, fo is the pr: 
ramid FGHN to the pyramid FGHKEN : Then, becauſe 20 
baſe ABCDE to the baſe FGH, fo is the pyramid ABCDEN 
to the pyramid FGHN; and as the baſe FGH to the bat 
FGHEL, ſo is the pyramid FGHN to the pyramid F GHELV; 


therefor, 


therefore, Ex 2equal: ©, as the baſe ABCDE to the baſe FGHRL, Book XII. 
ſo the pyramid ABCDEM to the pyramid FGHKLN. There. VV 
fore pyramids, &c. Q. E. D. | | e 2% 5. 


PROP. VI. THE OR. 


VERY priſm having a triangular baſe may be divi- 
| P. ded into three pyramids that have triangular baſes, 
and are equal to one another. 


Let there be a priſm of which the baſe is the triangle ABC, 
and let DEF be the triangle oppoſite to it: The priſm ABCDEF 
may be divided into three equal pyramids having triangular 
© 02105, 
Join BD, EC, CD; and becauſe ABED is a parallelogram 
Nel which BD is the diameter, the triangle ABD is equal“ to 2 34. I. 
E the triangle EBD; therefore the pyramid of which the baſe is 


E pyramid of which the baſe is the triangle EBD, and vertex the 
Joint C: Bur this pyramid is the ſame with the pyramid the 
bie of which is the triangle EBC, and vertex the point D; 
n they are contained by the fame planes: Therefore the py— 
E ::mid of which the baſe is the triangle ABD, and vertex the 
E point C, is equal to the pyramid, the baſe of which is the tri- 
Iingle EBC, and vertex the point D: Again, becauſe FCBE is 
E * parallelogram of which the diameter is 
ECL, the triangle ECF is equal“ to the F 
triangle ECB; therefore the pyramid of 
hich the baſe is the triangle ECB, and D.<— E 
Veſtex the point D, is equal to the pyra- 
mid, the baſe of which is the triangle 
ECF, and vertex the point D: But the | 
amid of which the baſe is the triangle 
Ech, and vertex the point D has been A — 0 B 
proved equal to the pyramid of which the 
Falſe is the triangle ABD, and vertex the point C. Therefore 
thepriſm ABC DEF is divided into three equal pyramids having 
irangular baſes, viz. into the pyramids ABDC, EBDC, ECtD: 
And becauſe the pyramid of which the baſe is the triangle ABD, 
and vertex the point C, is the ſame with the pyramid of which 
the baſe is the triangle ABC, and vertex the point D, for they 
ae contained by the ſame planes; and that the pyramid of which 
he baſe is the triangle ABD, and vertex the point C, has been 
demonſtrated 
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Die triangle ABD, and vertex the point C, is equal® to the b 5. 1% 
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Book XII. demonſtrated to be a third part of the priſm the baſe of whic, 


e 6. 132. 


THE ELEMENTS 


is the triangle ABC, and to which DEF is the oppoſite triangle; 
therefore the pyramid of which the baſe is the triangle abc 
and vertex the point D, is the third part of the priſm which hz 
the ſame baſe, viz. the triangle ABC, and DEF is the oppoſt, 
triangle, Q. E. D. W e free | 

Cor. 1. From this it is manifeſt, that every pyramid is th- 
third part of a priſm which has the ſame baſe, and is of x; 
equal altitude with it; for if the baſe of the priſm be any other 
figure than a triangle, it may be divided into priſms having tr. 
angular baſes. 

Co. 2. Priſms of equal altitudes are to one another as thei 
baſes ; becauſe the pyramids upon the ſame baſes, and of th: 
ſame altitude, are“ to one another as their baſes. 


PROP. VIE THE OR. 


QUMILAR pyramids having triangular baſes are ones 
another in the triplicate ratio of that of their hous 
logous ſiges. 9 75 


Let the pyramids having the triangle ABC, DEF for tie 
baſes, and the points G, H for their vertices, be fimilar anc 
ſimilarly ſituated; the pyramid ABCG has to the pyramid 
DEFH, the triplicate ratio of that which the ſide BC has to ths 
homologous ſide EF. 

Complete the parallelograms ABCM, GBCN, ABGK, anc 
the ſolid parallelepiped BGM contained by theſe planes a! 


thoſe oppoſite to them : And, in like manner, complete th? + 
lid parallelepiped EHPO contained by the three parallelogr!n 
DEFP, HEFR, DEHX, and thofe oppoſite to them: An 


Cause 
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| cauſe the p ramid ABCG is ſimilar to the pyramid DEFH, the Bock xis. 
agle ABC is equal? to the angle DEF, and the angle GBC WY. 
io the angle HEF, and ABG to DEH: And AB is® to BC, 1. * 
6 DE to EF; that is, the ſides about the equal angles are pro- b 1. def. 6. 
E..rtionals ; wherefore the parallelogram BM is ſimilar to EP: 

For the ſame reaſon, the parallelogram BN is fimilar to ER, 

Ind BK to EX: Therefore the three parallelograms BM, BN, 

N are Gmilar to the three EP, ER, EX: But the three BM, 

DN, BK, are equal and ſim lar e to the three which are oppo- c 24. It» 
te to them, and the three EP, ER, EX equal and fimilar to 

the three oppolite to them: Wherefore the ſolids BGML, 

Ho are contained by the ſame number of ſimilar planes; 

and their ſolid angles are equal4; and therefore the ſolid d B. T. 
ELGML is ſimilar* to the ſolid EHPO : But ſimilar ſolid pa- 
nllelepipeds have the triplicate © ratio of that which their ho- e 33. I. 

E mologous ſides have: Therefore the folid BGML has to the 

od EHPO the triplicate ratio of that which the fide BC has 

Eto the homologous fide EF: But as the folid BGML is to the 

solid EHPO, fo isf the pyramid ABCG to the pyramid DEFH; e 15. 5. 

E becauſe the pyramids are the ſixth part of the ſolids, ſince the 

Eyriim, which is the half“ of the ſolid parallelepiped, is triple® g 28. 11, 
Vol the pyramid. Wherefore likewiſe the pyramid ABCG has h 7. 1. 
to the pyramid DEFH, the triplicate ratio of that which BC has 

o the homologous fide EF. Q. E. D. 
= Cor. From this it is evident, that ſimilar pyramids which See N. 
bare multangular baſes, are likewiſe to one another in the tri- 
Picate ratio of their homologous ſides: For they may be di- 
Evided into fimilar pyramids having triangular baſes, becauſe the 
© iimilar polygons, which are their baſes, may be divided into 
the ſame number of ſimilar triangles homologous to the whole 
© polygons; therefore as one of the triangular pyramids in the 
E iſt multangular pyramid is to one of the triangular pyramids 
in the other, ſo are all the triangular pyramids in the hilt to all 
the triangular pyramids in the other; that is, ſo is the firſt 
multangular pyramid to the other: But one triangular pyramid 
do its ſimilar triangular pyramid, in the triplicate ratio of 
tbeir homologous ſides; and therefore the firſt multangular py- 
= amid has to the other, the triplicate ratio of that which one of 
be lides of the firſt has to the homologous ſide of the other. 
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PROP. IX. THEOR. 


HE baſes and altitudes of equal pyramids hazing 
triangular baſes are reciprocally proportional: Ar 
triangular pyramids of which the baſes and altitudes a; 
reciprocally proportional, are equal to one another, 


Let the pyramids of which the triangles ABC, DEF are 4; 
baſes, and which have their vertices in the points G, H, de 
equal to one another: The baſes and altitudes of the pyramict 
ABCG, DEFH are reciprocally proportional, viz. the hi 
ABC is to the baſe DEF, as the altitude of the pyramid DE 
to the altitude of the pyramid ABCG. 

Complete the parallelograms AC, AG, GC, DF, DH, IF, 
and the ſolid parallelepipeds BGML, EHPO contained br 
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theſe planes and thoſe oppoſite to them: And becauſe the pt 
I: ramid ABCG is equal to the pyramid DEFH, and that t. 
Ti ſolid BGM is ſextuple of the pyramid ABCG, and the 10" 
| | EHPO ſextuple of the pyramid DEFH ; therefore the {0 
| i z 1. Ax. 5. PGML is equal“ to the folid EHPO: But the baſes and al 


11 tudes of equal ſolid parallelepipeds are reciprocally prop 
| | b 34. 11. tional ® ; therefore as the baſe BM to the baſe EP, fo is the © 
11 titude of the ſolid EHPO to the altitude of the ſolid BCI. 
| © 15. 5. But as the baſe BM to the baſe EP, ſo is the triangle AVE 
l to the triangle DEF; therefore as the triangle ABC to the th: 
i angle DEF, ſo is the altitude of the ſolid EHPO to the . 
17 tude of the ſolid BGML : But the altitude of the ſolid EHI 
| 1 is the ſame with the altitude of the pyramid DLFH ; and the 
3 altitude of the folid BG ML is the fame with the altitude of c 


pyran 


\ 
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prramid ABC: Wherefore the baſes and altitudes of the py- 
E.mids ABCG, DEF H are reciprocally proportional. 

| Again, Let the baſes and altitudes of the pyramids ABCG, 
bl be reciprocally proportional, viz. the baſe ABC to the 
Die DEF, as the altitude of the pyramid DEFH to the altitude 
Sf the pyramid ABCG : The pyramid ABCG is equal to the 

yramid DEFH. 

The ſame conſtruction being made, becauſe as the baſe ABC 
& the baſe DEF, ſo is the altitude of the pyramid DEFH to 
De altitude of the pyramid ABCG : And as the baſe ABC to 
Ihe baſe DEF, ſo is the parallelogram BM to the parallelo- 
ram EP ; therefore the parallelogram BM is to EP, as the 
Wititude of the pyramid DEFH to the altitude of the pyramid 
B\BCG : But the altitude of the pyramid DEFH is the ſame 
Vith the altitude ot the ſolid parallelepiped EHPOQ ; and the al 
Wicude of the pyramid ABCG is the ſame with the altitude of 
lc ſolid parallelepiped BGML : As, therefore, the baſe BM to 
Nie baſe EP, ſo is the altitude of the ſolid parallelepiped EHPO 
Wo the altitude of the ſolid parallelepiped BGML. But ſolid 
prrallelepipeds having their baſes and altitudes reciprocally pro- 


Wallclepiped BGM ts equal to the ſolid parallelepiped EHPO. 
And the pyramid ABCG is the ſixth part of the folid BGML, 
1. the pyramid DEFH the ſixth part of the fold EHPO. 
© hereſore the pyramid ABCG is equal to the pyramid DEFH. 
Ibercfore the bates, &c. Q. E. D. | 


PROP. X THEOR. 


WER cone is the third part of a cylinder which 


has the fame baſc, and is of an equal altitude with 
. 


Let a cone have the ſame baſe with a cylinder, viz. the circle 
LCD, and the ſame altitude. The cone is the third part of 
Nhe cylinder; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it muſt either be 
eater than the triple, or lefs than it. Firſt, Let it be greater 
Nn the triple; and deſeribe the ſquare ABCD in the circle; 
his ſquare is greater than the half of the circle ABCD “. 
Upon 


As was ſhewn in prop. 3. of this book, 
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brtamid ABCG : Therefore, as the baſe ABC to the baſe DEF, Book XII. 
His the altitude of the pyramid DEFH to the altitude of the LW 


. 


Eportional, are equal Þ to one another. Therefore the ſolid pa- b 34. 11. 
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a 32. 17. 
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Upon the ſquare ABC erect a priſm of the ſame altitude v 
the cylinder; this priſm is greater than half of the Cylinder: 
becauſe it a ſquare be defcribed about the circle, and a prif 
erected upon the ſquare, of the ſame altitude with the cylings; 
the inſcribed ſquare is half of that circumſcribed ; and up 
theſe ſquare baſes are erected folid parallelepipeds, viz. th. 
priſms, of the ſame altitude; therefore the priſm upon th; 
ſquare ABCD is the half of the priſm upon the ſquare defc;, 
bed about the circle: Becauſe they are to one another as the 
baſes *: And the cylinder is leſs than the priſm upon the ſquir 
deſcribed about the circle ABCD: Therefore the priſm upon 
the ſquare ABCD of the ſame altitude with the cylinder, i 
greater than half of the cylinder. Biſect the circumference 
AB, BC, CD, DA in the points E, F, G, H; and join At 
EB, BF, FC, CG, GD, DH, HA : Then, each of the triangle 
AEB, BFC, CGD, DHA is greater than/the half of the leg 
ment of the circle in which it ſtands, | | 

as was ſhewn in prop. 2. of this A 

book. Ere& priſms upon each of E 
theſe triangles of the ſame altitude 
with the cylinder; each of theſe 
priſms is greater than half of the ſeg- B 
ment of the cylinder in which it is; 
becauſe if, through the points E, F, 
G, H, parallels be drawn to AB, BC, F 
CD, DA, and parallelograms be 
completed upon the ſame AB, BC, C 

CD, DA, and ſolid parallelepipeds 

be erected upon the parallelograms ; the priſms upon th: 
triangles AEB, BFC, CGD, DHA are the halves of the folic 
parallelepipeds d. And the ſegments of the cylinder which at! 
upon the ſegments of the circle cut off by AB, BC, CD, DA, 
are leſs than the ſolid parallelepipeds which contain then 
Therefore the priſms upon the triangles AEB, BFC, CG), 
DHA, are greater than half of the ſegments of the cylinder h 
which they are; therefore, if each of the circumferences be d. 
vided into two equal parts, and ſtraight lines be drawn iron 
the points of diviſion to the extremities of the circumferencth 
and upon the triangles thus made, priſms be etected of the ſam 
altitude with the cylinder, and ſo on, there muſt at length te 
main ſome ſegments of the cylinder which together are leß 
than the exceſs of the cylinder above the triple of the cons 
Let them be thoſe upon the ſegments of the circle AE, EB, 1 


[ 
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„CG, GD, DH, HA. Therefore the reſt of the cylin- 
er that is, the - priſm of which the baſe is the polygon 
\FEBFCGDH, and of which the altitude is the ſame with that 
the cylinder, is greater than the triple of the cone: But this 


e vertex is the ſame with the vertex of the cone; therefore 
e pyramid upon the baſe AEEFCGDH, having the ſame 
rtex with the cone, is greater than the cone, of which the 
ſe is the corcle ABCD: But it is allo leſs, for the pyramid is 
ontained within the cone; which is impoſſible. Nor can the 
linder be leſs than the triple of the cone. Let it be leſs, if 
oſible : Therefore, inverſely, the cone is greater than the third 
t of the cylinder. In the circle ABCD deſcribe a ſquare ; 
Wis ſquare is greater than the half of the circle: And upon the 
buare ABCD erect a pyramid having the ſame vertex with the 
one; this pyramid is greater than the half of the cone; becauſe, 
vas before demonſtrated, if a ſquare be deſcribed about the 
Wircle, the ſquare ABCD is the 

W:lfof it; and if, upon theſe ſquares 3 
ere be erected ſolid parallelepi- RS, 
Weds of the ſame altitude with the = 7 
e, which are alſo priſms, the 

Wrim upon the ſquare ABCD 
Wall be the half of that which is 
Yon the ſquare deſcribed about the | / 


G 


WWiicle; for they are to one another B . /Ci 
Ws their baſes * ; as are alſo the third ny, © W_- nd 
| arts of them : 'Therefore the py- F 


mid, the baſe of which is the 
Ware ABCD, is half of the pyramid upon the ſquare de- 
Wcibed about the circle: But this laſt pyramid is greater than 


We cone which it contains; therefore the pyramid upon the 


W than the half of the cone. Biſect the circumferences AB, 
Wc, CD, DA in the points E, F, G, H, and join AE, EB, 
WF, FC, CG, GD, DH, HA: Therefore each of the triangles 
LB, BFC, CGD, DHA is greater than half of the ſegment 
W the circle in which it is: Upon each of theſe triangles erect 
Nramids having the ſame vertex with the cone. Therefore each 


We cone in which it is, as before was demonſtrated of the 
{ iſms and ſegments of the cylinder; and thus dividing each 
he circumferences into two equal parts, and joining the 
points 


m is triple 4 of the pyramid upon the ſame baſe, of which d 1. Cor. 7. 


Wuare ABCD having the ſame vertex with the cone, is great- 


Wt theſe pyramids is greater than the half of the ſegment of 
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Book XII. points of diviſion and their extremities by ſtraight lines, aud 
WY upon the triangles erecting pyramids having their vertices th. 
ſame with that of the cone, and ſo on, there muſt at length ge. 
main ſome, ſegments of the cone, which together ſhall be leg 
than the exceis of the cone, above the third part of the cy l- 
det. Let theſe be the ſegments upon AE, EB, BE, FC, CG, Gy 
DH, HA. Therefore the reſt of H | 
the cone, that is, the pyramid, of 
which the baſe is. the polygon 
AEBFCGDH, and of which the 
» vertex is the ſame with that of the 
cone, is greater than the third part E — 
of the cylinder. But this pyramid 
I is the third part of the priſm upon | 
| the ſame baſe AEBFCGDH, and in — 
of the ſame altitude with the cylin -.. 
I} der. Therefore this priſm is great- F 
er than the cylinder of which the 
baſe is the circle ABCD. But it is alſo leſs, for it is contained 
within the cylinder; which is impoſſible. Therefore the cy- 
linder is not leſs than the triple of the cone. And it has becn 
demonſtrated that neither is it greater than the triple. Therefore 
the cylinder is triple of the cone, or, the cone is the third part 
of the cylinder. Wherefore every cone, &c. Q. E. D. 


PROP. XI. THE OR. 


_— a cc——_._—__— Ed — lh —_—— 
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Sce N. ONES and cylinders of the ſame altitude, are to on: 


another as their baſes. 


—— — — 


Let the cones and cMinders, of which the baſes are the ci. 
cles ABCD, EFGH, and the axes KL, MN, and AC, EG the 
diameters of their baſes, be of the ſame altitude, As the circle 
ABCD to the circle EFGH, fo is the cone AL to the cone EN. 
If it be not ſo, let the circle ABCD be to the circle EFGH, 
as the cone AL to ſome ſolid either leſs than the cone EN, ot 
greater than it. Firſt, let it be to a folid leſs than EN, viz. 40 
the ſolid X; and let Z be the ſolid which is equal to the & 
ceſs of the cone EN above the ſolid X; therefore the cone EN 
is equal to the ſolids X, EZ together. In the circle EFGH de- 
ſcribe the ſquare EFGH, therefore this ſquare is greater that 
the half of the circle; Upon the ſquare EFGH erect a py'7 
mid of the ſame altitude with the cone; this pyramid | 
greater than half of the cone. For, if a ſquare be deſcribed 


about the circle, and a pyramid be erected upon it, * 
vin 


— — — — 
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ring the ſame vertex with the cone“, the pyramid inſcribed Book XII. 
u the cone is half of the pyramid circumſcribed about it, he- 22 
cauſe they are to one another as their baſes“: But the cone , 6. 12. 

i; leſs than the circumſcribed pyramid ; therefore the pyramid of 

which the baſe is the ſquare EFGH, and its vertex the fame 

with that of the cone, is greater than halt of the cone : Divide 

the circumferences EF, FG, GH, HE, each into two equal 

parts in the points O, P, R, 8, and join EO, OF, FP, PG, 

GR, RH, HS, 8E: Therefore each of the triangles EOF, 

FPG, GRH, HSE is greater than half of the ſegment of the 


circle in which it is: Upon each of theſe triangles erect a pyra- 
mid having the ſame vertex with the cone; each of theſe py- 
ramids is greater than the half of the ſegment of the cone in 
which it is: And thus dividing each of theſe circumferences 
m two equal parts, and from the points of diviſion drawing 
ſtraight lines to the extremities of the circumierences, and up- 
ou each of the triangles thus made erecting pytamids having the 
lame vertex with the cone, and ſo on, there muſt at length 
Iemain ſome ſegments of the cone which are together lets ® b Lemme; 


man the ſolid Z: Let theſe be the ſegments upon EO, OF 7 , 
| 8 


, 


| * Vertex is put in place of altitude which is in the Greek, becauſe the pyramid, 
at follows, is ſuppoſed to be circumſcribed about the cone, and ſo muſt have 
vertex, Aud the ſame change is made in fome places following. 
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Book XII, PG, GR, RH, HS, SE: Therefore the remainder of the core, 
ua. the pyramid of which the baſe is the polygon EOFPGRKs, 


a 1. 12. 


b 2. 12. 
C 11. 5. 


4 6. 12. 


c 1 


4. F. 
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and its vertex the ſame with that of the cone, is grezter than 
the folid X: In the circle ABCD deſcribe the polygen 
ATBYCVDQ fimilar to the polygon EOFPGRHS, and upon 
it erect a pyramid having the ſame vertex with the cone AL; 
And becauſe as the ſquare of AC is to the ſquare of EG, {* ;; 
the polygon ATBYCVDQ to the polygon EOFPGRHS ; and 
as the ſquare of AC to the ſquare of EG, ſo is ® the circle 
ABCD to the circle EFGH ; therefore the circle ABCD ige 
the circle EFGH, as the polygon ATBYCVDQ to the poly. 


| | | | 22 | 
| | 
x 1 28 


on FOFPGRUS : But as the circle ABCD to the circle EFGH, 
10 is the cone AI. to the ſolid X; and as the polygo% 
ATBYCVDQ to the polygon EOFPGRHS, fo is 4 the pyi# 
mid of which the baſe is the firſt of theſe polygons, and de. 
tex L, to the pyramid of which the baſe is the other polygot 
and its vertex N: Therefore, as the cone AL to the ſoſid X. 
is the pyramid of which the baſe is the polygon ATBYCVD 
and vertex L, to the pyramid the baſe of which is the pole 
EOFPGRHS, and vertex N: But the cone AL is greate! than 
the pyramid contained in it; therefore the ſolid X is great 


than the pyramid in the cone EN; But it is leſs, as was by 
* 
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which is abſurd: Therefore the circle ABCD is not to the cir- Book XII. 

de EFG H, as the cone AL to any ſolid which is leſs than the WWW 

cone EN. In the ſame manner it may be demonſtrated that | 
the circle EFGH is not to the circle ABCD, as the cone EN 4 
to any ſolid leſs than the cone AL. Nor can the circle ABCD | 
de to the circle EFGH, as the cone AL to any ſolid greater 

than the cone EN: For, if it be poſſible, let it be fo to the ſolid 

|, which is greater than the cone EN: Therefore, by inverſion, 

as the circle EFGH to the circle ABCD, ſo is the ſolid I to 

the cone AL : But as the ſolid I to the cone AL, lo is the 

cone EN to ſome ſolid, which muſt be leſs “ than the cone a 14. 5. 
AL, becauſe the ſolid I is greater than the cone EN: There- 

ſore, as the circle EFGH is to the circle ABCD, ſo is the cone 

LN to a ſolid leſs than the cone AL, which was ſhewn to be 

;mpoſible : Therefore the circle ABCD is not to the circle 

EFGH, as the cone AL is to any folid greater than the cone 

FIN: And it has been demonſtrated that neither is the circle 

\BCD to the circle EFGH, as the cone AL to any folid lets 

than the cone EN: Therefore the circle ABCD is to the circle 
EEFG!}, as the cone AL to the cone EN: But as the cone is to 
the cone, ſo d is the cylinder to the cylinder, becauſe the cy- b 15. 5. 
Fuders are triple © of the cones, each to each. Therefore, as c 10. 12. 
we circle ABCD to the circle EFGH, ſo are the cylinders up- 

Jen them of the ſame altitude. Wherefore cones and cylinders 

ol te fame altitude are to one another as their baſes. Q. E. D. 


r. oe. 


Os ILAR cones and cylinders have to one another see N. 
* the triplicate ratio of that which the diameters of 
weir baſes have, 


Let the cones and cylinders of which the baſes are the circles 160 
ABCD, EFGH, and the diameters of the baſes AC, EG, and 1 
AL, MN the axes of the cones or cylinders, be ſimilar: The 
cone of which the baſe is the circle ABCD, and vertex the 
pot L, has to the cone of which the bale is the circle EFGH, | 
pu vertex N, the triplicate ratio of that which AC has to EG. 1 
For, if the cone ABCDL has not to the cone EF GIN the 1 
iplicate ratio of that which AC has to EG, the cone ABCDL 
Hall have the triplicate of that ratio to ſome ſolid which is leſs 
8 2 Or 
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Book XII. gr greater than the cone EFGHN. Firſt, let it have it to a fc, 
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viz. to the folid X: Make the ſame conſtruction as in the pre. 
ceding propoſition, and it may be demonſtrated the very ſame 
way as in that propoſition, that the pyramid of which the bai 
is the polygon EOFPGRHS, and vertex N, is greater than the 
ſolid X. Deſcribe alſo in the circle ABCD the polyęcn 
ATBYCVDOQ fimilar to the polygon EOFPGRHS, upon which 
erect a pyramid having the ſame vertex with the cone; and le 
LAQ be one of the triangles containing the pyramid upon 
the polygon ATBYCVDQ the vertex of which is L; and be 
NES be one of the triangles containing the pyramid upon the 


$41 | 


olygon EOFPGRUS of which the vertex is N; and join > 
8: Becauſe then the cone ABCDL is ſimilar to ihe ct 


„ 24. def, EFGHN, AC is to EG, as the axis KL to the axis MN 


11. 


b Is. 5. 


2 6. 6. 


and as AC to EG, ſo b is AK to EM; therefore as A 
EM, ſo is KL to MN; and, alternately, AK to KL. a Ll 
to MN: And the right angles AKL, EMN are equal; te 
ſore the ſides. about theſe equal angles being proportion 
the triangle AKL is ſimilar © to the triangle EMN. Ag» 
cauſe AK is to KQ, as EM to MS, and that thelc ww 
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tres K, M; therefore the triangle AKQ is ſimilar * to the tri- 
angle EMS : And becauſe it has heen ſhown that as AK to KL, 
ſo is EM to MN, and that AK is equal to KQ; and EM to 
MS, as QK to KL, ſo is 5M to MN; and therefore the ſides 
about the right angles QKL, SMN being proportionals, the 
triangle LKQ is fimilar to the triangle NMS: And becauſe of 
the __— the triangles AKL, EMN, as LA is to AK, 


ſo is NE to 


to AQ, as NE to ES. Again, becauſe of the ſimilarity of the 
triangles LQK, NSM, as LQ to QK, ſo NS to SM; and 
from the ſimilarity of the triangles KAQ, MES, as KQ to 
QA, ſo MS to SE; ex aequali®, IQ is to QA, as Nv to 
SE: And it was proved that QA is to AL, as SE to EN; there- 
ſore, again, ex acquali, as QL to LA, ſo is SN to NE: Where- 
F fore the triangles LQA, NSE, having the ſides about all their 


other: And therefore the pyramid of which the baſe is the tri- 
angle ARQ, and vertex L, is ſimilar to the pyramid the baſe 
of which is the triangle EMS, and vertex IN, becauſe their 


| by the ſame number of ſimilar planes: But timilar pyramids 
| which have triangular baſes have to one ancther the triplicate 
# "ratio of that which their homologous fides have; therefore 
| the pyramid AK QL has to the pyramid EMSN the triplicate 
| ratio of that which AK has to EM. In the ſame manner, ik 
| ſiraight lines be drawn from the points D, V, C, X, B, I 
to K, and from the points II, R, G, P. F, O to NM, and py- 
ramids be erected upon the triangles having the fame vertices 
| Vith the cones, it may be demonſtrated that each pyramid in 
the firſt cone has to each in the other, taking them in the tame 


ide EM; that is, which AC has to EG: But as one antece- 
dent to its conſequent, fo are all the antecedents to all the 


mid EMSN, ſo is the whole pyramid the baſe of which is the 
Po:ygon DOATBYCV, and vertex L, to the whole pyramid 
of which the bafe is the polygon HSEOFPGR, and vertex N. 
herefore alſo the hrit of theſe two laſt named pyramids has 
to the other the triplicate ratio of that which AC has to EG. 
But, by the hypotheſis, the cone of which the baſe is the cir- 
cle ABCD, and vertex L bas to the ſolid X, the triplicate 
19 of that which AC has to EG; therefore, as the cone of 
| S 3 which 


M; and by the ſimilarity of the triangles ARQ, 
EMS, as KA to AQ, ſo ME to ES; ex acquali®, LA is b 22. 5. 


conſequents ; therefore as the pyramid AK QL to the pyru- | 


A 


wg 


| Order, the triplicate ratio of that which the lide AK has to the 


about equal angles AKQ, EMS, becauſe theſe angles are, Book XI, 


ach of them, the ſame part of four right angles at the cen- tg 


| angles proportionals, are equiangular© and ſimilar to one an- c 5. 6, 


| folid angles are equal d to one another, and they are contained d B. 11. 


— — — — 
— — —— - 


_ — — en — = 4 — — — 1 _ _ 
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a 14. WL 


ratio of that which EG has to AC: But as the ſolid 2 ny 
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ſolid X, ſo is the pyramid the baſe of which is the Polygoa 
DQATBYCV, and yertex L, to the pyramid the baſe of wh; 
is the polygon HSEOFPGR and vertex N: But the ſaid con 
is greater than the pyramid contained in it, therefore the ſolid 
X is greater * than the pyramid, the baſe of which is the poly. 
gon HSEOFPGR, and vertex N; but it is alſo leſs; which i; 
impoſſible: Therefore the cone of which the baſe is the circ!; 


N 


X {. 


. 


ABCD, and vertex L, has not to any ſolid which is leſs than the 
cone of which the baſe is the circle EFGH and vertex N, the tt 
plicate ratio of that which AC has to EG. In the ſame manne! 
1t may be demonſtrated that neither has the cone EFGHN (0 
any ſolid which is leſs than the cone ABCDL, the triplicitt 
ratio of that which EG has to AC. Nor can the cone ABCDL 
have to any ſolid which is greater than the cone EFCHN, ti! 
triplicate ratio of that which AC has to EG: For, if it be po- 
ſible, let it have it to a greater, viz. to the ſolid Z: Therefote 
inverſcly, the ſolid Z has to the cone ABCDL, the trip/1catf 
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the cone ABCDL, ſo is the cone EFGHN to ſome ſolid, Book XII. 
which muſt be leſs * than the cone ABCDL, becauſe the ſolid Z WW 
| js greater than the cone EFGHN : Therefore the cone EFGHN* II. 5: 
has to a ſolid which is leſs than the cone ABCDL, the tripli- 

cate ratio of that which EG has to AC, which was demon- 

rated to be impoſhble : Therefore the cone ABCDL bas not 

to any ſolid greater than the cone EFGHN, the triplicate ra- 

go of that which AC has to EG; and it was demonſtrated that 

it could not have that ratio to any ſolid leſs than the cone 

EFGHN : Therefore the cone ABCDL has to the cone EFGHN, 

the triplicate ratio of that which AC has to EG: But as the 

cone is to the cone, ſod the cylinder to the cylinder; for every b 15. 5. 
cone is the third part of the cylinder upon the ſame baſe, and 

of the ſame altitude: Therefore alſo the cylinder has to the cy- 

linder, the triplicate ratio of that which AC has to EG. Where- 

| fore ſimilar cones, &c. Q. E. D. 


—eDSF. AMT HE OR, 


Fa cylinder be cut by a plane parallel to its oppoſite See N. 
I planes, or baſes ; it divides the cylinder into two cy- 

# linders, one of which is to the other as the axis of the 
firſt to the axis of the other. 


Let the cylinder AD be cut by the 0 ,— 
plane GH parallel! to the oppoſite — — 
planes AB, CD, meeting the axis | 

EF in the point K, and let the line | 


| GH be the common ſection of the RE Ns 
| 
| 
E 


i 


plane GH and the ſurface of the cy- 
linder AD : Let AEFC be the paral- 
Iclogram, in any poſition of it, by the — 
revolution of which about the ſtraight #*; 

line EF the cylinder AD is deſcribed ; 
and let GR be the common ſection | 


of the plane GH, and the plane LA —=y 
, nn 
2 


AEFC : And becauſe the parallel © 

planes AB, GH are cut by the plane C — 
T 
V 


ſections with it, are parallel“; where- 
lore AK is a parallelogram, and GK 
"qual to EA the ſtraight line from 
the centre of the circle AB: For the 
ame reaſon, each of the ſtraight lines 

8 4 drawn 


AEKG, AE, KG, their common 
— | 
S 


280 THE ELEMEN-TS 


Book XII. drawn from the point K to the lige GH may be proved to b. 

equal to thoſe which are drawn from the centre of the cir, 

AB to its circumference, and are therefore all equal to one an. 
| a T5. def. I. other. Therefore the line GH is the circumference of a circ|-1 
TH of which the centre is the point K: Therefore the plane Gy 
divides the cylinder AD into the cylinders AH, GD; or they 
are the ſame which would be defcribed by the revolution of the 
parallelograms AK, GF about the ſtraight lines EK, KF: And 
it is to be ſhown that the cylinder AH is to the cylinder HC, a; 
the axis EK to the axis KF. 

Produce the axis EF both ways; and take any number « 
ſtraight lines EN, NL, each equal to EK; and any numbet 
FX, XM, each equal to FK; and let 
planes parallel to AB, CD paſs through 0 P 
the points L, N, X, M: Therefore | | 
the common ſections of theſe planes 9 
with the cylinder produced are circles 
the centres of which are the points 
L, N, X, M, as was proved of the 
plane GH; and theſe planes cut off 
the cylinders, PR, RB, DT, TQ: 
And becauſe the axes LN, NE, ER 
are all equal; theteſore the cylinders 
b It. 12 PR, RB, BG are® to one another as 


R 
A 
their baſes ; but their baſes are equal, £- Lenny 
2 
T 
V 


— 


ll 
\ 


— — — 
— — 
— — - 
4 —— 


— — 
4 
— — — —— P! H 


— En 
- — 


X 2 ˙——— ES. — . 2g 
— 
— * 
4 


— 


and therefore the cylinders PR, RB, 
BG are cqual: And becauſe the axes 
LN, NE, EK are equal to one an- 
other, as alſo the cylinders PR, RB, 
BG, and that there are as many axes 
as cylinders; therefore, whatever mul- 
tiple the axis KL is of the axis KE, 
the ſame multiple is the cylinder PG | 
of the cylinder GB: For the fame reaſon, whatever multiple 
the axis MK is of the axis KF, the ſame multiple is the q. 
linder QG of the cylinder GD: And if the axis KL. be equa! 
the axis KM, the cylinder PG is equal to the cylinder GQ; #" 
if the axis KL be greater than the axis KM, the cylinder TG 
greater than the cylinder GQ; and it leſs, leſs: Since thett. 
fore there arc ſour magnitudes, viz. the axes EK, K, aud 
the cylinders BG, GD, and that of the axis EK and cyin 
BG there has been taken any equimultiples whatever, v. e 


ks 


” "WO 1 


8 


> « oli U- 22K — 
= — —— — 
— 
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axis KL and cylinder PG; and of the axis RF and cylinder Book XII. 
GD, any equimultiples whatever, yiz. the axis KM and cylin- 

det GQ; and it has been demonſtrated, if the axis KL be 

greater than the axis KM, the cylinder PG 1s greater than the 

cylinder GQ; and if equal, equal; and if leſs, leſs : Therefore 

i the axis EK is to the axis KF, as the cylinder BG to the cylin- d 5. def, 
ler GD. Wherefore, if a cylinder, &c. Q. E. D. 5. 


PROP. XIV. THE OR. 


ONES and cylinders upon equal bales are to one an- 
( other as their altitudes. 


Let the cylinders EB, FD be upon the equal baſes AB, CD : 
As the cylinder EB to the cylinder FD, ſo is the axis GH to 
| the axis KL. 
Produce the axis KL to the point N, and make LN equal 
to the axis GH, and let CM be a cylinder of which the bale is 
CD, and axis LN; and becauſe the cylinders EB, CM have 
the ſame altitude, they are to one another as their baſes * : But a 1x, 12. 
their baſes are equal, therefore alſo the cylinders EB, CM are 
equal. And becauſe the cylin- 


the cylinder CM is equal to 
the cylinder EB, and the axis 
IN to the axis GH: There- 
lore as the cylinder EB to the 
cylinder FD, ſo is the axis A 
GH to the” axis KL: And as 


the cylinder EB to the cylinder FD, ſo is © the cone ABG to the « 15. 5. 
cone CDK, becauſe the cylinders are triple 4 of the cones : 4 10. 1% 
Therefore alſo the axis GH is to the axis KL, as the cone ABG 

to the cone CDK, and the cylinder EB to the cylinder FD. 

Where fore cones, &c. O. E. D. 


der FM is cut by the plane F 
CD parallel to its oppoſite | \ 
planes, as the cylinder CM to | 
the cylinder FD, fo is ® the yo LIND * 
| axis LN to the axis KL. But Nook” 
| | 
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PR OP. KV. THE OR; 


HE baſes and altitudes of equal cones and cylinder, 
are reciprocally proportional; and if the baſes arg 
altitudes be reciprocally proportional, the cones and cy. 
linders are cqual to one another, 


Let the circles ABCD, EFGH, the diameters of which gte 
AC, EG, be the baſes, and KL, MN the axes, as alſo the alt. 
tudes, of equal cones and cylinders; and let ALC, ENG he the 
cones, and AX, EO the cylinders : The baſes and altitude; g 
the cylinders AX, EO are reciprocally proportional; that is 
as the baſe ABCD to the baſe EFGH, ſo is the altitude MN 
the altitude KL. | | 

Either the altitude MN is equal to the altitude KL, or the 
altitudes are not equal. Firſt, Jet them be equal; and th 
cylinders AX, EO being alſo equal, and cones and cylinders 


of the ſame altitude being to one another as their baſes ?, there. 


fore the baſe ABCD is equal b to the baſe EFGH ; and zs the 


baſe ABCD is to the baſe EFGH, ſo is the altitude MIN t | 
the altitude EL. 


But let the alti- R N 0 
tudes KL, MN | / 
be unequa!, and JIN 
MN the greater \| 
of the two, and I. X ds 98 


from MN take | 

MP equal to EL, D | \ 
and, through the | 

point P, cut the E G 


cylinder EO by A K C Q M,/ 
the plane 'T'YS B F 
parallel to the op- 

polite planes of the circles EFGH, RO; therefore the cen 
mon ſection of the plane TS and tbe cylinder EO isa cn 
cle, and conſequently ES is a cylinder, the baſe of which is th! 
circle EFGH, and altitude MP: And becauſe the cylinder AN 
is equal to the cylinder EO, as AX is to the cylinder E, 
eis the cylinder EO to the fame ES. But as the evlinder 43 
to the cylinder ES, ſo * is the baſe ABCD to the baſic FFGH; 
for the cylinders AX, ES are of the ſame altitude; and a 
cylinder EO to the cylinder ES, ſo is the altitude \\ ' 
the altitude MP, becauſe the cylinder EO is cut by the ys 
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TyS parallel to its oppoſite planes. Therefore as the baſe 
ABCD to the baſe EFGH, ſo is the altitude MN to the altitude 
Mp: But MP is equal to the altitude KL; wherefore as the 
fe ABCD to the baſe EFGH, fo is the altitude MN to the al- 
tude KL; that is, the baſes and altitudes of the equal cylinders 
AX, EO are reciprocally proportional. 

But Jet the baſes and altitudes of the cylinders AX, EQ, be 
reciprocally proportional, viz. the baſe ABCD to the baſe 
EFGH, as the altitude MN to the altitude KL: The cylinder 
AX is equal to the cylinder EQ. 

Firſt, let the baſe ABCD be equal to the baſe EFGH; then, 
becauſe as the oaſe ABCD is to the baſe EFGH, fo is the al- 
ttude MN to the altitude KL; MN is equal® to KL, and 
therefore the cylinder AX is equal * to the cylinder EO. 

But let the baſes ABCD, EFGH be unequal, and let ABCD 
he the greater; and becauſe, as ABCD is to the baſe EFGH, fo 
is the altitude MN to the altitude KL; therefore MN is great- 
er d than KL. Then, the ſame conſtruction being made as he- 
fore, becauſe as the baſe ABCD to the baſe EFGH, ſo is the al- 
titule MN to the altitude KL; and becaule the altitude KL 
is equal to the altitude MP ; therefore the baſe ABCD is to 
the baſe EFGH, as the cylinder AX to the cylinder ES; and 
25 the altitude MN to the altitude MP or KL, ſo is the cylinder 
EO to the cylinder ES: Therefore the cylinder AX is to the 
cylinder ES, as the cylinder EO is to the ſame ES: Whence the 
cylinder AX is equal to the cylinder EO: And the ſame rea— 
loning holds in cones. Q. E. D. | 


PROP. XVI PROB. 


T5 deſcribe in the greater of two circles that have 
the ſame centre, a polygon of an even number of 
equal ſides, that ſhall not meet the lefler circle. 


Let ABCD, EFGH be two given circles having the ſame cen- 
tre K: It is required to inſcribe in the greater circle ABCD 


a polygon of an even number ot equal ſides, that ſhall not meet 
the lefſer circle, 


Through the centre K draw the ſtraight line BD, and from 
be point G, where it meets the circumference of the leſſer 


circle 
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Book XII. circle, draw GA at right angles to BD, and produce it to C. 


a 16. 3. 
b Lemma, and ſo on, there muſt at length remain a circumference le; 


2 38, 


Ca 
- 


than the whole EFGH; but it is alſo equal to it, wi" 
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therefore AC touches“ the circle EFGH : Then, if the circa 
ference BAD be biſected, and the half of it be again hiſeq, 


than AD: Let this be LD; and | 
from the point L draw LM per- 
pendicular to BD, and produce 
it to N; and join LD, DN. 
Therefore LD is equal to DN; 
and becauſe LN is parallel to AC, 
and that AC touches the circle 
EFGH ; therefore LN does not 
meet the circle EFGH: And 
much leſs ſhall the ſtraight lines 
LD, DN meet the circle EFGH : 
So that if ſtraight lines equal to LD be applied in the d 
ABCD fem the point L around to N, there ſhall be deſcriz 
in the circle a polygon of an even number of equal ſides 1 
meeting the lefſer circle. Which was to be done. 


LM. MA II. 


F two trapeziums ABCD, EFGH be inſcribed 1 
the circles, the centres of which are the points) 
L.; and if the fides AB, DC be parallel, as allo It, 
HG; and the other four fides AD, BC, EH, F6 
all equal to one another; but the five AB pre 
than EF, and DC greater than HG. The |traig! 
line KA from the centre of the circle in which the great 
er ſides are, is greater than the ſtraight line LE dis 
from the centre to the circumference of the other cir! 


If it be poſſible, let KA be not greater than LE; then . 
muſt be either equal to it, or leſs. Firſt, let KA be ecu 
to LE: Therefore, becauſe in two equal circles, AD, BC i" 
one are cqual to EH, FG in the other, the circumteren 
AD, BC are equal * to the circumferences EH, FG; but i 
cauſe the ſtraight lines AB, DC are reſpectively greater i 
EF, GH, the circumferences AB, DC are greater than © 
HG: Therefore the whole circumference ABCD is it 


im pos 
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mpoſſible : Therefore the ſtraight line KA is not equal to Book *) 


But let K A be leſs than LE, and make LM equal to KA, 
ad from the centre L, and diſtance LM deſcribe the circle 
op, meeting the ſtraight lines LE, LF, LG, LH, in M, 
N. o, P; and join MN, NO, OP, PM which are reſpeCtive- 
parallel“ to, and leſs than EF, FG, GH, HE: Then, be- a 2. 6. 
Fuſe EH is greater than MP, AD is greater than MP; and 


Wthe circles ABCD, MNOP are equal; therefore the circum- 
Wicrence AD is greater than MP; for the ſame reaſon, the cir- 
Ecumferencs BC is greater than NO; and becauſe the ſtraight 
ine AB is greater than EF which is greater than MN, much 
more is AB greater than MN: Therefore the circumference 
FAB is greater than MN; and, for the ſame reaſon, the circum- 
icrence DC is greater than PO: Therefore the whole circum- 
ference ABCD is greater than the whole MNOP; but it is like- 
E wiſc equal to it, which is impoſſible : Therefore KA is not leſs 
Wthan LE; nor is it equal to it; the ſtraight line KA muſt 
Ethcrefore be greater than LE. Q. E. D. 
Cor. And if there be an :foiccles triangle the ſides of which 
are cqual to AD, BC, but its baſe leſs than AB the greater of 
the two ſides AB, DC; the ſtraight line KA may, in the ſame 
manner, be demonſtrated to be greater than the ſtraight line 
drawn from the centre to the circumference of the circle de- 


E {cribed about the triangle. 


PROP. 


236 
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Wa) 


Sce N. 


—z 75; 3- the diameter of the circle, is 


b 16. 12. 


e 18. 11. 
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or. AVE F.R.0 8: 


O deſcribe in the greater of two ſpheres which hz 
the ſame centre, a ſolid polyhedron, the ſuper, 
cies of which ſhall not ot the lefler ſphere. 


Let there be two ſpheres about the ſame centre A; it iu. 
quired to deſcribe in the greater a ſolid polyhedron, the fue. 
ficies of which ſhall not meet the leſſer ſphere. 

Let the ſpheres be cut by a plane paſſing through the cent; 
the common ſections of it with the ſpheres ſhall be circles 
becauſe. the ſphere is deſeribed by the revolution of a temici. 
cle about the diameter remaining unmoveable; fo that in wh: 
cver poſition the ſemicircle be conceived, the common led: 
of the plane in which it is with the ſuperficies of the ſphere 
the circumlerence of a circle; and this is a great circle of the 
ſphere, becauſe the diameter of tne ſphere, which is likevil 
than any ſtraight line 
in the circle or ſphere: Let then the circle made by the izQin 
of the plane with the greater ſphere be BCDE, and with the 
laſſer ſphere be FGH ;, and draw the two diameters 31), Cl 
at right angles to one another: And in BCDE, the mou | 
the two circles, deſcribe? a polygon of an even number gte 
qual hdes not meeting the leſſet circle FGH ; and let its v9 
in BE, the fourth part of the circle, be BK, KL, LM, 55 
join KA and produce it to N; and from A draw AX at rip 
angles to the plane of the circle BCDE meeting the ſupertun 
of the ſphere in the point X; and let planes paſs throuz! b AY 
and each of the ſtraight lines BD), KN, which, from e 
has been ſaid, ſhall produce great circles on the ſuperkicic I 
the ſphere, and let BAD, KXN be the ſemicircles thus me 
upon the diameters BD, KN: Therefore, becauſe XA is at ig 
angles to the plane of the circle BCDE, every planc whict 
paſſes through XA 1s at right © angles to the plane of the citcé 
BCDE; wherefore the ſemicircles BXD, KXN are 2t "$ 
angles to that plane: And becaute the ſemicircles BED, 63h 
KEXN, upon the cqual diameters BD KN, are equal to 9 
made their halves BE, BX, KX, are equal to ond a 
other : Therefore, as many I of the polygon as are in! bh 
jo many there are in BX, * equal to the lides 15 
KL, LM, ME: Let theſe polygons be deſcribed, and i 
lides be BO, OP, PR, RX; KS, ST, TY, FX, and }# 


) 
od 
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6, PT, RY ; and from the points O, S draw OV, 80 perpen- Book XII. 
E-ulars to AB, AK: And becauſe the plane BOXD is at right 
ples to the plane BCDE, and in one of them BOXD, OV 

drawn perpendicular to AB the common ſection of the planes, 

erefore OV is perpendicular“ to the plane BCDE : For the a 4. def. 
Ine reaſon SQ is perpendicular to the ſame plane, becauſe I. 

e plane KSXN is at right angles to the plane BCDE. Join 

[Q; and, becauſe in the equal ſemicircles BXD, KXN the 


Qo P 


— ww. 
_- — 


> 


N 


3 1 


l 


ircumferences BO, KS are equal, and OV, $Q are perpen- 17 
licular to their diameters, therefore 4 OV is equal to 80, d 26. 1. 1 * 
nd BV equal to KQ : But the whole BA is equal to the whole 408 
A, therefore the remainder VA is equal to the remainder 5 1h 
NA: As therefore BV is to VA, ſois KQ to QA, wheretore ' 
is parallel* to BK: And becauſe OV, SQ are each of e 2. 6. | 
dem at right angles to the plane of the circle BCDE, OV is = 
parallel to 8Q 4 and it has been proved that it is allo equal f 6. 1x. * 
o it; therefore QV, SO are equal and parallel“: And becauſe g 33. 1. = 
Vis parallel to SO, and alſo to KB; OS is parallel“ to BK; j | 
dad therefore BO, KS which join them are in the ſame plane h : ö 
in 
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b 2. 1, 
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is in one plane: And if PB, IK be joined, and peryens: 

be drawn from the points P, T to — ſtraight lines AB 1 
it may be demonſtrated that TP is parallel to KB in the Y 
ſame way that SO was ſhown to be parallel to the ſame ky, 
wherefore * TP is parallel to SO, and the quadrilateral figur. 
HOPT is in one plane ; For the ſame reaſon, the quadrat 
RV is in one plane: And the figure XR is alſo in one plane), 


= R 


QC. 


| 


| 


H 


Therefore, if from the points, O, 8, P, T, R, Y there be draws 
ſtraight lines to the point A, there ſhall be ſormed a ſolid pr 
lyhedron between the circumferences BX, KX compoſed 0! 
pyramids the baſes of which are the quadrilaterals KBOS, 
SOPT, TPRY, and the triangle YRX, and of which the con 
mon vertex is the point A: And if the ſame conſtruction be 
made upon each of the ſides KL, LM, ME, as has been dont 
upon BK, and the like be done alſo in the other three qu. 
drants, and in the other hemiſphere; there ſhall be 1% 
med a ſolid polyhedron deſcribed in the ſphere, comp 
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ok pyramids, the baſes of which are the aforeſaid qua- Book X. 
Iilateral figures, and the triangle YRX, and thoſe formed in wv./ 
the like manner in the reſt of the ſphere, the common vertex 

of them all being the point A: And the ſuperficies of this ſo- 

jid polyhedron does not meet the leſſer ſphere in which is the 

arcle GH: For, from the. point A draw * AZ perpendicular a 11. ft. 
to the plane of the quadrilateral KBOS meeting it in Z, and 

n BZ, ZK: And becauſe AZ is perpendicular to the plane 

KBOS, it makes right angles with every ſtraight line meeting 

it in that plane; therefore AZ is perpendicular to BZ and ZK: 

And becauſe AB is equal to AK, and that the ſquares of of AZ, 

7B, are equal to the ſquare of AB; and the ſquares of AZ, 

K to the ſquare of AK b; therefore the ſquares of AZ, ZB b 4). 1. 
are equal to the ſquares of AZ, ZK: Take from theſe equals 

the (quare of AZ, the remaining ſquare of BZ is equal to the 

remaining ſquare of ZK ; and therefore the ſtraight line BZ 

1s equal to ZK: In the like manner it may be demonſtrated, 

that the ſtraight lines drawn from the point Z to the points O, 

d are equal to BZ or ZK: Therefore the circle deſcribed from“ 

the centre Z, and diſtance ZB ſhall pats through the points K, O, 

d, and K BOS ſhall be a quadrilateral hgure in the circle: And 

becauſe KB is greater than QW, and QV equal to 80, there- 

ſore KB is greater than SO: But KB is equal to each of the 

ſraight lines BO, KS; wherefore each of the circumferences 

cut off by KB, BO, KS is greater than that cut off by OS; aud 

thele three circumferences, together with a fourth equal to one 

vt them, are greater than the lame three together wita that cut 

of by OS; that is, than the whole circumference of the cir- 

cle; therefore the circumference ſubtended by KB is greater 

than the fourth part of the whole circumference of the circle 

&bOs, and conſequently the angle BZK at the centre is great- 

ei than a right angle: And becauſe the angle BZK is obtuſe, 

ie ſquare of BK is greater © than the ſquares of BZ, ZK; 1 
"at is, greater than twice the ſquare of BZ. Join KV, and 
becaule in the triangles KBV, OBV, KB, BV are equal to OB, 

DV, and that they contain equal angles; the angle KVB is e- 

ual 4 to the angle OVB: And OVB is a right angle; there- | 1 
Ne allo KVB is a right angie: And becaule BD is leſs than ; 
vice DV, the cetangle contained by DB, BV 1s leſs than 

mice the tectangle DVB; that is ©, the ſquare of KB is leſs , , 6 

dan twice the ſquare of KV: But the ſquare of KB is greater 

un twice the ſquare of BZ; therctore the ſquarg of KV is 


1 greater 
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greater than the ſquare of BZ: And becauſe BA is eq, 
AR, and that the ſquares of BZ, ZA are equal "oi wy 

ſquare of BA, and the ſquares of KV, VA to the ſquare 9 
AK ; therefore the ſquares of BZ, ZA are equal to the ſquzr 
of KV, VA; and of theſe the ſquare of KV is greater than th 
ſquare of BZ; therefore. the ſquare of VA is leſs than th- 
ſquare of ZA, and the ſtraight line AZ greater than Va. 
Much more then is AZ greater than AG ; becauſe, in the pre. 
ceding propoſition, it was ſhown that KV falls without the 
circle FGH: And AZ is perpendicular to the plane KB), 
and is therefore the ſhorteſt of all the ſtraight lines that can be 
drawn from A, the centre of the ſphere to that plane. There. 
fore the plane KBOS does not meet the leffer ſphere. 

And that the other planes between the quadrants BX, K 
fall without the leſſer ſphere, is thus demonſtrated : From the 
point A draw Al perpendicular to the plane of the quadrilz 
teral SOPT, and join IO; and, as was demonſtrated of the 

plane KEBOS and the point Z, in the ſame way it may be ſhoyy 
that the point I is the centre of a circle deſcribed about SOPT: 
and that OS is greater than PT; and PT was ſhown to be p# 
rallel to OS: Therefore, becauſe the two trapeziums KBOS, 
SOPT inſcribed in circles have their ſides BK, OS paralle|, a 
alſo OS, PT; and their other ſides BO, KS, OP, S1 all equ4 
to one another, and that BK is greater than OS, and Vs 
+ 2, Lem. greater than PT, therefore the ſtraight line ZB is greater! 
72. than IO. Join AO which will be equal to AB; and becauſe 
AIO, AZB are right angles, the ſquares of Al, IO are qui 
to the ſquare of AO or of AB; that is, to the ſquares of AZ, 
ZB; and the ſquare of ZB is greater than the ſquare ol 10, 
thereſore the ſquare of AZ is leſs than the ſquare of Al; and 
the ſtraight line AZ leſs than the ſtraight line Al: And it vas 
proved that AZ is greater than AG; much more then is Al 
greater than AG: Therefore the plane SOPT falls wholly with 
out the leſſer ſphere : In the ſame manner it may be demon 
{trated that the plane TPR falls without the ſame ſphere, © 
alſo the triangle YRX, viz. by the Cor. of 24 Lemma. An 
after the ſame way it may be demonſtrated that all the Plaue 
which contain the ſolid polyhedron, fall without the lll 
ſphere. I hereſore in the greater of two ſpheres which have tt 
{ame centre, a ſolid polyhedron is deſcribed, the ſuperficies & 
which dees not meet the leſſer ſphere. Which was to be * 


* 


But the ſtraight line AZ may be demonſtrated to be greater Book X11. | 
Im AG otherwiſe, and in a ſhorter manner, without the help \YWg 
Prop. 16. as follows. From the point G draw GU at right 
ales to AG and join AU. If then the circumference BE be (9 
ted, and its half again biſected, and fo on, there will at FN 
oth be Jeſt a circumference leſs than the circumference # 
hich is ſubtended by a ſtraight line equal to GU inſcribed in 

be circle BC DE: Let this be the circumference KB: Therefore 

be ſtraigbt line KB is Jeſs than GU : And becauſe the angle 

K is obtuſe, as was proved in the preceding, therefore BK 

greater than BZ: But GU is greater than BK; much more 
ben is GU greater than BZ, and the ſquare of GU than the 

nate of BZ; and AU is equal to AB; therefore the ſquare 

f AU, that is, the ſquares of AG, GU are equal to the ſquare 

AB, that is, to the ſquares of AZ, ZB; but the 1quare of BY 

leſs than the ſquare of GU; therefore the ſquare of AZ is 

eater than the ſquare of AG, and the ſtraight line AZ con- 
quently greater than the ſtraight line AG. 

Cor. And if in the leſſer iphere there be deſcribed a ſolid 
plyhedron by drawing ſtraight lines betwixt the points in 
hich the ſtraight lines from the centre of the tphere drawn 
„the angles of the ſolid polyhedron in the greater ſphere 
eet the ſuperficies of the leſſer; in the ſame order in which 
e joined the points in which the fame lines from the centre 
cet the ſuperficies of the greater ſphere; the folid polyhe- 
on in the ſphere BCDE has to this other ſolid polyhedron 
e triplicate ratio of that which the diameter of the ſphere 
DE has to the diameter of the other ſphere : For if theſe 
0 lolids be divided into the ſame number of pyramids, and 
the lame order; the pyramids ſhall be ſimilar to one ano- 
enn each to each: Becaule they have the ſolid angles at their 
Immon vertex, the centre of the ſphere, the ſame in each py- 
mid, and their other ſolid angle at the baſes equal to one 
other, each to each *, becauſe they are contained by three a B. rx. 
ane angles equal each to each; and the pyramids are contained T3 
the ſame number of ſimilar planes; and are therefore ſimilar d b x7, def. "4 [ 
one another, each to each: But fimilar pyramids have to I. ll 
e another the triplicate © ratio of their homologous tides. e Cor. 12. 
berelore the pyramid of which the baſe is the quadrilateral 
508, and vertex A, has to the pyramid in the other ſphere 
the fame order, the triplicate ratio of their homologous 
2 ſides; 
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Book XII. (des ; that is, of that ratio which AB from the centre of g, 


greater ſphere has to the ſtraight line from the ſame centre 90 
the ſuperficies of the leſſer ſphere. And in like manner, esch 
pyramid in the greater ſphere has to each of the ſame order in 
the leſſer, the triplicate ratio of that which AB has to the 4. 
midiameter of the leſſer ſphere. And as one antecedent is to ir; 
conſequent, ſo are all the antecedents to all the conſequen;, 
Wherefore the whole ſolid polyhedron in the greater ſphere hg 
to the whole folid polyhedron in the other, the triplicate rat 
of that which AB the ſemidiameter of the firſt has to the ſemi. 
diameter of the other; that is, which the diameter BD of th: 
greater has to the diameter of the other ſphere. 


PROP. XVIII. THE OR. 


CPHERES have to one another the triplicate ratio d 
KJ that which their diameters have. 


Let ABC, DEF be two ſpheres of which the diameters ar: 
BC, EF. The ſphere ABC has to the ſphere DEF the triplicat 
ratio of that which BC has to EF. f 

For, if it has not, the ſphere ABC ſhall have to a ſphere c. 
ther leſs or greater than DEF, the triplicate ratio of thit 
which BC has to EF. Firſt, let it have that ratio to a leſs, vi, 
to the ſphere GHE ; and let the ſphere DEF have the ſane 
centre with GHK ; and in the greater ſphere DEF deſcribe* 


a ſolid polyhedron, the ſuperficies of which does not mec! . 
leſſer ſphere GHK ; and in the ſphere ABC deſcribe r 
ſimilar to that in the ſphere DEF: Therefore the ſolid pohhde 
dron in the ſpkere ABC has to the ſolid polybedron !! 1 


b Cor. 17. ſphere DEF, the triplicate ratio Þ of that which BC has to Lt 


12. 


But the ſphere ABC hes to the ſphere GHK, the triplicae y 
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to the ſolid polyhedron in the ſphere DEF : But the ſphere 


io of that which BC has to EF; therefore, as the ſphere ABC Book XII. 
othe ſphere GH K, ſo is the ſolid polyhedron in the ſphere ABC Vw 


ABC is greater than the ſolid polyhedron in it; therefore © al- © 14. 5. 


{ the ſphere GHK is greater than the ſolid polyhedron in the 
ſphere DEF: But it is alſo leſs, becauſe it is contained within 
it, which is impoſſible: Therefore the ſphere ABC has nor to 
any ſphere Jeſs than DEF, the triplicate ratio of that which 
BC has to EF. In the ſame manner, it may be demonſtrated, 
that the ſphere DEF has not to any ſphere leſs than ABC, the 
triplicate ratio of that which EF has to BC. Nor can the 
ſphere ABC have to any ſphere greater than DEF, the tripli- 
cate ratio of that which BC has to EF: For, if it can, let it 
have that ratio to a greater ſphere LMN : Therefore, by inver- 
fon, the ſphere LMN has to the ſphere ABC, the triplicate 
ratio of that which the diameter EF has to the diameter BC. 
But, as the ſphere LMN to ABC, ſo is the ſphere DEF to ſome 
ſphere, which muſt be leſs © than the ſphere ABC, becauſe the 
ſphere LMN is greater than the ſphere DEF: Therefore the 
Wphere DEF has to a ſphere leſs than ABC the triplicate ratio 
ff that which EF has to BC; which was ſhewn to be impot- 
ble: Therefore the ſphere ABC has not to any ſphere greater 
han DEF the triplicate ratio of that which BC has to EF : And 
It was demonſtrated, that neither has it that ratio to any ſphere 
els than DEF. Therefore the ſphere ABC has to the ſphere 
PLF, the triplicate ratio of that which BC has to EF. Q. E. D. 
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DEFINITION I BOOK I. 


TT is neceſſary to confider a ſolid, that is, a magnitude which 
has length, breadth, and thickneſs, in order to underſtand 
right the definitions of a point, line, and ſuperficies; for theſe 
all ariſe from a ſolid, and exiſt in it : 'The boundary, or boun- 
Joaties which contain a ſolid are called fuperficies, or the boun- 
daty which is common to two folids which are contiguous, or 
which divides one ſolid into two contiguous parts, is called a 
ſuperficies : Thus, if BCGF be one of the boundaries which 
contain the folid ABCDEFGH, or which is the common 
boundary of this ſolid, and the ſolid BELCFNMG, and is there- 
fore in the one as well as the other ſolid, is called a ſuperficies, 
and has no wigs rd For K it have any, this thickneſs muſt 
either be a part of the thickneſss 
bof the lic AG, or the ſolid H G M 
BM, or a part of the thickneſs of 
each of them. It cannot be a 
part of the thickneſs of the ſolid 
BM; becauſe, if this ſolid be re- D C 
mored from the ſolid AG, the 
e BCGF, the boundary 
ob the ſolid AG, remains ſtill the 
tame as it was. Nor can it be a A B K | 
part of the thickneſs of the ſolid AG; becauſe, if this be re- 1 
moved from the ſolid BM, the ſuperficies BC GF, the boundary | 
of the ſolid BM, does nevertheleſs remain; therefore the ſuper- 4 
F icies BCGF has no thickneſs, but only length and breadth. 1 
the boundary of a ſuperficies is called a line, or a line is the $ 
common boundary of two ſuperficies that are contiguous, or 17 
which divides one ſuperficies into two contiguous parts: Thus, 7 | 
it BC be one of the boundaries which contain the ſuperficies "300 
ABCD, or which is the common boundary of this ſuperficies, ATA 
and of the ſuperficies KBCL which is contiguous to it, this 4 
boundary BC is called a line, and has no breadth :. For, if it 
ave any, this mult be part either of the breadth of the ſuper- 
ies ABCD, or of the ſuperficies KBCL, or part of each of 
them, It is not part of the breadth of the ſuperficies KBCL ; 
for, this ſuperficies be removed from the ſuperficics —_ 
Ce 
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Book 1, the line BC which is the boundary of the ſuperficies ABCD n. 


the extremity of the line KB, does nevertheleſs remain: There 


ſhould comprehend not only a plane angle contained by the 


be made by a ſtraight line and a curve, or by two curve line, 


mains the ſame as it was: Nor can the breadth that BC js fur. 
oſed to have, be a part of the breadth of the ſuperficies AB(h. 
ecauſe, if this be removed from the ſuperficies KBCL, the line 
BC which is the boundary of the ſuperficies KBCL docs nere. 
theleſs remain: Therefore the line BC has no breadth; And be 
cauſe the line BC is in a ſuperficies, and that a ſuperficics hz; 
no thicknels, as was ſhewn ; therefore a line has neither bread), 
nor thickneſs, but only leagth. | 
The boundary of a line is called a point, or a point is the 


common boundary or extremity 
of two lines that are contiguous : H G V 
Thus, if B be the extremity of the F/ IN / 


line AB, or the common extre- E — 
mity of the two lines AB, KB, 1 
this extremity is called a point 

and has no length: For, if it have D L 
any, this length mult either be 
part of the length of the line AB 7 
or of the line KB. It is not part A B 1 
of the length of KB; for, if the line KB be removed from AB, 
the point B which is the extremity of the line AB remains the 
tame as it was: Nor is it part of the length of the line AB; 
for, if AB be removed from the line KB, the point B, which is 


| 


tore the point B has no length: And becauſe a point is in a line, 
and a line has neither breadth nor thickneſs, therefore a point 
has no length, breadth, nor thickneſs. And in this manner the 
definitions of a point, line, and ſuperficies are to be underltood, 


DEF, vi 1k 

Inſtead of this definition as it is in the Greek copies, a mort 
diſtinct one is given from a property of a plane ſuperficies, which 
is manifeſtly ſuppoſed in the elements, viz. that a ſtraight line 


drawn from any pont plane to any other in it, is wholly u. 
that plane. | 


DE F. VII. B. I. 
It ſeems that he who made this definition deſgned that lt 
. ſtraight lines, but likewiſe the angle which ſome conceive {© 


, f — ine 0 
which meet one another in a plane: But, cho' the meaning 0 


NOTE Ss. 


299 


the words in ies, that is, in a ſtraight line, or in the ſame Book 1. 
4irection, be plain, when two ſtraight lines are ſaid to be in a WWW 


ſtraight line, it does not appear what ought to be underſtood 
by theſe words, when a ſtraight line and a curve, or two curve 
lines, are ſaid to be in the ſame direction; at leaſt it cannot be 
explained in this place ; which makes it probable that this defi- 
nition, and that of the angle ot a ſegment, and what is ſaid of 
the angle of a ſemicircle, and the angles of ſegments, in the 
16. and 31. propoſitions of book 3. are the additions of ſome 
Jeſs ſkilful editor: On which account, eſpecially ſince they are 
quite uſeleſs, theſe definitions are diſtinguiſhed from the reſt by 
inverted double commas, | 


DEF. XVII. B. I. 


The words, “ which alſo divides the circle into two equal 
« parts,” are added at the end of this definition in all the copies, 
but are now left out as not belonging to the definition, being 
ouly a corollary from it. Proclus demonſtrates it by conceiving 
one of the parts into which the diameter divides the circle, to 
be applied to the other; for it is plain they muſt coincide, elſe 
the ſtraight lines from the centre to the circumference would 
not be all equal: The ſame thing is eafly deduced from the 
31, prop. of book 3. and the 24. of the ſame; from the ſirſt 
o which it follows that ſemicircles are ſimilar ſegments of a 
circle: And from the other, that they are equal to one another. 


DEF. XXXII. B. I. 


This definition has one condition more than is neceſſary ; 
becauſe every quadrilateral figure which has its oppoſite ſides 
equal to one another, has likewiſe its oppoſite angles equal; and 
on the contrary. 

Let ABCD be a quadrilateral figure of which the oppoſite 
l:des AB, CD are equal to one an- 


other; as alſo AD and BC: Join A. D 
BD ; the two ſides AD, DB are e- | 
qual to the two CB, BD, and the baſe | | 


AB is equal to the baſe CD; there- B C 

tore by prop. 8. of book 1. the angle DE 8 

ADB is equal to the angle CBD; and by prop. 4. B. 1. the an- 
gle BAD is equal to the angle DCB, and ABD to BDC; and 
therefore alſo the angle ADC is equal to the angle ABC. 


And 


Book I, And if the angle BAD be equal to the oppoſite angle Bcy 
Dad the angle ABC to ADC the oppolite ſides are equal 
—— prop. 32. B. 1. all the angles of the quadrilater,] 


figure ABCD are- together equal to AA 

four right angles, and the two angles U 
BAD, ADC are together equal to , 

the two angles BCD, ABC: Where- hd 
fore BAD, ADC are the half of all B C 


the four angles; that is, BAD and 
ADC are equal to two right angles: And therefore AB, cb 
are parallels by prop. 28. B. 1. In the ſame manner AD, BC 
are parallels; Therefore ABCD is a parallelogram, and its op⸗ 
poſite ſides are equal by 34. prop. B. 1. 


PROP. VII. B. I. 


There are two caſes of this propofition, one of which is not 
in the Greek text, but is as neceſſary as the other: And that the 
caſe left out has been formerly in the text appears plainly from 
this, that the ſecond part of prop. 5. which is neceſſary to the 
demonſtration of this caſe, can be of no uſe at all in the ele- 
ments, or any where elſe, but in this demonſtration ; becauſc 
the ſecond part of prop. 5. clearly follows from the firſt part, 
and prop- 13. B. 1. This part mult therefore have been added to 
prop. 5. upon account of ſome propobtion betwixt the 5. and 
13. but none of theſe ſtand in need of it except the 7. pro- 
poſition, on account of which it has been added: Beſides, the 
tranſlation from the Arabic has this caſe explicitly demonſtrated; 
And Proclus acknowledges that the ſecond part of prop. 5. 
was added upon account of prop. 7. but gives a ridiculous re- 
fon for it, “that it might afford an anſwer to objections made 
% againſt the 5.” as if the caſe of the 7. which is left out, were, 
as he expreſsly makes it, an objection againſt the propoſition 
itſelf. Whoever is curious may read what Proclus ſays of this 
in his commentary on the 5. and 7. propoſitions ; ſor it is not 
worth while to relate his trifles at full length. 

It was thought proper to change the enunciation of this) 
prop. fo as to preſerve the very ſame meaning; the literal trail- 
lation from the Greek being exttemely harſh, and difficult to b: 
anderſtood by beginners. | 


P R OF. 


us * 


NO TE 8. 


PROP. XI. B. I. 


A cordllary is added to this propoſition, .which is neceſſary to 
Prop. 1. b. 11. and otherwiſe. 


PROP. XX. and XXI. B. I. 


Proclus, in his commentary, relates, that the Epicureans de- 
ided this propoſition, as being manifeſt even to aſſes, and need- 
ing no demonſtration ; and his anſwer is, that though the truth 
of it be manifeſt to our ſenſes, yet it is ſcience which muſt give 
the reaſon why two ſides of a triangle are greater than the third: 
But the right anſwer to this objection againſt this and the 211, 
and ſome other plain propoſitions, is, that the number of axioms 
ought not to be increaſed without neceſſity, as it mult be if theſe 
propoſitions be not demonſtrated. Mon, Clairault, in the pre- 
ace to his elements of geometry, publiſhed in French at Paris, 
ann. 1741, ſays, That Euclid has been at the pains to prove, 
that the two ſides of a triangle which is included: within another 
are together leſs than the two ſides of the triangle which in- 
dudes it; but he has forgot to add this condition, viz. that the 
triangles muſt be upon the ſame baſe; becauſe, unleſs this be 
aided, the ſides of the included triangle may be greater than the 
ſides of the triangle which includes it, in any ratio which is leſs 
than that of two to one, as Pappus Alexandrinus has demon» 
ſtrated in Prop. 3. b. 3. of his mathematical collections. 


PROP. XXI. B. I. 


Some authors blame Euclid becauſe he does not demonſtrate, 
that the two circles made uſe of in the conſtruction of this 
| problem mult cut one another: But this is very plain from the 
(termination he has given, viz. that any two of the {ſtraight 
ines DF, FG, GH mull be great - 
er than the third: For who ts ſo 
dall, tho" only beginning to learn 
he elements, as not to perceive 
that the circle deſcribed from the 
N F, at the diſtance FD, 1 
mult meet F betwixt F and H, 
decauſe FD is leſs than FH; and DM F 
tat, for the like reaſon, the circle deſcribed from the centre 
C, at the diſtance GH or GM, muſt meet DG betwixt p | 

ar. 


— 
— — 


_ 


— — 


— — 
— — 


— —— TE —ͤ— 


a- — — ———̃ —— — 
. — — —— — 
— — 2 — - 


— — _— ad am + —_— Se 444 Au 
* - — 2 . — Mo — - s - 8 
—ͤ — m———— Q 00 
— by - 


* - 
_— — 
— 


| 
l 
| 
r 
| 


— 


—— _—_ 


— 


— C 
— - 2 = — > —— - 
— — — 


2 — — 


— 
- — 


— . 


- — 


— — 


— 
— — 


by — = 
- — — 


— ——— — 
”- 
- ä 


— 
. 1 
3 — == S is * * = 
— a 
— ” —— 22 — 


302 


NG E 


Book I. and G; and that theſe circles muſt meet one another, beczy{ 


b and GH are together greater 


than FG? And this determina- 
tion is eaſier to be underſtood than 
that which Mr Thomas Simpſon 
derives from it, and puts inſtead 
of Euclid's, in the 49th page of | 
his elements of geometry, that he DM F 6 I 
may ſupply the omiſhon he blames 
Euclid for; which determination is, that any of the thre 
ſtraight lines muſt be leſs than the ſum, but greater than the 
difference of the other two: From this he ſhews the circles muſ 
meet one another, in one caſe; and ſays, that it may be prove! 
after the ſame manner in any other caſe : But the ſtraight line 
GM which he bids take from GF may be greater than it, as in 
the figure here annexed ; in which caſe his demonſtration muſt 
be changed into another. 


PROP. XXIV. B. I. 


To this is added, © of the two ſides DE, DF, let DP. be 
ce that which is not greater than the other ;” that is, take that 
ſide of the two DE, DF which is not greater than the other, in 
order to make with it the angle EDG UDO 
equal to BAC; becaute, without this 
reſtriction, there might be three differ- 
ent caſes of the propoſition, as Campa- 
nus and others make. | 

Mr Thomas Simpſon, in p. 262. of 
the ſecond edition of his elements of 
geometry, printed anno 1760, obſerves, 
in his notes, that it ought to have been E. 8 
ſhown, that the point F falls below the IC 
line EG; this probably Euclid omitted, F' 
as it is very eaſy to perceive, that DG being equal to DF, th! 
point G is in the circumference of a circle deſcribed from the 
centre D at the diſtance DF, and muſt be in that pert c 
which is above the ſtraight line EF, becauſe DG falls abore 
DF, the angle EDG being greater than the angle EDF. 


PROP. XXIX. B. I. 


The propoſition which is uſually called the 5th poſtulate, 


11th axiom, by ſome the 12th, on which this 29th depends, as 
1 give 


NOE. 


„ indeed, it is not ſelf-evident; but it may be demonſtrated 


5 DEFENITION x. 
The diſtance of a point from a ſtraight line, is the perpendi- 
ilar drawn to it from the point. 
DIF. 2. 
One ſtraight line is ſaid to go nearer to, or further from, ano- 
her ſtraight line, when the diſtances of the points of the hrit 
om the other ſtraight line become leſs or greater than they 
ere; and two ſtraight lines are ſaid to keep the ſame diſtance 
zom one another, when the diſtance of the points of one of them 
rom the other is always the ſame, 
oN. | 

A ſtraight line cannot firſt come nearer to one another ſtraight 
ne, and then go further from | C 
t, before it cuts it; and, in like e TRORDS. | 
aner, a ſtraight line cannot D | E. 
o lurther from another ſtraight — —ñ 
ne, and then come nearer to F CG H 
t; nor can a ſtraight line keep 
he ſame diſtance from another ſtraight line, and then come 
carer to it, or go further from it; for a ſtraight line keeps al- 
ways the ſame direCtion. 


r to the ſtraight line DE, as B 


0 the point C, go further from  —— 
ic fame DE: And, in like man- G H 
ler, the ſtraight line FGH can- | 
ot go further from DE, as from F to G, and then, from Gt 
, come nearer to the ſame DE: And ſo in the laſt caſe, as in 


I. 2. | 
PROP; I. 
if two equal ſtraight lines AC, BD, be each at right angles 
0 the ſame (traight line AB; if the points C, D be joined by 
be ſtraight line CD, the ſtraight line EF drawn from any point 
| 3 unto CD, at right angles to AB, ſhall be equal to AC, 
Or F 
lf EF be not equal to AC, one of them muſt be greater 
lau the other; let AC be the greater; then, becauſe F b y 
| els 


Iren a great deal to do, both to antient and modern geome- Book . 
s: It ſeems not to be properly placed among the Axioms, E 


For example, the ſtraight line ABC cannot firſt come near- 


rom the point A to the point A 1 Ed ce the f- 
„ and then, from the point B — Wo: goes above, 
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une AB at the point F than at the 


b $8. 1. 


e 10. def. 


N OT E 8. 
leſs than CA, the ſtraight line CFD is nearer to the ſtraight 


point C, that is, CF comes nearer | F 

to AB from the point C to F: But 
becauſe DB is greater than FE, s 
the ſtraight line CFD is further 

from AB at the point D than at F, F | 

that is, FD goes further from AB 


from F to D: Therefore the ſtraight 1 
line CFD firſt comes nearer to the A E. B 
ſtraight line AB, and then goes further from it, before it cu 
it; which is impoſſible. If FE be ſaid to be greater than C4, 
or DB, the ſtraight line CFD firſt goes further from the ſtraight 
line AB, and then comes nearer to it; which is alſo impoſſible, 
Therefore FE is not unequal to AC, that is, it is equal to it. 


PROP. 2. 


If two equal ſtraight lines AC, BD be each at right angles u 
the ſame Araight line AB; the ſtraight line CD which joins 
their extremities make right angles with AC and BD. 

Join AD, BC ; and becauſe, in the triangles CAB, DBA, 
CA, AB are equal to DB, BA, and the angle CAB equal u 
the angle DBA; the baſe BC is equal“ to the baſe AD : And 
in the triangles ACD, BDC, AC, CD are equal to BD, DC 
and the baſe AD is equal to the baſe D 
BC: Therefore the angle ACD is me E. 
qual to the angle BDC: From any F< 
point E in AB draw EF unto CD, 
at right angles to AB; therefore, by 
Prop. 1, EF is equal to AC, or BD; 
wherefore, as has been juſt now E B 
ſhown, the angle ACF is equal to 
the angle EFC : In the ſame manner, the angle BDF is equal 
to the angle EFD; but the angles ACD, BDC are equal 
therefore the angles EFC and EFD are equal, and git 
angles ©; wheretore alſo the angles ACD, BDC are git 
angles. 

Cor, Hence, if two ſtraight lines AB, CD be at right angles 
to the ſame ſtraight line AC, and it betwixt them a ſtraight 
line BD be drawn at right angles to either of them, as to 4b; 
then BD is equal to AC, and BDC is a right angle. 

If AC be not equal to BD, take BG equal to AC, 200 
join CG: Therefore, by this Propoſition, the angle ACC 1 


right angle; but ACD is alſo a right angle; wherefore * 


NOTE 8. 


right angle. 
P R O P. z. 


If two ſtraight lines which contain an angle be produced, 
here may be found in either of them a point from which the 
erpendicular drawn to the other ſhall be greater than any given 
haight line. 

Let AB, AC be two ſtraight lines which make an angle with 
de another, and let AD be the given ſtraight line; a point 
nay be found either in AB or AC, as in AC, from which the 
perpendicular drawn to the other AB ſhall be greater than AD. 
In AC take any point E, and draw EF perpendicular to 
B; produce AE to G, ſo that EG be equal to AE; and 
roduce FE to H, and make EH equal to FE, and join HG, 
Decauſe, in the triangles AEF, GEH, AE, EF are equal to 


angle: Draw GK perpendicular to AB; and becauſe the ſtraight 
ines FK, HG | 

pre at right an- A F E B M 
ples to FH, and | | n | 

at right an- N 
ples to FK; KG O 


bs equal to FH, Di H CG 
by Cor. Pr. 2. 1 | 
nat is, to the 


ouble of FE. 

In the ſame manner, if AG be produced to L, ſo that GL be 
qual to AG, and LM be drawn perpendicular to AB, then 
LM is double of GK, and ſo on. In AD take AN equal to 
E, and AO equal to KG, that is, to the double of FE, or 
AN; alſo, take AP equal to LM, that is, to the double of KG, 
r AO; and let this be done till the ſtraight line taken be great- 
er than AD; Let this ſtraight line ſo taken be AP, and becauſe 
is equal to LM, therefore LM is greater than AD. Which 
728 to be done. | 


PROP. 4 


lf two ſtraight lines AB, CD make equal angles EAB, 
ECD with another Rraight line EAC towards the ſame parts of 
AB and CD are at right angles to ſome ſtraight line. 

a U Biſect 


985 


s ACD, ACG are equal to one another, which is impoſſible, Book J. 
FMerefore BD is equal to AC; and by this propoſition BDC is WWW 


E, EH, each to each, and contain equal! angles, the angle a x5. r, 
HE is therefore equal® to the angle AFE which is a right b. 3. c. 


306 NOTE 
Book l. Biſect AC in F, and draw FG perpendicular to AB. 4. 
Elin the ſtraight line CD equal AG, and on the — 
ſide of AC to that on which AG is, and join FH: Thereſa, 
in the triangles AFG, CFH the ſides FA, AG are equal 1 
FC, CH, each to each, and the angle | 

a 15.1, FAG, that* is, EAB is equal to the E 

b 4.1, angle FCH; wherefore® the angle 
AGF is equal to CHF, and AFG to 8 19 
the angle CFH: Jo theſe laſt add the Rs 
common angle AFH ; therefore the F oy” 
two angles AFG, AFH are equal to bod 
the two angles CFH, HFA, which 
two laft are equal together to two C 1M D* 

c 13. 1. right angles, therefore alſo AFG, 

& 14. 1. AFH are equal to two right angles, and conſequently “ GF 
and FH are in one ſtraight line. And becauſe AGF is a right 
angle, CHF which is equal to it is alſo a right angle: Thercore 
the ſtraight lines AB, CD ace at right angles to GH, 

11 
:.. 4 bk By 
If two ſtraight lines AB, CD be cut by a third ACE +: 
to make the interior angles BAC, ACD, on the ſame ide d 
It, together leſs than two right angles; AB and CD being pr 
duced ſhall meet one another towards the parts on which als 
the two angles which are leſs than two right angles. 

a 23. I. At the point C in the ſtraight line CE make“ the auge 
ECF equal to the angle EAB, and draw to AB the {taipht 
line CG at right angles to CF: Then, becauſe the angles Ef, 
EAB are equal to one an- R 
other, and that the angles E 

: ECF, FCA are together e- 

3 op 


qual® to two right angles, M C FE k 


the angles EAB, FCA are 
equal to two right angles. 
But, by the hypotheſis, the N D 
angles EAB, ACD are to- #1 L 
gether leſs than two right = 5 


angles; therefore the angle A () G B H 


FCA is greater than ACD, 

and CD falls between CF and AB: And becauſe CF and Cy 
make an angle with one another, by Prop. 3. a point ma} ® 
found in either of them CD trom which the perpendiculi 


drawn to CF ſhall be greater than the ſtraight line CG: 1 


NOT E 8. 


this point be H, and draw HK perpendicular to CF meeting 
AB in L: And becauſe AB, CF contain equal angles with 
AC on the ſame fide of it, by Prop. 4. AB and CF are at right 
angles to the ſtraight line MNO which biſets AC in N and is 
perpendicular to CF: Therefore, by Cor. Prop. 2. CG and KL 
which are at right angles to CF are equal to one another: And 
HK is greater than CG, and therefore is greater than KL, and 
conſequently the point H is in KL produced. Wherefore the 
ſtraight lines CDH drawn betwixt the points C, H which are on 
contrary ſides of AL, muſt neceſſarily cut the ſtraight line AB. 


PROP. XXXV. B. I. 


The demonſtration of this Propoſition is changed, becauſe, if 
the method which is uſed in it was followed, there would be 
three caſes to be ſeparately demonſtrated, as is done in the 
tranſlation from the Arabic; for, in the Elements, no caſe of a 
Propoſition that requires a different demonſtration, ought to 
be omitted. On this account, we have choſen the method 


which Monſ. Claicault has given, the ſirſt of any, as far as L_________-- 


know, in his Elements, page 21. and which afterwards Mr 
Simpſon gives in his page 32. But whereas Mr Simpſon makes 
uſe of Prop. 26. B. 1. from which the equality of the two 
| triangles does not immediately follow, becaule, to prove that, 
the 4. of B. 1- muſt likewiſe be made uſe of, as may be ſeen, 
in the very fame caſe in the 34. Prop. B. 1. it was thought bet- 
ter to make uſe only of the 4. of B. 1. 


EA OP. XIV. BL 


The ſtraight line KM is proved to be parallel to FL from 
the 33. Prop.; whereas KH is parallel to FG by conſtruction, 
and KHM, FGL have been demonſtrated to be ſtraight lines. 
A corollary is added from Commandine, as being often uſed. 


FAO FP. AUC BB 1E 


iy this Propoſition only acute angled triangles are mention- 
ed, whereas it holds true of every triangle : And the de- 
monſtrations of the caſes omitted are added; Commandine and 
Clavius have likewiſe given their demonſtrations of theſe caſes. 


PROP. XIV. B. II. 


In the demonſtration of this, ſome Greek editor has ig- 
norantly inſerted the words,“ but if not, one of the two BE, 
U 2 ED 
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Book II. 
3 


Book III. 
* 


NOT 8. 


« ED is the greater; let BE be the greater, and produce it 1; 
% F,” as if it was of any conſequence whether the greater « 
leſſer be produced: Therefore, inſtead of theſe words, ther; 
ought to be read only, “ but if not, produce BE to FE.“ 


PR O P. I. B. II. 


EVERAL authors, eſpecially among the modern mathe. 
maticians and logicians, inveigh too ſeverely againſt indi. 
rect or Apagogic demonſtrations, and ſometimes ignorant!y 
enough; not being aware that there are ſome things that car. 
not be demonſtrated any other way: Of this the preſent pro. 
poſition is a very clear inſtance, as no direct demonſtration 
can be given of it: Becauſe, beſides the definition of a circle, 
there 1s no principle or property relating to a circle antecedent 
to this problem, from which either a direct or indirect de- 
monſtration can be deduced: Wherefore it is neceſſary that the 
point found by the conſtruction of the problem be proved to 
be the centre of the circle, by the help of this deſinition, and 
ſome of the preceding propoſitions: And becauſe, in the de- 
monſtration, this propoſition muſt be brought in, viz, ftraight 
lines from the centre of a circle to the circumference are equa], 
and that the point found by the conſtruction cannot be zfiu- 
med as the centre, for this is the thing to be demonſttated; it 
is manifeſt ſome other point muſt be aſſumed as the centre; 
and if from this aſſumption an abſurdity follows, as Euclid de- 
monſtrates there muſt, then it is not true that the point ſlume! 
is the centre; and as any point whatever was aſſumed, it foi1ows 
that no point, except that found by the conſtruCtion, can be th 
centre, from which the neceflity of an indirect demonſtration i 
this caſe is evident. 


PROP. in. B. III. 


As it is much eaſier to imagine that two circles may touch 
one another within in more points than one, upon the fame 
fide, than upon oppobte fides; the figure of that cale ough: 
not to have been omitted; but the conſtruction in the Gieek 
text would not have ſuited with this figure ſo well, becaulc the 
centres of the circles muſt have been placed near to the ci 
cumferences : On which account another conſtruction aud de. 
monſtration is given, which is the fame with the ſecond 74 


of that which Campanus has tranſlated from the ary 
whe 


NOTE 6 209 


where without any reaſon the demonſtration is divided into two Book III. 


parts. — 
Nor. . B. H. 


The converſe of the ſecond part of this propoſition is want- 
ing, though in the preceding, the converſe is added, in a like caſe, 
both in the enunciation and demonſtration; and it is now add- 
ed in this. Beſides, in the demonſtration of the firlt part of 
this 15th, the diameter AD (fee Commandine's figure) is proved 
to be greater than the ſtraight line BC by means of another 
ſtraight line MN; whereas it mey be better done without it: 
On which accounts we have given a different demonſtration, like 
to that which Euclid gives in the preceding 1 4th, and to that 
which Theodoſius gives in prop. 6. B. 1. of his Spherics, in 
this very affair. 


PROP; Xvi. B. Mt 


In this we have not ſollowed the Greek nor the Latin trant- 
lation literally, but have given what is plainiy the meaning ot 
the propoſition, without mentioning the angle ot the ſemicircle, 
or that which ſame call the cornicular angle which they con- 
ceire to be made by the circumference and the ſtrazght line witch 
is at right angles to the diameter, at its extremity z which an- 
| gies have furniſhed matter of great debate between ſome of the 
modern geometers, and given occaſion of deducing firange con- 
lequences from them, which are quite avoided by the manner 
in which we have expreſſed the propoſition. And in like man— 
ner, we have given the true meaning of prop. 31. b. 3. without 
mentioning the angles of the greater or leſſer ſegments : Thete 
piſſages, Vieta, with good reaſon, ſulpects to be adultcrated, in 


the 386th page of his Oper. Math. 


PROP. XX. B. Ill. 


The firſt words of the ſecond part of this demonſtration, 
tizMeodw On aaaw,,” are Wrong tranfloted by Mr Briggs and 
Dr Gregoty © Rurſus inclinetur;” for the tranſlation ought 
be © Rurſus infletarur,” as Commandine has it: A ſtraight 
line is laid to be inflected either to a ſtraight, or curve line, 
nen a ſtraight line is drawn to this line from a point, and 
nom the point in which it meets it, a ſtraight line making 
all angle with the former is drawn to another point, as is evi— 
deut from the goth prop. of Euclid's Data: For thus the whole 
line betwixt the firſt and laſt points, is inflected or broken at 

. the 


{i 
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Book III. the point of inflection, where the two ſtraight lines meet. And 
I in the like ſenſe two ſtraight lines are ſaid to be inflected from 


two points to a third point, when they make an angle at this 
point; as may be ſeen in the deſcription given by Pappu; 4. 
lexandrinus of Apollonius's Books de Locis planis, ir. the pre. 
face to his 7th book: We have made the expreſſion fuller fron 
the goth prop. of the data. 


PROP. XXI. B. III. 


There are two caſes of this propoſition, the ſecond of which, 
viz. when the angles are in a ſegment not greater than a ſen. 
circle, is wanting in the Greek: And of this a more ſimple 
demonſtration is given than that which is in Commandine, x 
being derived only from the firſt caſe, without the help of tri 
angles. 


PROP. XXIII. and XXIV.“ B. III. 


In propoſition 24. it is demonſtrated, that the ſegment AFB 
muſt coincide with the ſegment CFD, (fee Commandinc's f. 
gure), and that it cannot fall otherwiſe, as CGD, ſo as to cut 
the other circle in a third point G, from this, that, if it did, 
circle could cut another in more points than two : But this 
ought to have been proved to be impoſſible in the 23d prop. # 
well as that one of the ſegments cannot fall within the other: 
This part then is left out in the 24th, and put in its proper place, 
the 23d Propoſition. 


PROP. XXV. B. Il; 


This propoſition is divided into three cafes, of which tut 
have the ſame conſtruction and demonſtration ; therefore it“ 
now divided only into two caſes. 


PROP. AXANL B II. 


This alſo in the Greek is divided into three caſes, of whic 
two, Viz. one, in which the given angle is acute, and the othcr!! 
which it is obtuſe, have exactly the fame conſtruction and de. 
monſtrat'on; on which account, the demonſtration ot the 46 
caſe is leſt out as quite ſuperfluous, and the addition 0! fene 
unſkilful editor; beſides the demonſtration of the caſe when tne 
angle given is a right angle, is done a round about way, ud 


therefore changed to a more ſimple one, as was done by Cd 
: * oO 0 3 P R () F. 
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As the 28th and 33d propoſitions are divided into more caſes, 
ſo this 35th is divided into fewer cafes than are neceſſary. Nor 
can it be ſuppoſed that Euclid omitted them becauſe they are 
eiſy; a8 he has given the caſe, which by far, is the caſieſt of 
them all, viz. that in which both the ſtraight lines pals through 
the centre: And in the following propoſition he ſeparately de- 
monſtrates the caſe in which the ſtraight line paſſes through the 
centre, and that in which it does not paſs through the centre: So 
that it feems Theon, or ſome other, has thought them too long 
to infert : But caſes that require different demonſtrations, ſhould 
not be left out in the elements, as was before taken notice of : 
Theſe caſes are in the trauſlation from the Arabic, and are now 


put into the text 


PROP, AAXVIL B. II. 


At the end of this, the words, “ in the ſame manner it may 
| « be demonſtrated, if the centre be in AC,” are left out as the 
| addition of ſome ignorant editor. 


DEFINITIONS of BOOK IV. 
| Book IV 
HEN a point is in a ſtraight, or any other line, this va 
point is by the Greek geometers ſaid «77t73a;, to he 
upon, or in that line, and when a ſtraight line or circle meets 
a circle any way, the one is ſaid @x7:03zi to meet the other: But 
when a ſtraight line or circle meets a circle fo as not to cut it, 
it is faid s@&TT2o9Jz:, to touch the circle; and theſe two terms 
are never promiſcuouily uſed by them: Therefore, in the 5th de— 
linition of B. 4. the compound g mult be read, inf{tca' 
of the ſimple @rrarz:; And in the 1ſt, 2d, 3d, and 6th def 
nitions in Commandinc's tranſlation, “ tangit,” mult be rca1 
head of ( contingit;” And in the 2d and 3d definitions of 
Book 3. the ſame change muit be made: But in the Greek tent 
of propoſitions 11th, 12th, 13th, 18th, 19th, Book 3. the com- 
pound verb is to be put for the ſimple. 


ee 


In this, as alſo in the 8th and 13th propoſitions of this book, 
it 15 demonſtrated indirectly, that the circle touches a firaight 
line; whereas in the 17th, 33d, and 37th propoſitions of book 
3 the ſame thing is directly demonſtrated : And this way we 

ö 4 haves. 
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Book IV. have choſen to uſe in the propoſitions of this book, ag 0 


Book V. 
— 


ſhorter. 


„ of x 2. CO 264 4 0 


The demonſtration of this has been ſpoiled by ſome unſkil/y 
hand: For he does not demonſtrate, as is neceffary, that the ty; 
ſtraight lines which bĩiſect the ſides of the triangle at right angle, 
muſt meet one another; and, without any reaſon, he divide; 
the propoſition into three caſes ; whereas, one and the ſame cop 
ſtruction and demonſtration ſerves for them all, as Campany 
has obſerved ; which uſeleſs repetitions are now left out: The 
Greek text alſo in the Corollary is manifeſtly vitiated, wher: 
mention is made of a given angle, though there neither is, no; 
can be any thing in the propoſition relating to a given angle. 


PROP. AV. md 3VEB. IV, 


In the corollary of the firſt of theſe, the words equilater;] 
and equiangular are wanting in the Greek: And in prop. 16, 
inſtead of the circle ABCD, ought to be read the circumference 
ABCD: Where mention is made of its containing fifteen equi 
parts. 


DEF, in. B. v. 


ANY of the modern mathematicians reject this definition: 
The very learned Dr Barrow has explained it at latge a 
the end of his third lecture of the year 1666, in which alio he 
anſwers the objections made againſt it as well as the ſubject 
would allow: And at the end gives his opinion upon the whole, 
as follows : 

„% ſhall only add, that the author had, perhaps, no © 
ether deſign in making this definition, than (that he might 
© more fully explain and embelliſh his ſubject) to give a gehe 
© ral and ſummary idea of ratio to beginners, by prem'; 
© this metaphyſical definition, to the more accurate elit 
« tions of ratios that are the ſame to one another, or on © 
* which is greater, or leſs than the other: I call it a mets 
« phyſical, for it is not properly a mathematical definite, 
« ſince nothing in mathematics depends on it, or is deduce", 
* nor, as | judge, can be deduced from it: And the definie 


„tion of analogy, which follows, viz, Analogy is "yy 
P 66 litude 


NOT E $. 


« jitude of ratios, is of the ſame kind, and can ſerve for no Book V. 


« purpoſe in mathematics, but only to give beginners ſome 
« general, tho* groſs and confuſed notion of arialogy : But the 
« whole of the doctrine of ratios, and the whole of mathema— 
« tics, depend upcn the accurate mathematical definitions which 
« follow this: Lo theſe we ought principally to attend, as the 
« doctrine of ratios is more perfectly explained by them; this 
« third, and others like it, may be entirely ſpared without any 
« Joſs to geometry; as we ſce in the 7th book of the elements, 
« where the proportion of numbers to one another is defined, 
« and treated of, yet without giving any definition of the ratio 
« of numbers; tho” ſuch a dehwtion was as neceſſary and uſe— 
« ful to be given in that book, as in this: But indeed there is 
« ſcarce any need of it in cither of them: Though I think that 
« a thing of ſo general and abſtracted a nature, and thereby the 
„ more diflicult to be conceived and explained, cannot be more 
« commodiouſly defined than as the author has done : Upon 
« which account I thought fir to explain it at large, and defend 
« jt againſt the captious objections of thoſe who attack it.” To 
this citation from Dr Barrow | have nothing to add, except that 
[ fully believe the 3d and 8th definitions are not Euclid's, but 
added by ſome unſkilful editor. 


D-E F. XI. B. V. 


It was neceſſary to add the word “ continual” before * pro- 
* portionals” in this deſinition; and thus it is cited in the 33d 
prop. of book 11. 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it ; duplicate 
and triplicate ratio being ſpecies of compound ratio. But Pheon 
has made it the 5th def. of B. 6. where he gives an abſurd and 
entirely uſeleſs definition of compound ratio; Tor this realon we 


have placed another definition of it betwixt the 11th and 12th of 


this book, which, no doubt, Euclid gave; for he cites it ex- 
preſsly in prop. 23. B. 6. and which Clavius, Herigon, and 
Butow, have likewiſe given, but they retain allo Theon's, which 
they ought to have left out of the elements, 


DKE F. Ml. B. V. 


This, and the reſt of the definitions following, contain the ex- 
25 "gy of ſome terms which are uſed in the 5th and following 
ks z which, except a few, are eaſily enough underſtood * 
1 | the 
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Book V. the propoſitions of this book where they are firſt mention, 

L hey ſeem to have been added by Theon, or ſome other. Hos. 
ever it be, they are explained ſomething more diſtinQly for de 
ſake of learners, oo 


PROP. IV. B. V. 


In the conſtruction preceding the demonſtration of thi 
the words « «Tvxt, any whatever, are twice wanting in the 
Greek, as alſo in the Latin tranſlations; and are now added, 4 
being wholly neceſſary. | 

Ibid. in the demonſtration; in the Greek, and in the Lat 
tranſlation of Commandine, and in that of Mr Henry Brigy, 
which was publiſhed at London in 1620, together with the 
Greek text of the firſt ſix books, which tranſlation in this plac 
is followed by Dr Gregory in his edition of Euclid, there is this 
ſentence following, viz. © and of A and C have been taken e. 
« quimultiples K, L; and of B and D, any equimultiple 
« whatever (4 srvxs) M, N;“ which 1s not true, the words 
« any whatever,” ought to be left out: And it is ſtrange thi 
neither Mr Briggs, who did right to leave out theſe words ir 
one place of prop. 13. of this book, nor Dr Gregory, who chan. 
ged them into the word“ ſome” in three places, and left then 
out in a fourth of that ſame prop. 13. did not alſo leave then 
out in this place of prop. 4. and in the ſecond of the two places 
where they occur in prop. 17. of this book, in neither of whict 
they can ſtand conſiſtent with truth: And in none of all thei: 
places, even in thoſe which they corrected in their Latin uad, 
lation, have they cancelled the words & rx in the Grees text, 
as they ought to have done. 

The ſame words à er, are ſound in four places of prop. il 
of this book, in the firſt and laſt of which they are necell- 
ry, but in the fecond and third, though they are true, they alt 
quite ſuperfluous ; as they likewiſe are in the ſecond of the tv 
places in which they are found in the 12th prop. and in ihe 1 
places of prop. 22. 23. of this book; but are wanting in tac. 
place of prop. 23. as alſo in prop. 25. Book 11. 


CO, IV. RR OP R. 


This corollary has been unſkilfully annexed to this pity 
fition, and has been made inſtead of the legitimate «cn 
ſtration, which, without doubt, Theon, or ſome other © 
has taken away, not from this, but from its proper: 


r. 


ragnitudes E, G, F, H be proportionals, ag are alſo propor- 
nals inverſely ; that is, G is to E, as HtoF; which is true 
ut the demonſtration of it docs not in the leaſt depend upon 
bis ath prop. or its demonſtration : For, when he lays, “ be- 
cauſe it is demonſtrated that if K be greater than M, L. is 
greater than N,“ &c. This indeed is ſhewn in the demon- 
lation of the 4th prop. but not from this, that E, G, F, H are 
roportionals ; for this laſt is the concluſion of the propoſition. 
Therefore theſe words, “ becauſe it is demonſtrated,” &. are 
holly foreign to his deſign: And he ſhould have proved, that 
{K be greater than M, L is greater than N, from this, that 
E.G, F. H are proportionals, and from the gth def. of this 
wok, which he has not; but is done in propoſition B, which we 
ave given in its proper place, inſtead of this coroliary ; and 
mother corollary is placed after the 4th prop. which is often of 
ſe; and is neceſſary to the demonſtration of prop. 18. of this 
book, 


Nor. N . V. 


In the conſtruction which precedes the demonſtration of 
this propoſition, it 1s required that EB may be the ſame mul- 
tiple of CG, that AE is of CF; that is, that EB be divided 
into as many equal parts, as there are parts in AE equal to 
CF: From which it is evident, that this conſtruction is not 
Zuclid's; for he does not ſhow the way of dividing ſtraight 
lines, and far leſs other magnitudes, into any number of equal 
parts, until the gth propoſition of B. 6. ; and he never requires 
any thing to be done in the conſtruction, of which he had no: 
before given the method of doing: For this rea- A 
Elon, we have changed the conſtruction to one, >] G 
which, without doubt, is Euclid's, in which no— | 
thing is required but to add a magnitude to itſelf a E CO | 
certain number of times; and this is to be found | 
in the tranſlation from the Arabic, though the e- F. 
rnunciation of the propoſition and the demonſtra— 
don are there very much ſpoiled. Jacobus Peleta- B | 
nus, who was the firit, as far as I know, who took D 
| notice of this error, gives alſo the right conſtruction 
uw his edition of Euclid, after he had given the other which he 
Names: He fays, he would not leave it out, becauſe it was fine, 
ud might ſharpen one's genius to invent others like it ; whereas 

there 


is book: The author of it deſigned to demonſtrate, that if four Book V. 


316 


Book V. 
1 


NO TE 8. 


there is not the leaſt difference between the two demonſyi,,. 
except a {ſingle word in the conſtruction, which very prov, 
has been owing to an unſkilful Librarian. Clavius likewiſe gin, 
both the ways; but neither he nor Peletarius takes notice ch n, 
reaſon why the one is preferable to the other. | 4 


ROF NIV. 


There are two caſes of this propoſition, of which only the fich 
and ſimpleſt is demonſtrated in the Greek : And it is proba} 
Theon thought it was ſufficient to give this one, ſince he vag 
make uſe of neither of them in his mutilated edition of the ;1k 
book; and he might as well have left out the other, as allo th- 
5th propoſition, for the ſame reaſon ; The demonſtration «{ the 
other caſe is now added, becauſe both of them, as alſo the gh 
propoſition, are neceſſary to the demonſtration of the 18th pg 


poſition of this book. The tranſlation from the Arabic gy 
both caſes briefly. | 


EBRD Ec As © Bo! Vs 


This propoſition is frequently uſed by geometers, and it i; 
neceſſary in the 25th prop. of this book, 31ſt of the 6th, and 
34th of the 11th, and 15th of the 12th book: It ſeems to have 
been taken out of the elements by Theon, becauſe it appestet 
evident enough to him, and others, who ſubſtitute the contul:d 
and indiſtinct idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5th det. d 
this book. Nor can there be any doubt that Eudoxus or Eu 
clid gave it a place in the elements, when we fee the 57th and 
9th oi the ſame book demonſtrated, tho' they are quite as ca 
and evident as this. Alphonſus Borellus takes occaſion iron 
this propoſition to cenſure the 5th definition of this book vers 
ſeverely, but molt unjuſtly: In p. 126. of his Euchd reſtored, 
printed at Piſa in 1658, he fays, “Nor can even this Icaſt de. 
„ gree of knowledge be obtained from the foreſaid property, 
viz. that which is contained in 5th def. 5. * That, it tou! 
« magnitudes be proportionals, the third muſt necetlarily 0 
« greater than the fourth, when the firſt is greater than ths 
„ ſecond ; as Clavius acknowledges in the 10th prop. Ct 19: 
« 5th book of the elements.” But though Clavius makes 1 
ſuch acknowledgment expreſsly, he has given Borellus a 0. 
dle to ſay this of him; becauſe when Clavius, in the above (' 
ted place, cenſures Commandine, and that very juſtly, en 
monſtrating this propoſition by help of the 16th of the? 
yet he himſelf gives no demonſtration of it, but thinks! |)" 


i * 


om the nature of proportionals, as he writes in the end of the Book v. 
4 and 16th prop. B. 5. of his edition, and is followed by He- * 
on in Schol. 1. prop. 14. B. 5. as if there was any nature of 
oportionals antecedent to that which is to be derived and un- 

ood from the definition of them: And indeed, though it 

ery eaſy to give a right demonſtration of it, no body, as far 

1 know, has given one, except the learned Dr Barrow, who, 

anſwer to Borellus's objeCtion, demonſtrates it indirectly, but 

briefly and clearly, from the 5th definition, in the 322d 

ape of his Lect. Mathem. from which definition it may alſo be 

ily demonſtrated directly: On which account we have placed 

next to the propoſitions concerning equimultiples. | 


PROP. B. BOOK v. 


This alſo is eaſily deduced from the 5th def. B. 5. and there- 
re is placed next to the other; for it was very ignorantly made 
corollary from the 4th prop- of this book. See the note on 
bat corollary. 


PROP. GRV. 


This is frequently made uſe of by geometers, and is neceſſary 

dthe 5th and 6th propolitions of the 10th book. Clavius, in 

is notes ſubjoined te the Sth def. of book 5. demonſtrates it 

fly in numbers, by help of ſome of the propoſitions of the 7th 

ok, in order to demonſtrate the property contained in the 5th 

ehnition of the 5th book, when applied to numbers, from the 

operty of proportionals contained in the 20th def. of the 7th 

ok; And moſt of the commentators judge it difficult to prove 

bat jour magnitudes which are proportionals according to the 94 
th def. of 7th book, are alſo proportionals according to the | 

th def. of 5th book. But this is eaſily made out, as follows. = 
Firſt, If A, B, C, D be four - 1 
lagnitudes, ſuch that A is the bj ve 
ame multiple, or the ſame part of B H. 
„ which C is of D; A, B, C, D D 
fe proportionals: This is demon- 
Nuca in propoſition C. 

decondly, If AB contain the ſame K 
arts of CD that EF does of GH; | 


a this caſe likewiſe AB is to CD, as 
to GH. ; f A C 
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and let AB be the ſame multiple of 


N O T E 8. 
Let CK be a part of CD, and GL the ſame part of GH 


CK, that EF is of GL : Therefore. J; E 
by prop. C. of gth book, AB is to I 
CK, as EF to GL: And CD, GH . 
are equimultiples of CK, GL the TD e 
ſecond and fourth; wherefore, by K I | 
Cor. prop. 4. Book 5. AB is to CD, + 4 
as EF to GH. | | 

And if four magnitudes be pro- A (C F Gy 
portionals according to the 5th def. 7 20. 
of Book 5. they are alſo proportionals according to the 10 
det. of Book 7. 

Firſt, If A be to B, as C to D; then if A be any mult 
or part of B, C is the ſame multiple or part of D, by prop. 
of B. 5. 

—— If AB be to CD, as EF to GH; then if AB conta 
any parts of CD, EF contains the ſame parts of GH: For ld 
CK be a part of CD, and GL the ſame part of GH, and |; 


_ AB be a multiple of CK; EF is the ſame multiple of GL 


Take M the ſame multiple of GL that AB is of CK ; ther 
fore by prop. C. of B. 5. AB is to CK, as M to GL; and C 
H are cquimultiples of CK, GL; wherefore by Cor. pr 
4. B. 5. AB is to CD, as M to GH: And, by the hypothel 
AB is to CD, as EF to GH; therefore M is equal to EF! 
prop. 9. Book 5. and conſequently EF is the fame multiple 
GL that AB is of CK. 


P'R'O P. D. 


This is not unfrequently uſed in the demonſtration of ot: 
propoſitions, and is neceſlary in that of prop. 9. B. 6. It len 
'Theon has left it out for the reaſon mentioned in the notes 
prop. A. 


PROP. VIII. B. v. 


In the demonſtration of this, as it is now in the Gietz 
there are two caſes, (ſee the demonſtration in kerne 
Dr Gregory's edition), of which the firſt is that in which 
is leſs than EB; and in this, it neceſſarily follows kan! 
the multiple of EB is greater than ZH the ſame multiple 
AE, which laſt multiple, by the conſtruction, is greater VP 
A; whence alſo He muſt be greater than à: But, in the ſccon 
caſc, viz, that in which EB is lefs than AE, tho' ZH be ow 
than a, yet HO may be leſs than the ſame a; fo that 1" 


cannot be taken a multiple of à which is the fill _ 


N OWT E 8. 


eater than K, or HO, becauſe A itſelf is greater than it : Ups 
1 this account, the author of this demonſtration found it ne- 
efary to change one part of the conſtruction that was made 
{ of in the firſt caſe : But he has, without any neceſſity, 
hanged alſo another part of it, viz. when he orders to take 
that multiple of A which | | 

; the firſt that is greater than 7 Z. 
EH; for he might have taken 2 
hat multiple of A N 8 is the 1 | 

-- that is greater than HO, 

ir K, as 1 a in the firſt III A 1 
ife : He likewiſe brings in | | 

his K into the demonſtration El H+ 
both caſes, without any rea- E. 
on; for it ſerves R = 7 | | 
ole but to lengthen the de- 
onſtration. There is allo a or B A 0 B A 
third caſe, which is not mentioned in this demonſtration, viz. 


ther caſes» is greater than D; and in this any equimultiples, 
5 the doubles, of AE, KB are to be taken, as is done in this 
dition, where all the caſes are at once demonſtrated: And from 
dis it is plain that 'Theon, or ſome other unſkilful editor, has vi- 
ated this propoſition, 


PROP, H. B. V. 


O! this there is given a more explicit demonſtration than that 
wich is now in the elements. 


P00 K. n V. 


lt was neceſſary to give another demonſtration of this pro- 
polition, becauſe that which is in the Greek and Latin, or o- 
ber editions, is not legitimate: For the words greater, the ſame 
Ir equal, er, have a quite different meaning when applied 
o magnitudes and ratios, as is plain from the 5th and 7th de- 
nitons of Book 5. By the help of theſe let us examine the 
emonſtration of the 1oth prop. which proceeds thus: « Let A 
have to C a greater ratio, than B to C : I fay that A is greater 
' than B. For if it is not greater, it is either equal, or leſs. 
But A cannot be equal to B, becauſe then each of them 
would have the ſame ratio to C; but they have not. There- 
tore A is not equal to B.“ The force of which reaſoning is 
bis, if A had to C, the ſame ratio that B has to C, then if 
M equimultiples whatever of A and 3 be taken, and any 
multiple 


hat in which AE in the firſt, or EB in the ſecond of the two 


3/20 


v. multiple whatever of C; if the multiple of A be greater thy 
the multiple of C, then, 1 the 5th def. of Book 5. the multiple 
t 


NOTE s. 


of B is alſo greater than that of C; but, from the hypotheh 
that A has a greater ratio to C, than B has to C, there: mu 

by the 7th def. of Book 5. be certain equimultipſes of A and h 
and ſome multiple of C ſuch, that the multiple of A is great 
than the multiple of C, but the multiple of B is not greater 
than the ſame multiple of C: And this propoſition diredl 
contradicts the preceding; wherefore A is not equal to }, 
The demonſtration of the 1oth prop. goes on thus: „“ But ng. 
« ther is A leſs than B; becauſe then A would have a leſs n. 
« tio to C, than B has to it: But it has not a leſs ratio, there 
„ fore A is not leſs than B,“ &c. Here it is ſaid, that« 4 
« would have a leſs ratio to C, than B has to C,“ or, which 
is the ſame thing, that B would have a greater ratio to C, 
than A to C; that is, by 7th def. Book 5. there muſt be fone 
equimultiples of B and A, and ſome multiple of C ſuch, thi 
the multiple of B is greater than the multiple of C, but the 
multiple of A is not greater than it: And it ought to hare 
been proved that this can never happen if the ratio of Ay 
C be greater than the ratio of B to C; that is, it ſhould hare 
been proved, that, in this caſe, the multiple of A is always great 
er than the multiple of C, whenever the multiple of B is 
greater than the multiple of C; for, when this is demonſtrated, 
it will be evident that B cannot have a greater ratio to C, than 
A has to C, or, which is the ſame thing, that A cannot hare 1 
leſs ratio to C, than B has to C: But this is not at all proved 
in the 10th propoſition ; burif the roth were once demontltrated, 
it would immediately follow from it, but cannot without it 
be eaſily demonſtrated, as he that tries to do it will find. Where 
fore the 10th propoſition is not ſufhciently demonſtrated, Ani 
it ſeems that he who has given the demonſtration of the 101 
propoſition as we now have it, inſtead of that which Eudon 
or Euclid had given, has been deceived in applying what 1 
manifeſt, when underſtood of magnitudes, unto ratios, viz. tit 
a magnitude cannot be both greater and leſs than anotie 
That thoſe things which are equal to the ſame are equal i 
one another, is a moſt evident axiom when underſtood d 
magnitudes; yet Euclid does not make uſe of it to infer thi 
thoſe ratios which are the ſame to the ſame ratio, are the fam! 
to one another; but explicitly demonſtrates this in prop. !! 
of Book g. The demonſtration we have given of the 10th prof. 


NOTE 5 


ratio, viz- the 7. of the 5. 


The above mentioned propoſition, viz. If A have to C a 


greater ratio than B to C, and if of A and 
B there be taken certain equimultiples, and | 
ome multiple of C; then if the multiple 
of B be greater than the multiple of C, the 
multiple of A is alſo greater than the ſame, 
is thus demonſtrated. 

Let D, E be equimultiples of A, B, and 
Fa multiple of C, ſuch, that E the multiple 
of B is greater than F; D the multiple of 
Ais alſo greater than F. | 

Becauſe A has a greater ratio to C, than 
B to C, A is greater than B, by the 1cth 
prop. B. 5. therefore D the. multiple of | | 
Als greater than E the ſame multiple of 
B: And E is greater than F; much more 
therefore D is greater than F. 


S - 
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Free 


In Commandine's, Briggs's, and Gregory's tranflations, at the 
beginning of this demonttration, it is ſaid, © And the multi- 
ple of C is greater than the multiple of D ; but the multi- 
* ple of E is not greater than the multiple of F;“ which 
words are a literal tranſlation from the Greek: But the ſenſe 
evidently. requires that it be read, “ ſo that the multiple of C 
de greater than the multiple of P; but the multiple of E be 
* not greater than the multiple of F.” And thus this place was 
eltored to the true reading in the firſt editions of Comman- 
Wnz's Euclid, printed in 8vo at Oxford; but in the later edi- 
(1018, at lealt in that of 1747, the error of the Greek text was 
&PL in. | 
There is a corollary added to Prop. 13. as it is neceſſary to 


be 20th and 21ſt Prop. of this book, and is as uſeful as the 
Nopolition. 


PROP. XIV. B. V. 


* he two caſes of this, which are nat in the Greek, are add- 
; the demonſtration of them not being exactly the ſame with 


lat of the firſt cgſe. 
* x PRO P. 
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-» doubt the ſame with that of Eudoxus or Euclid, as it is im- Book v. 
mediately and directly derived from the definition of a greater WV 


NOTE S. 


PROP. XVIL z. v. 


The order of the words in a clauſe of this is changed to ont 
more natural: As was alſo done in prop. 11. 


PROP. XVIII. B. v. 


The demonſtration of this is none of Euelid's, nor is it hg. 
timate ; for it depends upon this hypotheſis, that to any three 
magnitudes, two of which, at leaſt, are of the fame king, 
there may be a fourth proportional; which, if not proved, the 
demonſtration now in the text is of no force: But this is 4 
ſumed without any proof; nor can it, as far as Jam able 6 
diſcern, be demonſtrated by the propoſitions preceding this; 
ſo far is it from deſerving to be reckoned. an axiom, 1s Ce. 
vius, after other commentators, would have it, at the end df 
the definitions of the 5th book. Euclid does not demonſtrate 
it, nor does he ſhew how to find the fourth proportional, be. 
fore the 12th prop. of the 6th book: And he never aſſumes any 
thing in the demonſtration of a propoſition, which he had not 
before demonſtrated ; at leaſt, he aſſumes nothing the exiſtence 
of which is not evidently poſſible; for a certain concluſion can 
never be deduced by the means of an uncerrain propoſition: 
Upon this account, we have given a legitimate demonſtration 
of this propoſition inſtead of that in the Greek and «ther e- 
ditions, which very probably 'Theon, at leaſt ſome other, has 
put in the place of Euclid's, becauſe he thought it too prolix: 
And as the 17th prop. of which this 18th is the converſe, is dg. 
monſtrated by help of the 1ſt and 2d propoſitions of this book, 
{o, in the demonſtration now given of the 18th, the 5th prop. 
and both cafes of the 6th are neceffarv, and theſe two propor 
fitions are the converſes of the 1ſt and ad. Now the. gih and 
6th do not enter into the demonſtration of any propoſition n 
this book as we now have it: Nor can they be of ule in 20 
propoſition of the Elements, except in this 18th, and this 1s 4 
manifeſt proof, that Euclid made uſe of them in his demon: 
{tration of it, and that the demonſtration now given, which 
exactly the converſe of that of the 17th, as it ought to be, d. 
ſers nothing from that of Eudoxus or Euclid : For the 5th 210 
6th have undoubtedly been put into the 5th book for the lake d 
{ome propoſitions in it, as all the other propoſitions about qu 
multiples have been. | VE tt! | 
Hieronymus Saccherius, in his book named Euclides ab om 


ni naevo 'vindicatus, printed at Milan ann. 1733, in 410, 4 
e N knowledges 
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now ledges this blemiſh in the demonſtration of the 18th, and Book v. 
at he may remove it, and tender the "demonſtration we now 
ve of it legitimate, he endeavours to demonſtrate the follow- 
xg proportion, which is in page 115. of his book, viz. 

« Let A, B, C, D be four magnitudes, of which the two 
Fr{t are of the one kind, and alſo the two others either of the 
ame kind with the two firſt, or of ſome other the ſame 
kind with one another. I ſay the ratio of the third C to the 
fourth D, is either equal to, or greater, or leſs than the ratio 
of the firſt A to the ſecond B.“ | 
And after two propoſitions premiſed as Lemmas, he proceeds 


Us. ; 
Either among all the poſſible equimultiples of the firſt 
A, and of the third C, and, at the ſame time, among all 
the poſhble equimuſtiples of the ſecond B, and of the 
fourth 1), there can be found ſome one multiple EF of the 
fiſt A, and one IK of the ſecond B, that are equal to one 
other; and alfo (in the ſame caſe) ſome one multiple 
GH of the third C equal to LM the multiple of the fourth 
3323 equality is no where to be found. If the firſt 
cale appen, A g 
ſi. e A Fa F 
equality is to 
de found! it is 
manifeſt from | * 
what is be- C- G 
fore demon- 1 4.8 
rated, that . 8 5 . 
Ais to B, as = M 
C to Dy but if ſuch ſimultaneous equality be not to be 
bound upon both ſides, it will be found either upon one 
ice, as upon the fide of A ſand B ;] or it will be ſound 
pon neither ſide; if the firſt happen; therefore (from 
kuclid's definition of greater and leſſer ratio foregoing) 
bas to B, a greater or leſs ratio than C to D; accor- 
ung as GH the multiple of the third C is leſs, or greater 
han LM the multiple of the fourth D : But if the ſecond 
le happen; therefore upon the one ſide, as upon the fide 
A the firſt and B the ſecond, it may happen that the 
huitiple EF, Cviz. of the firſt} may be leſs than IK the 
dultiple of the ſecond, while, on the contrary, upon the o- 
*r, ude, Cvizdof C and Di the multiple GH [ot the third 
s greater than the other multiple LM [of the fourth 
] Aud then A from the ſame definition of Euclid) the ra- 
E370 mm a 5 | & tio 
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Book V. (e tio of the firſt A to the ſecond B, is leſs than the ratio of th 


« third C to the fourth D; or on the contrary. 

{© "Therefore the axiom, [i. e. the propoſition before ſet dow 
c remains demonſtrated,” &c. 
Not in the leaſt ; but it remains ſti] undemonſtrated: f 


what he ſays may happen, may, in innumerable cales, net 


happen; and therefore his 'demonſtration does not bold: Fe 
example, if A be the fide, and B the diameter of 4 (quare 
and C the fide, and D the diameter of another ſquare th: 
can in no caſe be any multiple of A equal to any of B, n 


any one of C equal to one of D, as is well known; n 


yet it can never happen that when any multiple of A is grea 
than a multiple of B, the multiple of C can be Jeſs than the my 
tiple of D, nor when the multiple of A is lefs than that of | 
the multiple of C can be greater than that of D, viz. tak 
equimaultipl-s of A and C, and equimultiples of E and I); * 
A, B, C. D are proportionals ; and fo if the multiple of 4 

greater, &c. than that of B, ſo muſt that of C be greater, 
than that of D; by cth Def. b. 5. | | 

Ihe fame objection holds good againſt the demonſirat 


which ſome give of the iſt prop. of the 6th book, which we ha 


made againſt this of the 18th prop. becauſe it depends upon i 


lame inlufficient foundation with the other. 


PROP. X18 y. 


A corollary is added to this, which is as ſrequent!y uſet 


_ the propolition itleif. Ihe corollary which is ſubjoincd to 


in the Greek, plainly ſhews that the 5th book has been vithat 
by editors who were not geometers: For the converlon 
ratios does not depend upon this igth, and the demontirat 
which ſeveral of the commentators on Euclid give of con- 
{ion, is not legitimate, as Clavius has rightly obſerved, Y 
has given a good demonſtration of it which we have putin 
poſition E; but he makes it a corollary from the 19th, and 
gins it with the words, „Hence it eaſily follows,” thoug 
does not at all follow from it. 


DROP. XX. XXI. XXII. XXIII. XXIV. B. 5 


The demonſtrations of the a0th and 21ſt propoſiticns 


| thorter than thoſe Euclid gives of eaſier propoſitions, el 
in the preceding, or following books: Wheretore it 5 
per to make them more explicit, and the 22d and 23 fie 


ſitions are, as they ought to be, extended to any nun 
& T3 F | . | / ' 8 magui 


NOTE S. 


| as the propoſition, and the words, © any whatever” are ſup- 
led near the end of prop. 23. which are wanting in the Greek 
, and the tranſlations from it. 
In a paper writ by Philippus Naudaeus, and publiſhed after 
n death, in the hiſtory of the Royal Academy of Sciences of 
brlin, anno 1745, page 50. the 23d prop. of the 5th book is 
-nſured as being obſcurely enunciated, and, becauſe of this, 
rolixly demonſtrated : 'The enunciation there given is not Eu- 
id's, but Tacquet's, as he acknowledges, which, though not ſo 
el expreſſed, is, upon the matter, the ſame with that which is 
ow in the Elements. Nor is there any thing obſcure in it, 
hough the author of the paper has ſet down the proportionals 
na diſadvantageous order, by which it appears to be obſcure : 
ut, no doubt, Euclid enunciated this 23d, as well as the 22d, 
as to extend it to any number of magnitudes, which, taken 
wo and two, are proportionals, and not of fix only; and to this 
general caſe the enunciation which Naudaeus gives, cannot be 
| applied. | 
The demonſtration which is given of this 23d, in that paper, 
$ quite wrong 3 becauſe, if the proportional magnitudes ve 
lane or ſolid figures, there can no rectangle (which he impro- 
erly calls a product) be conceived to be made by any two of 
hem: And if it ſhould be ſaid, that in this cafe ſtraight lines 
re to be taken which are proportional to the figures, the de- 
monitration would this way become much longer than Euclid's : 
but, even though his demonſtration had been right, who does 
vt {ce that it could not be made uſe of in the 5th book ? 


PROP. F. G, H, k. B. v. 


Theſe propoſitions are annexed to the 5th book, becauſe they 
le frequently made uſe of by both antient and modern geome— 
ers; And in many caſes compound ratios cannot be brought 
ino demonſtcation, without making uſe of them. 

Whoever defires to ſee the doctrine of ratios delivered in this 
$i book ſolidly defended, and the arguments brought againſt 
t by And. Tacquet, Alph. Borellus, and others, fully retuted, 
My read Dr Barcow's mathematical lectures, viz. the 7th and 
ih of the year 1665. 

the 5th book being thus corrected, I moſt readily agree to 
Wat the learned Dr Barrow ſays , © That there is nothing 

© L | © 3 | «c in 


" ®Page 336, 


enitudes : And, in like manner, may the 24th be, as is taken Book v. 
ice of in a corollary z and another corollary is added, as ufe- Wu 


Book V. ( jn the whole body of the elements of -a more ſubtile invention 
„ nothing more ſolidly eſtabliſhed, and more accurately handle. 
« than the doctrine of proportionals.” And there is fog. 
ground to hope, that geometers will think that this could 1 
have been ſaid with as good reaſon, ſince Theon's time till the 


preſent. 
D E F. II. and V. of B. VI. 
Book VI. HE 24d definition does not ſeem to be Euclid's, but {ems 
WY R [| unſkilful editor's: For there is no mention made by Ev. 


cid, nor, as far as I know, by any other geometer, of recipe 
cal figures: It is obſcurely exprefſed, which made it proper to 
render it more diſtinct: It would be bettet to put the folly. 
ing definition in place of it, viz. | 


D E F. 3 


Two magnitudes are ſaid to be reciprocally proportional to 
two others, when one of the firſt is to one of the other mzgni- 
tudes, as the remaining one of the laſt two is to the remainin 
one of the firſt, 

But the 5th definition, which, fince Theon's time, has been 
kept in the elements, to the great detriment of learners, is now 
juſtly thrown out of them, ſor the reaſon given in the notes 0! 
the 23d prop. of this book. 


P R O P. I. and II. B. VI. 


To the firſt of theſe a corollary is added, which is often uſed ! 
And the enunciation of the ſecond is made more general. 


PROP. III. B. VL 


A ſecond caſe of this, as uſeful as the firſt, is given in prof. 
A; viz the caſe in which the exterior angle of a triangle 15 bt 
ſected by a ſtraight line: The demonſtration of it is very like to 
that of the fit caſe, and upon this account may, probav/y, bat: 
been left out, as allo the enunciation, by ſome unſkilful editor: 
At leaſt, it is certain, that Pappus makes uſe of this caſe, 35 
elementary propoſition, without a demonſtration of it, in p97: 
39. of his 5th book of Mathematical Collections. 


p R O. 


0 * — 


NOTE S. 
PR OP. VII. B. VI. 


To this a caſe is added which occurs not unfrequently in de- 
monſtrations. 


PROP. VIII. B. VI. 


It ſeems plain that ſome editor has changed the demonſtra- 
uon that Euclid gave of this propoſition : For, after he has de- 
monſtrated, that the triangles are equiangular to one another, he 
particularly ſhews that their ſides about the equal angles are pro- 
portionals, as if this had not been done in the demonſtration of 
th! 4th prop. of this book : This ſuperfluous part is not found 
in the tranſlation from the Arabic, and is now left out. 


PK OF, K B. VL 


This is demonſtrated in a particular caſe, viz. that in which 


the third part of a ſtraight line is required to be cut off ; which 
is not at all like Euclid's manner: Beſides, the author of the 
demonſtration, from four magnitudes being proportionals, con- 
cludes that the third of them is the ſame multipie of the fourth, 
which the firſt is of the ſecond ; now, this is no where demon « 
ltrated in the 5th book, as we now have it: But the cditor al- 
lumes it from the confuſed notion which the vulgar have of pro- 
portionals : On this account, it was neceſſary to give a general 
and legitimate demonſtration of this prorovtion. 


PROP. XVIII. B. VI. 


The demonſtration of this ſeems to be vitiated : For the pro- 
polition is demonſtrated only in the cafe of quadrilateral 
figures, without mentioning how it may be extended to figures 
of five or more ſides: Befides, from two triangles being equi- 
angular, it is inferred, that a fide of the one is to the homo!o- 
gous ſide of the other, as another fide of the firſt is to the 
lide homologous to it of the other, without permutation of the 
P!oportionals ; which is contrary to Euclid's manner, as is 
clear from the next propoſition : And the ſame fault occurs 
again in the concluſion, where the ſides about the equal angles 
ae not ſhewn to be proportionals, by reaſon of again neglect- 
ing permutation, On theſe accqunts, a demonitration is gl- 
' in Luclid's manner, like to that he makes uſe of in the 

X 4 20th 
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Brok VE 20th Prop. of this hook; and it is extended to five ſided 6 
by which it may be ſeen how to extend it to figures of any 


NOTE 8. 


Lures, 
Nume 


ber of ſides. 
p R O P. XXIII. B. VL. 


Nothing is uſually reckoned more difficult in the element 
of geometry by learners, than the doftrine of compound t 
tio, which Theon has rendered abſurd and ungeomerrical, þ 
ſubſtituting the 5th definition of the 6th book in place of the 
right definition, which without doubt Ludoxus or Euclid g, 
in its proper place, after the definition of triplicate ratio, 
Sc. in the 5th book. Theon's definition is this; a ratio 
is ſaid to be compounded of ratios srev 4; rwv Xeyar mnhirernty 


4D" tavTx; nohaniuaciaurtiioat le in: Which Commandine 


thus tranflates © quando rationum quantitates inter ſe multi. 
e plicatae aliquam efhciunt rationem;“ that is, when the 
quantities of the ratios being multiplied by one another make x 
certain ratio. Dr Wallis tranflates the word π⁷ ernte . 


«tionum exponentes,” the exponents of the ratios : And Dr 


Gregory renders the laſt words of the definition by © ilſius ſ. 
« cit quantitatem,“ makes the quantity of that ratio: But in 
whatever ſenſe the“ quantities,” or 4 exponents of the n. 
« tios,” and their “ multiplication” be taken, the definition 
will be ungeometrical and uſeleſs : For there can be no multi 
plication but by a number: Now the quantity or exponent 
a ratio (according as Eutocius in his Comment. on prop. 4 
book 2. of Arch, de Sph. et Cyl. and the moderns explain that 
term) is the number which multiplied into the confequent term 
of a ratio produces the antecedent, or, which is the ſame thing, 
the number which ariſes by dividing the antecedent by the cen. 
ſequent ; but there are many ratios ſuch, that no number cat 
arite from the diviſion of the antecedent by the conſequent ; 
ex. gr. the ratio which the diameter of a ſquare has to the lice 
of it; and the ratio which the circumference of a circle bas 
to its diameter, and ſuch like. Beides, that there is not the 
leaſt mention made of this definition in the writings of Lu- 
clid, Archimedes, Apollonius, or other antients, tho' they fie 
quently make uſe of compound ratio: And in this 23d prop. 0! 
the 6th book, where compound ratio is firſt mentioned, there 
is not one word which can relate to this definition, thougi 


here, if in any place, it was neceſſary to be brought in; but tte 


right definition is expreſsly cited in theſe words: But the 


atio of K to M is compounded of the ratio of K to 
| 16 and 


NOTE 8. 


no the elements can ſcarce be doubted ; as it is to be found 
in his commentary upon Ptolomy's NM Eurrzzs;, page 62. 
here he alſo gives a childiſh explication of it, as agreeing 
nly to ſuch ratios as can be expreſſed by numbers; and from 
this place the definition and explication have been exactly co- 
ned and prefixed to the definitions of the 6th book, as ap- 
rs from Hervagius's edition: But Zambertus and Comman- 
Line, in their Latin tranſlations, ſubjoin the ſame to theſe de- 
Enitions.| Neither S nor, as it ſeems, the Arabic 
manuſcripts, from which he made his tranſlation, have this 
definition. . Clavius, in his obſervations upon it, rightly judges 
that the definition of compound ratio might have been made 
after the ſame manner in which the definitions of duplicate 
and triplicate ratio are given, viz. * That as in ſeveral magni» 
« tudes that ate continual proportionals, Euclid named the 
« ratio of the firſt to the third, the duplicate ratio of the 
« firſt to the ſecond 3; and the ratio of the firſt to the fourth, 
«the_triplicate ratio of the firlt to the ſecond that is, the 
« ratio compounded of two or three intermediate ratios that 
« are equal to one another, and ſo on; fo, in like manner, if 
« there be ſeveral magnitudes of the ſame kind, following one 
« another, which are not continual proportionals, the fGrſt is 
« {aid to have to the laſt the ratio compounded of all the in- 
© termediate. ratios, ——only for this reaſon, that theſe inter- 
% mediate ratios are interpoſed betwixt the two extremes, viz. 
« the firit and laſt magnitudes ; even as, in the 1oth definition 
* of the 5th. book, the ratio of the firſt to the third was called 
the duplicate ratio, merely upon account of two ratios be- 
ing inter poſed betwixt the extremes, that are equal to one 
another: So that there is no difference betwixt this com— 
* pounding of ratios, and the duplication or triplication of 
* them which are defined in the th book, but that in the du- 
* plication, triplication, &c. of ratios, all the interpoſed ratios 
* are equal to one another; whereas, in the compounding of 
* ratios, it is not neceſſary that the intermediate ratios ſhould 
„be cqual to one another.” Alſo Mr Edmund Scarburgh, 
in his Engliſh tranſlation of the firſt ſix books, page 238. 
266. expreſsly affirms, that the 5th definition of the 6th book, is 
uppolititious, and that the true definition of compound catio 
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(ndl of the ratio of L to M.“ This definition therefore of Book VI. 
eon is quite uſeleſs and abſurd : For that Theon brought it 
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Book VI. is contained in the 1oth definition of the 5th book, viz, 6, 
definition of duplicate ratio, or to be underſtood from it, 1 
wit, in the ſame manner as Clavius has explained it in the yr, 
ceding citation. Yet theſe, and the reſt of the moderns, 4 
notwithſtanding retain this ↄth def. of the 6th book, and ills 
ſtrate and explain it by long commentaries, when they ought tz 

ther to have taken it quite away from the elements. 

For, by comparing def. 5. book 6. with prop. 5. book g. 
it will clearly appear that this definition has been put into the 
elements in place of the right one which has been taken cut 
of them : Becauſe, in prop. 5. book 8. it is demonſtrated tha 
the plane number of which the ſides are C, D has to the phate 
number of which the fides are E, Z, (ſee Hergavius's ct 
Gregory's edition), the ratio which is compounded of the n. 
tios of their ſides ; that is, of the ratios of C to E, and D 1, 
Z: And by def. 5. book 6. and the explication given of thy 
all the commentators, the ratio which is compounded of the t. 
tios of CtoE, and D to Z, is the ratio of the product made 
by the multiplication of the antecedents C, D to the produd 
of the confequents E, Z; that is, the ratio of the plane number 
of which the fides are C, D to the plane number of which 
the ſides are E, Z. Wherefoie the provolition which is the 51k 
def. of book 6. is the very ſamc' with the 5th prop. of bool! 
and therefore it ought neceſſarily to be cancelled in one of thil: 
places; becauſe it is abſurd that the ſame propoſition ſhou.d 
ſtand as a definition in one place of the elements, and be de. 
monſtrated in another place of them. Now, there is do doubt 
that prop. 5. book 8. ſhould have a place in the elements, 3 
the ſame thing is demonſtrated in it concerning plane num- 
bers, which is demonſtrated in prop. 23d book 6. of equiangu- 
lar parallelograms; wheretore def. 5. book 6. ought not to be 
in the elements. And from this it is evident that this definition 
is not Euclid's, but Theon's, or {ome other unſkilful geometer 

But no body, as far as I know, has hitherto ſhown the tru: 
uſe of compound ratio, or for what purpoſe it has been i. 
troduced into geometry; for every propoſition in whic! 
compound ratio is made uſe of, may without it be both end 
ciated and demonſtrated. Now the uſe of compound fit! 
conſiſts wholly in this, that by means of it, circum|ocution 

may be avoided, and thereby propoſitions may be more briel 
ly either enunciated or demonſtrated, or both may be doe! 
for inſtance, if this 23d propoſition of the fixth book wee“ 
be enunciated, without mentioning compound ratio, ir wigh 
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fas a ſide of the firſt to a ſide of the ſecond, ſo any aſſumed 
ſtraight line be made to a ſecond ſtraight-line; and as the o- 
her. ſide of the firſt to the other fide of the ſecond, ſo the ſe- 
cond ſtraight lime be made to a third. The firſt parallelogram 
is to the ſecond, as the firſt ſtraight line to the third. And the 
demonſtration would be exactly the ſame as we now have it. 
But the antient geometers, when they obſerved this enuncia- 
tion could be made ſhorter, by giving. a name to the ratio 
which the firſt ſtraight line has to the laſt, by which name the 
intermediate ratios might likewiſe be ſignified, of the vtirit to 
the ſecond, and of the ſecond to the third, and ſo on, if there 
were more of them, they called this ratio of the firſt to the 
laſt, the ratio compounded of the ratios of the firſt to the ſe- 
cond, and of the ſecond to the third ſtraight line; that is, in 
the preſent example, of the ratios which are the ſame with 
the ratios of the fides, and by this they expreſſed the propo- 
tion more briefly thus: If there be two equiangular paralle- 
lograms,. they have to one another the ratio which is the 
ſame with that which is compounded of ratios that are the 
ſame with the ratios of the ſides. Which is ſhorter than the 
preceding enunciation, but has preciſely the ſame meaning. 
Or yet ſhorter thus: Equiangular parallelograms have to one 
another the ratio which is the ſame with that which is com- 
pounded of the ratios of their ſides. And theſe two enuncia- 
tions, the firſt eſpecially, agree to the demonſtration which is 
now in the Greek. The propoſition may be more briefly de- 
monſtrated, as Candalla does, thus: Let ABCD, CEFG be 
two equiangular parallelograms, and complete the parallelo- 
gram CDHG ; then, becauſe there are three parallelograms 
AC, CH, CF, the firſt AC (by the definition of compound 
ratio) has to the third CF, the ratio D 
hich is compounded of the ratio of . H 
the firſt AC to the ſecond CH, and of 3 
the ratio of CH to the third CF; but G 
the parallelogram AC is to the pa- B 17 | 
tallelogram CH, as the ſtraight line | - 
De to CG; and the parallelogram F 
CH is to CF, as the ftrai i E 
is, , aight line 

CD is to CE, therefore the parallelogram AC has to CF the 
ratio which is compounded of ratios that are the ſame with the 
7310s of the ſides. And to this demonſtration agrees the enun- 
cuadon which is at preſent in the text, viz. Equiangular paralle- 

%rams have to one another the ratio which is compounded - 

| | the 
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Book VI. the ratios of the ſides : For the vulgar reading, “ which is on: 
WY « pounded of their ſides,” is abſurd. - But, in this edition, v. 


have kept the demonſtration which is in the Greek text, though 
not ſo ſhort as Candalla's ; becauſe the way of finding the7xi, 
which is compounded of the ratios of the ſides, that is, of find. 
ing the ratio of the parallelograms, is ſhewn in that, but not in 
Candalla's demonſtration ; whereby beginners may learn, in ſile 
caſes, how to find the ratio which is compounded of two « 
more given ratios. 

From what has been ſaid, it may be obſerved, that in any 
magnitudes whatever of the ſame kind A, B, C, D, &c. the 


ratio compounded of the ratios of the firſt to the ſecond, of 


the ſecond to the third, and ſo on to the laſt, is only a name 
or expreſſion by which the ratio which the firſt A has to the 
laſt D is Ggnified, and by which at the ſame time the ratios of 
all the magnitudes A to B, B to C, C to D from the firſt ij 
the laſt, to one another, whether they be the ſame, or be not 
the ſame, are indicated ; as in magnitudes which are continual 
proportionals A, B, C D, &c. the duplicate ratio of the fir 
to the ſecond is only a name, or expreſſion by which the ratio 
of the firſt A to the third C is ſignified, and by which, at the 
ſame time, is ſhown that there are two ratios of the magni- 
tudes from the firſt to the laſt, viz. of the firſt A to the ſe- 


cond B, and of the ſecond B to the third or laſt C, which are 


the ſame with one another; and the triplicate ratio of the 
firſt to the ſecond is a name or expreſſion by which the ratio 
of the firſt A to the fourth D is ſignified, and by which, at the 
ſame time, 1s ſhown that there are three ratios of the magni- 
tudes irom the firſt to the laſt, v2. of the firſt A to the ſe- 
cond B, ani of B to the third C, and of C to the fourth oi 
laſt D, which are all the ſame with one another; and ſo m 
the caſe of any other multiplicate ratios. And that this 1 
the right explication of the meaning of theſe ratios is plain 
from the definitions of duplicate and triplicate ratio in which 


Euclid makes uſe of the word Ae, is ſaid to be, or is called; 


which word, he, no doubt, made ule of alſo in the definition 
of compound ratio, which Iheon, or tome other, has cxpun- 
ged from the elements; for the very ſame word is ſtill retained 
in the wrong definition ot compound ratio, which is now the 
th of the 6th book: But in the citation of theſe definitions 1! 
is ſometimes retained, as in the demonſtration of prop, 4 

00 


188 


NOTE 5s. 


book 6, 4 the firſt is ſaid to have, xai X yt rut, to the third the Book VI. 
duplicate ratio,” & c. which is wrong tranſlated by Comman- 


line and others, ** has” inſtead; of is ſaid to have;“ and 
ſometimes it is left out, as in the demonſtration of prop. 33. 
of the 1 1th Book, in which we find “ the firſt has, 7x5, to the 
« third the triplicate ratio;“ but without doubt *y:, © has,” 
in this place Ggnifhes the ſame as 5x11 Atyarer is faid to have: 
90 likewiſe in prop. 23. B. 6. we find this citation, „but the 
« ratio of K to M is compounded, ovyxs:r&, of the ratio of 
© Kto L. and the ratio of L to M,“ which is a ſhorter way of 
expreſſing the ſame thing, which, according to the definition, 
ought to have been expreſſed by E Al,, is {aid to be 
compounded. va 

From theſe remarks, together with the propoſitions ſubjoined 
to the 5th book, all that is found concerning compound ratio, 
either in the antient or modern geometers, may be underſtood 
and explained. | 


PROP. XXIV. B. VI. 


It ſeems that ſome unſkilful editor has made up this demon- 
ſtration as we now have it, out of two others; one of which may 
be made from the 2d prop. and the other from the 4th of this 
book: For after he has, from the 2d of this book, and compos 
tion and permutation, demonſtrated that the ſides about the 
angle common to the two paraliclograms are proportionals, he 
might have immediately concluded that the ſides about the other 
equal angles were proportionals, viz. from prop. 34. B. 1. and 
prop. 7. Book 5. This he does not, but proceeds to ſhow that 
the triangles and parallelograms are equiangular; and in a te- 
dious way, by help of prop. 4. of this book, and the 22d of 
Book 5- deduces the ſame concluſion: From which it is plain 
that this ill compoſed demonſtration is not Euclid's ; Theſe ſu- 
pertiuous things are now left out, and a more {imple demonttra- 
tion is given from the 4th prop. of this book, the fame which 
is in the tranſlation from the Arabic, by help of the 2d prop. 
and compoſition z but in this the author neglects permutation, 
and does-not ſhow the parallelograms to be equiangular, as is 
proper to do for the ſake of beginners. 


PROP. XXV. B. VL 
It is 8 that the demonſtration which Euclid had 
given of this propobtion has been vitiated by ſome unſkiltul 
hand: For, after this editor had demonſtrated that“ as the 
** reQilineal figure ABC is to the reRilineal KGH, fo is the 
| «© parallelogram 
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ce parallelogram BE to the parallelogram EF ;“ nothing more 
ſhould have been added but this, „and the rectilineal figure 
« ABC is equal to the parallelogram BE; therefore the req. 
« lineal KGH is equal to the parallelogram EF,” viz. from 
prop. 14+ book 5. But betwixt theſe two ſentences he has in. 
ſerted this; ©* wherefore, by permutation, as the rectilineal f. 
« gute ABC to the parallelogram BE, fo is the rectilineal KC 


<< to the parallelogram EF "6 by which, it is plain, he thought 


it was not ſo evident to conclude, that the ſecond of four pro- 
portionals is equal to the fourth from the equality of the fir 
and third, which is a thing demonſtrated in the 14th prop. of 
B. 5. as to conclude that the third is equal to the fourth, from 
the equality of the firſt and ſecond, which is no where demon- 
ſtrated in the elements as we now have them: But though this 
propoſition, viz. the third of four proportionals is equal to the 
fourth, if the firſt be equal to the ſecond, had been given in 
the elements by Euclid, as very probably it was, yet he would 
not have made uſe of it in this place; becauſe, as was faid, the 
concluſion could have been immediately deduced without this 
ſuperſluous ſtep by permutation : This we have ſhown at the 
greater length, both becauſe it affords a certain proof of the 
vitiation of the text of Euclid ; for the very ſame blunder 1s 
found twice in the Greek text of prop- 23. book 11. and twice 
in prop. 2. b. 12. and in the 5+ 1r. 12. and 18th of that book; 
in which places of book 12. except the laſt of them, it is rightly 


Jeft, out in the Oxford edition of Commandine's tranſlation: 


And alfo that geometers may beware of making uſe of permu- 
tation in the like caſes; for the moderns not unfrequently com- 
mit this miſtake, and among others Commandine himſclt in his 
commentary on prop. 5. book 3. p. 6. b. of Pappus Alexandri- 
nus, and in other places: The vulgar notion of proportionals 
has, it ſeems, preoccupied many ſo much, that they do not ſaf. 
aciently underſtand the true nature of them. | 

Beſides, though the rectilineal figure ABC, to which another 
is to be made ſimilar, may be of any kind whatever; yet in the 
demonſtration the Greek test has * triangle” inſtead of rett}i- 


„ neal figure,” which error is corrected in the above-namet 


Oxford edition. 
PR O P. ; XXVII. B. VI. 


The ſecond caſe of this has οοg, otherwiſe, prefixe! to 


it, as if it was à different demonſtration, which probably bat 


been done by ſome unſkilful Librarian. Dr. Gregory bas right 
SY r 4801 I. „önnen * 
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left it out: The ſcheme of this ſecond caſe ought to be Bock VI. 


ed with the ſame letters of the alphabet which are in the 
deme of the firſt, as is now done. WTO mo 


PROP. XXVII. and XXIX. B. VI. 


Theſe two problems, to the firſt of Which the 27th prop. is 
eſſary, are the moſt general and uſeful of all in the elements, 
ad are moſt frequently made uſe of by the antient geometers 
the ſolution of other problems; and therefore are very igno- 
ntly left out by Tacquet and Dechales in their editions of the 
I:ments," who pretend that they are ſcarce of any uſe : The ca- 
; of theſe-problems, wherein it is required to apply a rectan- 
e which ſhall be equal to a given ſquare, to a given ſtraight 
ne, either deficient or exceeding by a ſquare as alſo to apply 
reftangle which ſhall be equal to another given, to a given 
raght line, "deficient or exceeding by a ſquare, are very often 
ade uſe of by geometers: And, on this account, it is thought 
roper, for the ſake of beginners, to give their conſtructions, 
; tollows- | 
. To apply a rectangle which ſhall be equal to a given ſquare, 
da given ſtraight line, deficient by a ſquare : But the given 
nate mult not be greater than that upon the half of the given 
Ine, 
Let AB be the given ſtraight line, and let the ſquare upon 
de given ſtraight line C be that to which the rectangle to be 
plied muſt be equal, and this ſquare, by the determination, is 
ot greater than that upon half of the ſtraight line AB. | 
Biſect AB in D, and if the ſquare upon AD be equal to 
de (quare upon C, the thing required is done: But if it be not 
qual to it, AD muſt be | 
eater than C, acccording H K 


d the determination: Draw — | 
VE at right angles to AB, | F | | 
/G B 


nd make it equal to C; DI 

duce ED to F, ſo that A D 

be equal to AD or DB, a8 20g? 

nd trom the centre E, at C 

de diſtance EF, deſcribe a E 

cle meeting AB in G, | 

ad upon GB deſcribe the ſquare GBKH, and complete the 

angle AGHL ; alſo join EG: And becauſe AB is biſected 

F D, the reQtangle AG, GB together with the ſquare of DG 

equal? ro (the ſquare of DB, that is, ot EF or EG, that is, a 5. 2. 
to) 
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Book VI. to) the ſquares of ED, DG: Take away the ſquare of Do 
from each of theſe equals; therefore the remaining rech 


ſquare of BE, that is, to the ſquare upon C. But the rectang] 


not greater than the ſquare upon the half of AB; it 35 require 


Fient by a ſquare, 
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AG, GB is equal to the ſquare of ED, that is, of C: Bu 
rectangle AG, GB is the rectangle AH, becauſe GH is ego 
to GB; therefore the reQangle AH is equal to the given ſqust 
upon the flraight line C. herefore the rectangle All, equ 
to the given ſquare upon C, has been applied to the give 
ſtraight line AB, deficient by the ſquare GK. Which v 
be done. | 

2. To apply a rectangle which ſhall be equal to 2 give 
ſquare, to a given ſtraight line, exceeding by a ſquare. 

Let AB be the given ſtraight line, and let the ſquare u 
the given ſtraight line C be that to which the rectangle to | 
applied muſt be equal. 

Biſect AB in D, and draw BE at right angles to it, ſo th 
BE be equal to C; and having joined DE, from the centre [ 
at the diſtance DE deſcribe a circle meeting AB produced 
G; upon BG deſcribe the ſquare 
BGHK, and complete the rect- 
angle AGHL. And becauſe AB 
is biſected in D, and produced 
to G, the rectangle AG, GB 
together with the tquare of DB | _ ; 
is equal“ to (the ſquare of DG, F A U B cg” 
or DE, that is, to) the ſquares Mo 
of EB, BD. From each of theſe So 
equals take the ſquare of DB; | - 
therefore the remaining rectangle AG, GB is equal to th 


AG, GB. is the rectangle AH, becauſe GH is equal to UB 
Therefore the rectangle AH is equal to the ſquare upon G 
W herefore the rectangle AH, equal to the given ſquare upc 
C, has been applied to the given ſtraight line AB, exceecin 
by the ſquare GK. Which was to be done. 
3. To apply a rectangle to a given ſtraight line which (ball! 
equal to a given rectangle, and be deficient by a ſquare. Þ 
the given rectangle mult not be greater than the ſquare upe 
the half of the given ſtraight line. 
Let AB be the given ſtraight line, and let the given rect" 
be that which is contained by the ſtraight lines C, D which 


D, del 


to apply to AB. a rectangle equal to the reQangle on 
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Draw AE, BF at right angles to AB, upon the ſame (ide of it, Book VI. 

1 make AE equal to C, and BF to D: Join EF and biſect it TV 

16; and ſrom the centre G, at the diſtance GE, deſcribe a 
le meeting AE again in H; join HF and draw GK parallel | | 

oit, and GL parallel to AE mceting AB ia L. Fl 
Becauſe the angle EHF in a ſemicircle is equal to the right 

gle KAB, AB and HF are parallels, and AH and BF are 

arallels; wherefore AH is equal to BF, and the rectangle 

A, AH equal to the reftangle EA, BF, that is to the 
angle C, D: And becauſe EG, GF are equal to one another, | 

nd AE, LG, BF parallels ; therefore AL and LB are equal ; 

Iſo EK is equal to KH *, and the rectangle C, D from the a ;. ;. | 
ktermination, is not greater than the ſquare of AL the half | 
AB; wherefore the rectangle EA, AH is not greater than 

te ſquare of AL, that is of KG: Add to each the ſquare 

fKE z therefore the ſquare d of AK is not greater than the b 6. 3. 
quares of EK, KG, that is, "vr 

han the ſquare of EG; and og C— N. 
onſequently the ſtraight line T7 Fd 

Kor GL is not greater 


/ — | 
bn GE, Now, if GE be | IS \ 
| 


qual to GL, the circle EHF 
duehes AB in L, and there- 
dre the ſquare of AL is © e- 
jul to the rectangle EA, os 


H, that is, to the given rect- | 

wie C, D; and that which A Mk NC 

ar is done: But if | 

be unequal, EG 

ult be the N and 2 A 

ſerefore the circle EHF cuts the ſtraight lihe AB ; let it cut it 

the points M, N, and upon NB deſcribe the ſquare NBOP, and 

Mplete the rectangle ANPQ: Becauſe ML is equal to 4 LN, d 3. ;. 

id it has been proved that AL is equal to LB; therefore 

IN is equal to NB, and the rectangle AN, NB equal to the 

angle NA, AM, that is, to the rectangle EA, AH or the e Cor. 36. 

Cangle C, D: But the rectangle AN, NB is the rectangle 53. 

, becauſe PN is equal to NB: Therefore the rectangle AP 

qual to the rectangle C, D; and the rectangle AP equal to 

© given reQtangle C, D has been applied to the given ſtraight 

ge 45, deficient by the ſquare N. Which was to be r 
- 4. Ia 
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# and BF are e 


à 35. Zo 


Book VI. 


N 07 TE”: 8. 


4+ To apply a rectangle to a given ſtraight line that (hail 4, 
equal to a given reCtangle, exceeding by a ſquare. 
Let AB be the given ſtraight line, and the rectangle C, 1) 


the given rectangle, it is required to apply a rectangle to A} 
equal to C, D, exceeding by a ſquare. 


Draw AE, BF at right angles to AB, on the con trat 
ſides of it, and make AE equal to C, and BF equal to D. 
Join EF, and biſect it in G; and from the centre G. at the 
diſtance GE, deſcribe a circle meeting AE again in I; join 
HF, and draw GL parallel to 
AE; let the circle meet AB E 
produced in M, N, and upon 
BN deſcribe the ſquare 
NBOP, and complete the 
rectangle ANPQ ; becauſe the 0 
angle EHF in a ſemicircle is 2 — E 
equal to the right angle EAB. | L 


qual, and the rectangle EA, 
AH equal to the rectangle | 

EA, BF, that is, to the rectangle C, D: And becauſe MLis 
equal to LN, and AL to LB, therefore MA is equal to BN, and 
the reCtangle AN, NB to MA, AN, that is, to the rectany/s 
EA, AH, or the rectangle C, D: Therefore the rectangle AN 
NB, that is, AP, is equal to the tectangle C, D; and to the g 
ven ſtraight line AB the rectangle AP has been applied equa! 
the given rectangle C, D, exceeding by the ſquare BP. hid 
was to be done. 


! Willebrordus Snellius was the firſt, as far as I know, wh 


gave theſe conſtructions of the 3d and 4th problems in his 4p 

pollonius Batavus: And afterwards the learned Dr Halley g 

them in the Scholium of the 18th prop. of the 8th book of 4 
ollonius's conics reſtored by him. 

The 3d problem is otherwiſe enunciated thus: To cut 
given ſtraight line AB in the point N, ſo as to make the rel 
angle AN, NB equal to a given ſpace: Or, which 5 th 
ſame thing, having given AB the ſum of the ſides of * 
angle, and the magnitude of it being likewiſe given, to find! 


lides. 


And the 4th problem is the ſame with this, To fins 2 by 


„n„„ „„ 
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tin the given ſtraight line AB produced, ſo as to make the Book VI. 
«tangle AN, NB equal to a given ſpace : Or, which is the WWW 
me thing, having given AB the difference of the ſides of a 

angle, and the magnitude of it, to find the ſides. 


Or. XXI., B. VI. 


ſn the demonſtration of this, the inverſion of proportionals is 
rice neglected, and is now added, that the concluſion may be 
zitimately made by help of the 24th prop. of b. 5. as Clavius 
ad done. 


P'R OP. XXXIHI. Z. VL. 


The enunciation of the preceding 26th prop. is not general e- 

ough 3 becauſe not only two ſimilar paratlelograms that have 

n angle common to both, are about the ſame diameter; but 

leviſe two ſimilar parallelograms that have vertically oppolite 

gles, have their diameters in the ſame ſtraight line: But there 
been another, and that a direct demonſtration of 

eſe caſes, to which this 32d propoſition was needtul : And the 


2d may be otherwiſe and ſomething more briefly demonſtrated 
follows, 


FAQ FP. A230 B. VI; 


If two triangles which have two ſides of the one, &c. 
Let GAF, HFC be two triangles which have two fides AG, 
4 proportional to the two ſides FH, HC, viz. AG to CF, as 
toHC; and let AG be paral- 
| to FH, and GF to HC; AF A 8 D 
C are in a ſtraight line. 
Draw CK parallel * to FH, and E E H 
t meet GF produced in K: 
cauſe AG, KC are each of them 
walicl to FH, they are parallel | 
one another, and therefore the * 
Kate angles AGF, FK C are e- K C 
ki: And AG is to GF, as (FH to HC, that is ©) CK to KF; e 34. 1- 
Percfore the triangles AGF, CKF are equiangular 4, and the d 6. 6. 
e AFG equa] to the angle CFK: But GFK is a ſtraight line, 
fiefore AF and FC are in a ſtraight line e. 
e 26th prop. is demonſtrated from the 32d, as follows. 
* two hmilar and ſimilarly placed parallelograms have an an- 
common to both, or vertically oppoſite angles; their diame- 
ale in the ſame ſtraight line. 


Y 2 Fiſt, 


b 30. I. 


e 14. I. 
lf 
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Firſt, Let the parallelograms ABCD, AEFG have the 28g 
BAD common to both, and be ſimilar, and fimilarly places 
ABCD, AEFG are about the ſame diameter. 


Produce EF, GF, to H, K, and join FA, FC: Then h E 
cauſe the parallelograms ABCD, AEFG are \.milar, þ 
is to AB, as GA to AE; where- G les a 
fore the remainder DG is * to the A | _ DS: 6: 
remainder EB, as GA to AE : But lit 
DG is equal to FH, EB to HC, E F | a 
and AE to GF: Therefore as FH ich 
to HC, fo is AG to GF; and jon e 
FH, HC are parallel to AG, GF; lar | 
and the triangles AGF, FHC are B by my tac 
gr at one angle, in the point K C ane | 

; wherefore AF, FC are in the ſame ſtraight line b. ar 

Next, Let the parallelograms KFHC, GFE A, which are fin 4 
lar and ſimilarly placed, have their angles KFH, GFE ven ©" 
oppoſite; their diameters AF, FC are in the fame ftraight | * 

Becauſe AG, GF are parallel to FH, HC; and that \ cli 
is to GF, as FH to HC; therefore AF, FC are in the e 
ſtraight line b. nt'y 

ul 
PNO FP. XXIII. B. VI. 

The words © becauſe they are at the centre,” are left out, * 
the addition of ſome unſkilful hand. "oy 

In the Greek, as alſo in the Latin tranſlation, the vo te 
& ee, © any whatever,” are left out in the demonſtration WW, 
both parts of the propoſition, and are now added as quite nec for 
fary ; and, in the demonſtration of the ſecond part, where . k 
triangle BGC is proved to be equal to CG, the illativep . 
ticle de in the Greek text ought to be omitted. * 

The ſecond part of the propoſition is an addition of Ihe ee 
as he tells us in his commentary on Ptolomy's Mi £14: a 
P- 507 10 0 
8 | | op. 

PROP. B. c. D. B. VI. * 

Theſe three propoſitions are added, becauſe they are freq * | 
iy made uſe of by geometers. dich 

les { 


1 


NOT E 8. 


D E. F. IX. and XI. B. XI. 


HE fimilitude of plane figures is defined from the e- 

| quality of their angles, and the proportionality of the 
about the cqual angles; for from the | 26. er of 
e ſdes only, or only from the equality of the angles, the 
litude of the figures does not follow, except in the caſe 
hen the figures are triangles : The fimilar poſition of the ſides, 
bich contain the figures, to one another, depending partly 
on each of theſe: And, for the ſame reaſon, thoſe are ſi- 
lar ſolid figures which have all their ſolid angles equal, each 
each, and are contained by the ſame number of ſimilar 
ne figures: For there are ſome ſolid figures contained by ſi- 
lar x figures, of the ſame number, and even of the 
e magnitude, that are neither ſimilar nor equal, as ſhall 
demonſtrated after the notes on the 1oth definition: Upon 
1s account it was neceſſary to amend the definition of fimi- 
r {olid figures, and to place the definition of a ſolid angle 
ore it: And from this and the 1cth definition, it is ſufh- 
ntly plain how much the elements have been ſpoiled by un- 
ul editors. 


DEF. X. J. XI. 


dince the meaning of the word “ equal” is known and 
labliſhed before it comes to be uſed in this definition; 
erctore the propoſition which is the 1oth definition of this 
jok, is a theor2m, the truth or falſehood of which ought to 
demonſtrated, not afſamed; ſo that Theon, or ſome o- 
cr Editor, has ignorantly turned a theorem which ought 
de demonſtrated into this 10th definition: That figures are 
lar, ought to be proved from the definition of fimilar 
ures; that they are equal ought to be demonſtrated from 
* axiom, “ Magnitudes that wholly coincide, are equal 
o one another ;”” or from prop. A. of book 5. or the gth 
0p. or the 14th of the ſame book, from one of which the 
ty of alt kind of figures mult ultimately be deduced. 
the preceding books, Euclid has given no definition of e- 
4 *gures, and it is certain be did not give this: For what is 
led the 1ſt def. of the zd book, is really a theorem in 
ich theſe circles are faid to be equal, that have the ſtraight 
{2 lrom their centres to the circumferences equal, which 18 
, from the definition of a circle; and therefore has by 
» ſome 
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Book XI. ſome editor been improperly placed among the definitions, 7; 


a IZ. 11. 


b 4. 1. 


e 8. 2. 


4 55 der, fore theſe triangles are 
6. 


NF. 0.'T:E 8. 


equality of figures ought not to be defined, but demonſtrate 
Therefore, though it were true, that ſolid figures contained h 
the ſame number of ſimilar and equal plane figures are equal t 
one another, yet he would juſtly deſerve to be blamed wh 
ſhould make a definition of this propoſition which ought tg 
demonſtrated, But if this propoſition be not true, muſt i 1 
be confeſſed, that geometers have, for theſe thirteen hundre 
years, been miſtaken in this elementary matter? And this ſhoul 
teach us modeſty, and to acknowledge how little, through tt 


weakneſs of our minds, we are able to prevent miſtakes even! B 
the principles of ſciences which are juſtly reckoned among! He. 
moſt certain; for that the propoſition is not univerſally tye Ce 
can be ſhewn by many examples : the following is ſufficient re 
Let_there be any plane reQtilineal figure, as the tring er 
ABC, and from a,point D within it draw * the {iraight Hπ² aus 
DE at right angles to the plane ABC; in DE take Di, et, 
equal to one another, upon the oppoſite ſides of the plane ore 
and let G be any point in EF; join DA, DB, DC; EA ont 
EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the ſtray c 
line EDF is at right angles to the plane ABC, it makes righ e 
angles with DA, DB, DC which it meets in that plane; ar Fi 
in the triangles EDB, FDB, ED and DB are equal to FD ar ang] 
DB, each to each, and they contain right angles; thereto A tl 
the baſe EB is equal © 71 FB 
to the baſe FB; in the Ane 
ſame manner EA is e- 0 equi 
qual to FA, and EC to bas 
FC: And in the triangles ang! 
EBA, FBA, EB, BA Lain 
are equal to FB, BA, 1 tact 
and the baſe EA is e- hh 
qual to the bale FA; A 
wherefore the angle 0 
EBA is equal“ to the D plan 
angle FBA, and the tri- re 
angle EBA equal Þ to 4 5 ( 
the triangle FBA, and 
the other zngles equal to | 
the other angles; there- ＋ I 
L 


fimiar®; In the fame manner the triangle EBC is n 
1 


NOTE 8. 


the triangle FBC, and the triangle EAC to FAC; therefore Book XI. 
here are two ſolid figures each of which is contained by ſix 
triangles, one of them by three triangles, the common vertex 
if which is the point G, and their baſes the ſtraight lines AB, 
bc, CA; and by three other rg 4" the common vertex 
of which is the point E, and their baſis the ſame lines AB, 
IC, CA: The other ſolid is contained by the ſame three tri- 
angles the common vertex of which is G, and their baſes AB, 
BC, CA ; and by three other triangles of which the common 
ertex is the point F, and their baſes the ſame ſtraight lines 

B, BC, CA : Now the three triangles GAB, Ge, GCA 
are common to both ſolids, and the three others EAB, EBC, 
CA of the firſt ſolid have been ſhown equal and ſimilar to the 
kree others FAB, FBC, FCA of the other ſolid, each to each; 
therefore theſe two ſolids are contained by the ſame number ot 
equal and ſimilar planes: But that they are not equal is mani- 
elt, becauſe the firſt of them is contained in the other: There- 
Tre it is not univerſally true that ſolids are equal which are 
ontained by the ſame number of equal and ſimilar planes. 

Cor. From this it appears that two unequal ſolid angles may 
be contained by the ſame number of equal plane angles. 

For the ſolid angle at B, which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the ſolid angle 
xt the ſame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC; for this laſt contains the other: 
And each of them is contained by four plane angles, which are 
equal to one another, each to each, or are the ſelf ſame; as 
has been proved: And indeed there may be innumerable ſolid 
angles all unequal to one another, which are each of them con- 
taned by plane angles that are equal to one another, each to 
each: It is likewiſe manifeſt that the before- mentioned ſolids 
ate not ſimilar, fince their ſolid angles are not all equal. 

And that there may be innumerable ſolid angles all unequal 
'9 one another, which are each of them contained by the ſame 
plane angles diſpoſed in the ſame order, will be plain from the 
turce following propoſitions. 


PROP. I. PROBLEM. 


„ Three magnitudes, A, B, C being given, to find a fourth 
ſuch, that every three ſhall be greater than the remaining one. 
Let D be the fourth ; therefore D mult be leſs than A, B, 

Y 4 (®- 
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Book” XI. © together: Of the three A, B C, let A be that which is, 

ies than either of the two B and C: And firſt, let B and C 
together be not leſs than A: therefore B, C, D together 2. 
greater than A; and becauſe A is not leſs than B; A, C. » 
together are greater than B: In the like manner 4, B, Da 
gether are greater than C: Wherefore in the caſe in which h 
and C together are not leſs than A, any magnitude D which j 
leſs than A, B, C together will anſwer the problem. 

But if B and C together be leſs than A; then, becauſe it! 
required that B, C, D together be greater than A, from each 
of theſe taking away B, C, the remaining one D muſt be 
greater than the exceſs of A above B and C: Take therefore 
any magnitude D which is leſs than A, B, C together, bi 
greater than the exceſs of A above B and C: Then B, C, þ 
together are greater than A; and becauſe A is greater than 6 
ther B or C, much more will A and D, together with either af 
the two B, C be greater than the other: And, by the con. 
ſtruction, A, B, C are together greater than D. 

Cor. If beſides it be required, that A and B together ſal! 
not be Jeſs than C and D together; the exceſs of A and B w. 
gether above C mult not be leſs than D, that is, D mult no: be 
greater than that exceſs. 


PROP. HU. PROBLEM, 


Four magnitudes A, B, C, D being given, of which A nd 
B together are not leſs than C and D together, and ſuch that 
any three of them whatever are greater than the fourth; it 
required to find a fifth magnitude E ſuch, that any two ot the 
three A, B, E ſhall be greater than the third, and allo that any 
two of the three C, D, E ſhali be greater than the third, L 
A be not leis than B: And C not leſs than D. | 

Firſt, Let the exceſs of C above D be not leſs than the exce!s 
of A above B: It is plain that a magnitude E can be tak! 
which is leſs than the ſum of C and D, but greater than ths 
| exceſs of C above D; let it be taken; then F is greater lie- 
| wiſe than the exceſs of A above B; wherefore E and B together 

are greater than A; and A is not leſs than B; therefore A and 
E together are greater than B: And, by the hypotheſis, 4 and 
B together are not leis than C and D together, and C aud! 
together are greater than E; therefore likewite A and Þ © 
greater than E. | 1 
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But let the exceſs of A above B be greater than the exceſs of Book Xl. 
above D: And becauſe, by the hypotheſis, the three B, C. 
are together greater than the fourth A; C and D together 
Kare greater than the exceſs of A above B: Therefore a magni- 
be taken which is leſs than C and D together, but 
8 the exceſs of A above B. Let this magnitude be 
I; and becauſe E is greater than the exceſs of A above B, B 
together with E is greater than A: And, as in the preceding 
caſe, it may be ſhown that A together with E is greater than B, 
and that A. together with B is greater than E: Therefore, in 
ach of the caſes, it has been ſhown that any two of the three 
A, B, E are greater than the third. 
And becauſe in each of the caſes E is greater than the exceſs 
C above D, E together with D is greater than C; and, by 
the hypotheſis, C is not leſs than D; therefore E together with 
C is greater than D; and, by the conſtruction, C and D toge- 
ther are greater than E : Therefore any two of the three, C, D, 
E are greater than the third. 


PROP. III. THEOREM. 


There may be innumerable ſolid angles all unequal to one an- 
other, each of which is contained by the fame four plane an- 
gles, placed in the ſame order. 

Take three plane angles, A, B, C, of which A is not leſs 
than either of the other two, and ſuch, that A and B toge- 
ther are leſs than two right angles; and by problem 1. and 
ts corollary, find a fourch angle D ſuch, that any three what- 
ever of the angles A, B, C, D be greater than the remaining 
angle, and ſuch, that A and B together be not leſs than C 
and D together : And by problem 2. find a fifth angle E ſuch, 
that any two of the angles A, B, E be greater than the third, 
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Book Xl. the third: And becauſe A and B together are leſs than ty; 
WYV right angles, the double of A and B together is leſs than fh 


2 23. Il, 


ſolid angle conſtituted at the point F contained by the four pla! 


N G 7 FE 9. 


right angles: But A and B together are greater than the angle 
E; wherefore the double of A, B together is greater tha 
the three angles A, B, E together, which three are conf. 
quently leſs than four right angles; and every two of the 
ſame angles A, B, E are greater than the third; therefor 
by prop. 23- 11. a ſolid angle may be made contained by thre 
plane angles equal to the angles A, B, E, each to each, Is 
this be the angle F contained by the three plane angles GFH, 
HFK, GFK which are equal to the angles A, B, E, each 9 
each: And becauſe the angles C, D together are not great 
than the angles A, B together, therefore the angles C, D, 
are not greater than the angles A, B, E: But theſe laſt three te 
leſs than four right angles, as has been demonſtrated ; where. 
fore alſo the angles C, D, E are together leſs than four tigt 
angles, and every two of them are greater than the third; there. 
fore a ſolid angle may be made which ſhall be contained by thre: 
plane angles equal to the angles C, D, E, each to each“: And 


A E 
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by prop. 26. 11. at the point F in the ſtraight line FG a fc 
angle may be made equal to that which is contained by tt: 
three plane angles that are equal to the angles C, D, E: Le 
this be made, and let the angle GFK, which is equal to E, © 


one of the three; and let KFL, GFL be the other two wiic! 
are equal to the angles, C, D, each to each. Thus there 137 


angles GFH, HFK, KFL, GFL which are equal to the ang 
A, B, C, D, each to each. 

Again, Find another angle M ſuch, that every two dfb 
three angles A, B, M be greater than the third, and 4 


every two of the three C, D, M be greater than the wy 
| Auch 


NOTES. 


the three A, B, M are leſs 
than four right angles, as alſo 
that the three C, D, M are 
{eſs than four right angles. 
Make therefore“ a ſolid angle 
it N contained by the three 
plane angles ONP, PNQ, 
ON, which are equal to A, 
B, M, each to each: And by 
prop. 26. 11. make at the | 

point N in the ſtraight line ON a ſolid angle contained by three 
plane angles of which one is the angle ONQ equal to M, and 
the other two are the angles QNR, ONR which are equal to 
the angles C, D, each to each. Thus, at the point N, there 
js a ſolid angle contained by the four plane angles ONP, PNQ, 
NR, ONR which are equal to the angles A, B, C, D, each 
to each. And that the two ſolid angles at the points F, N, 
each of which is contained by the above named four plane an- 
| ples, are not equal to one another, or that they cannot coin- 
cide, will be plain by confidering that the angles GFK, ONO; 
that is, the angles E, M, are unequal by the conſtruction ; and 
| therefore the ſtraight lines GF, FK cannot coincide with ON, 
NQ, nor conſequently can the ſolid angles, which therefore 
are unequal. 

And becauſe from the four plane angles A, B, C, D, there 
cn be found innumerable other angles that will ſerve the ſame 
purpoſe with the angles E and M; it is plain that innumerable 
other ſolid angles may be conſtituted which are each contained 
by the ſame four plane angles, and all of them unequal to one 
another, Q. E. D. 

And from this it appears that Clavius and other authors are 
miſtaken, who aſſert that thoſe ſolid angles are equal which are 
contained by the ſame number of plane angles that are equal to 
one another, each to each. Allo it is plain that the 26th prop. 
of book 11. is by no means ſufficiently demonſtrated, becauſe 
the equality of two ſolid angles, whereof each is contained by 
three plane angles which are equal to one another, each to 
each, is only afſumed, and not demonſtrated, 


PROP. 


And, as in the preceding part, it may be demonſtrated that Book XI. 


Book XI. 


NOTE 8. 


PROF. 1. B.* 4; 


The words at the end of this, “ for a ſtraight line cane: 
*© meeta ſtraight line in more than one point,” are left out, a; 2 
addition by fome unſkilfu] hand; for this is to be demonſtrated, 
not aſſumed. | 

Mr Thomas Simpſon, in his notes at the end of the 2d edition 
of his elements of geometry, p. 262. after repeating the word; 
of this note, adds,“ Now, can it poſſibly ſhow any want of 
« {kill in an editor (he means Euclid or 'Theon) to refer to an 
« axiom which Euclid himſelf hath laid down, book 1. No 14, 
he means Barrow's Euclid, for it is the 1oth in the Greek, „and 
1c not to have demonſtrated, what no man can demonſtrate?” 
But all that in this caſe can follow from that axiom is, that, if 
two ſtraight lines could meet each other in two points, the parts 
of a ovine theſe points muſt coincide, and ſo they would 
have a ſegment betwixt theſe points common to both. Nov, 
it has not been ſhown in Euclid, that they cannot have a com- 
mon ſegment, this does not prove that they cannot meet in tuo 


points, from which their not having a common ſegment is de. 
duced in the Greek edition: But, on the contrary, becauſe they 
cannot have a common ſegment, as is ſhown in Cor. of 11th 
prop. book 1. of 4to edition, it follows plainly that they cannot 
meet in two points, which the remarker fays no man can de- 
monſtrate. 

Mr Simpſon, in the ſame notes, p. 265. juſtly obſerves, that 
in the corollary of prop. 11. book 1. 4to edit. the ſtraight lines 
AB, BD, BC, are ſuppoſed to be all in the ſame plane, which 
cannot be aſſumed in 1ſt prop. book 11. 'Ihis, toon after the 
4to edition was publiſhed, I obſerved and corrected as it is now 
in this edition: He is miſtaken in thinking the toth axiom he 
mentions here to be Euclid's ; it is none of Euclid's, but is tbe 
toth in Dr Barrow's edition, who had it from Herigon's Curls, 


vol. 1. and in place of it the corollary of 10th prop. book 1. v3 
added. | 


PROP. II. B. XI. 


This propoſition ſeems to have been changed and vitiated by 
ſome editor; for all the figures defined in the 1ſt book of th: 
elements, and among them triangles, are, by the hypothels, 
plane figures; that is, ſuch as are deſcribed in a plane; whert- 
fore the ſecond part of the enunciation needs no demonſtration: 


Beſiges, a convex ſuperficies may be terminated by three . 
D 


4 
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| lines meeting one another: The thing that ſhould have been Book XI. 
demonſtrated is, that two, or three ſtraight lines, that meet 
one another, are in one plane. And as this is not ſufficiently 
done, the enunciation and demonſtration are changed into thoſe 
now put into the text. : 


tA OP... NL: DB, 4 


In this propoſition the following words near to the end of it 
are left out, viz. therefore DEB, DFB are not ſtraight lines; 
in the like manner it may be demonſtrated that there can be 
„ no other ſtraight line between the points D, B:“ Becauſe 

from this, that two lines include a ſpace, it only follows that 
one of them is-not a ſtraight line: And the force of the argu- 
ment lies in this, viz. if the common ſection of the planes be 
not a ſtraight line, then two ſtraight lines could include a ſpace, 
which is abſurd ; therefore the common ſection is a {traight line. 


NOF. IV. 8. A. 


The words *“ and the triangte AED to the triangle BEC“ 
are. omitted, becanſe the whole concluſion of the 4th prop. 
b. 1. has been ſo often repeated in the preceding books, it was 
needleſs to repeat it here. 


d q al 


In this, near to the end, tTwi3s, ought to be left out in the 
Greek text: And the word © plane” is rightly leſt out in the 
Oxford edition of Commandine's tranſlation. 


PR OP.” VIH. B. XI. 


This propoſition has been put into this book by ſome un— 
ſcilful editor, as is evident from this, that ſtraight lines which 
are drawn from one point to another in a plane, are, in the 
preceding books, ſuppoſed to be in that plane: And if they 
were not, ſome demonſtrations in which one ſtraight line is 
ſuppoſed to meet another would not be conclulive, becauſe 
theſe lines would not meet one another : For inſtance, in prop. 
39. b. 1. the ſtraight line GK would not meet EF, if GK were 
not in the plane in which are the parallels AB, CD, and in 
which, by hypotheſis, the ſtraight line EF is: Beſides, this 
7th. propoſition is demonſtrated by the preceding 3. in which 
the very thing which is propoſed to be demonſtrated in the 7th, 
i ice aſſumed, viz that the ſtraight line drawn from one 
Point to another in a plane, is in that plane; and the ſame thing 
5 allumed in the preceding 6th prop. in which the ſtraight wo 
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Book XI. which joins the points B, D that are in the plane to which AJ 
WYVg and CD are at right angles, is ſuppoſed to be in that plane. 


NOTES. 


And the qth, of which another demonſtraffon is given, is kept 
in the book merely to preſerve the number of the propoſitions . 
for it is evident from the qth and 35th definitions of the f 
book, though it had not been in the elements. 


-P RO Þ. VIE - B. Ab 


In the Greek, and in Commandine's and Dr Gregory's traf. 
lations, near to the end of this propoſition, are the following 
words: © But DC is in the plane through BA, AD,” inſtead of 
which, in the Oxford edition of Commandine's tranſlation, is 
rightly put“ but DC is in the plane through BD, DA -:” hut 
all the editions have the following words, viz. “ becauſe Ab, 
« BD are in the plane thro' BD, DA, and DC is in the plane 
„ in which are AB, BD,” which are manifeſtly corrupted, or 
have been added to the text; for there was not the leaſt neceſſ- 
ty to go ſo far about to ſhew that DC is in the ſame plane in 
which are BD, DA, becauſe it immediately follows from proy, 
7. preceding, that BD, DA are in the plane in which are the 
parallels AB, CD : Therefore, inſtead of theſe words, there 
ought only to be“ becauſe all three are in the plane in which 
« are the parallels AB, CD.“ 


PROP. XV. B. XI. 


After the words, “and becauſe BA is parallel to GH,” the 
following are added, “ for each of them is parallel to DE, and 
„are not both in the ſame plane with it,” as being manilelt!y 
forgotten to be put into the text. 


FROP XVL--B::&1, 


In this, near to the end, inſtead of the words, “ but ſtraight 
„ lines which meet neither way” ought to be read, “ but ſtraight 
c lines in the ſame plane which produced meet neither way: 
Becauſe, though in citing this definition in prop. 27. book !. 
it was not neceſſary to mention the words, * in the ſame plane,“ 
all the ſtraight lines in the books preceding this being in the 
ſame plane; yet here it was quite necellary. 


PROP. XX. B. XI. 


In this, near the beginning, are the words, “ But if net, 
let BAC be the greater :” But the angle BAC may happen 
be equal to one of the other two: Wherefore this place no 


— 


NO T ES. 


either of the other two, but greater than DAB.“ 

At the end of this propoſition it is ſaid, “ in the ſame man- 
ner it may be demonſtrated,” though there is no need of any 
emonſtration 3 becauſe the angle BAC being not leſs than ei— 
her of the other two, it is evident that BAC together with one 
bf them is greater than the other. | 


NOF. AX. ZB. XI. 


And likewiſe in this, near the beginning, it is ſaid, “ But 
it not, let the angles at 3, E, H be unequal, and let the 
« angle at B be greater, than either of thoſe at E, II:“ Which 
words manifeſtly ſhow this place to be vitiated, becauſe the an- 
gle at B may be equal to one of the other two. They ought 
therefore to be read thus, “ But if not, let the angles at B, E, 
« H be unequal, and let the angle at B be not leſs than either 
« of the other two at E, H: Therefore the ſtraight line AC is 
« not leſs than either of the two DF, GK.” 


PROP. XXIII. B. XI. 


The demonſtration of this is made ſomething ſhorter, by not 
repeating in the third caſe the things which were demonſtrated 
in the firſt; and by making uſe of the conſtruction which Cam- 
panus has given; but he does not demonſtrate the ſecond and 
third cafes ; The conſtruction and demonſtration of the third 
caſe are made a little more ſimple than in the Greek text. 


R RO P. XXIV, B. XI. 


The worde“ ſimilar” is added to the enunciation of this pro- 
poltion, becauſe the planes containing the folids which are to 
be demonſtrated to be equal to one another, in the 25th propo- 
tion, ought to be fimilar and equal, that the equality of the 
lolids may be inferred from prop. C. of this book: And, in the 


Oxtord edition of Commandine's tranſlation, a corollary is ad- 


d:d to prop. 24. to ſhow that the parallelograms mentioned in 
inis propoſition are limilar, that the equality of the ſolids in 
Prop. 25. may be deduced from the 1oth def. of book 11. 


PROP. XXV. and XXVI. B. XI. 


In the 25th prop. ſolid figures which are contained by the 
ame number of fimilar and equal plane figures, are ſuppoſed 
to be equal to one another. And it ſeems that Theon, or ot 

| Other 
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read thus, “ But if not, let the angle BAC be not leſs than Book Xt. 
WAA. 
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NOT I 8. 


Book XI. other editor, that he might ſave himſelf the trouble of dem, 


always true, except when the ſolid angles are contained by three 


ſtrating the ſolid figures mentioned in this propoſition 10% 
equal to one another, has inſerted the 1oth def. of this boy, 
to ſerve inſtead of a demonſtration ; which was very Ignorant 
done- 

Likewiſe in the 26th prop. two ſolid angles are ſuppoſed u 
be equal: If each of them be contained by three plane ang 
which are equal to one another, each to each. And it is ſtrany 
enough, that none of the commentators on Euclid have, 28 fn 
as I know, perceived that ſomething is wanting in the demqr. 
ſtrations of theſe two propoſitions. Clavius, indeed, in a nt: 
upon the 11th def. of this book, affirms, that it is evident tha 
thoſe ſolid angles are equal which are contained by the ſine 
number of plane angles, equal to one another, each to each, 
becauſe they will coincide, if they be conceived to be placed 
within one another; but this is ſaid without any proof, nor is it 


plane angles only, which are equal to one another, each ty 
each: And in this caſe the propoſition is the ſame with this, 
that two ſpherical triangles that are equilateral to one another, 
are alſo equiangular to one another, and can coincide ; which 
ought not to be granted without a demonſtration. Euclid docs 
not aſſume this in the caſe of reCtilineal triangles, but demon- 
ſtrates in prop. 8. book 1. that triangles which are equilateral 
to one another are allo equiangular to one another; and from 
this their total equality appears by prop. 4. book 1. And Mie. 
nelaus, in the 4th prop. of his iſt book of ſpherics, explicitly 
demonſtrates that ſpherical triangles which are mutually cqui- 
lateral, are alſo equiangular to one another; from which « 1s 
eaſy to ſhow that they muſt coincide, providing they have their 
ſides diſpoſed in the tame order and ſituation. 

To ſupply theſe defects, it was neceſſary to add the three pro: 
poſitions marked A, B, C to this book. For the 25th, 26th, aid 
28th propoſitions of it, and conſequently eight others, viz. thc 
27th, 31ſt, 32d, 33d, 34th, 36th, 37th, and 40th of the ſame, 
which depend upon them, have hitherto ſtood upon an inticm 
foundation; as alfo, the 8th, 12th, Cor. of 19th and 18th ci 
12th book, which depend upon the gth definition. For it has 
been ſhown in the notes on def. 10. of this book, that (0/16 
figures which are contained by the ſame number of ſimilar and 
equal plane figures, as alſo ſolid angles that are contained 6) 
the ſame number of equal plane angles, are not always cue 
one another, , 


N O TRE 8. 


t is to be obſerved that Tacquet, in his Euclid, deſines equal Book XI. 


flid angles to be ſuch, “ as being put within one another do — 


« coincide:“ But this is an axiom, not a definition; for it is 


rue of all magnitudes whatever. He made this uſeleſs defini - 
tion, that by it he might demonſtrate the 36th prop. of this 
book, without the help of the 35th of the ſame: Concerning 
which demonſtration, ſce the note upon prop. 36. 


PROP. XXVII. B. XL. 


In this it ought to have been demonſtrated, no: aſſumed, 
that the diagonals are in one plane. Clavius has ſupplied this 
defet, 


P R O P. XXIX. B. XI. 


There are three caſes of this propoſition; the firſt is, when 
the two parallelograms oppoſite to the baſe AB have a ſide com- 
mon to both; the ſecond is, when theſe parailelograms are ſe— 
parated from one another; and the third, when there is a part 
of them common to both; and to this laſt oaly, the demon- 
ſiration that has hitherto been in the elements does agree. The 
firſt caſe is immediately deduced from the preceding 28th prop. 
which ſeems for this purpoſe to have been premiſed to this 29th, 
or it is neceſſary to none but to it, aud to the goth of this book, 
as we now have it, to which laſt it would, without doubt, have 
been premiſed, if Euclid had not made uſe of it in the 29th; 
but ſome unſkilful editor has taken it away from the elements, 
and has mutilated Euclid's demonſtration of the other two caſes, 
which is now reſtored, and ſerves for both at once. 


PROP. XXX. B. XI. 


In the demonſtration of this, the oppolite planes of the ſolid 
CP, in the figure in this edition, that is, of the ſolid CO in 
Commandine's figure, are not proved to be parallel; which it 
is proper to do for the ſake of learners. 


PROP. XXXI. B. XI. 


\ There are two caſes of this propoſition; the firſt is, when 
the infiſting ſtraight lines are at right angles to the baſes; the 


other, when they are not: The firſt caſe is divided again into 


two others, one of which is, when the baſes are equiangular 
parallelograms; the other, when they are not equiangular : 
| 2 The 
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Book XI. The Greek editor makes no mention of the firſt of theſe tyn 
ht caſes, but has inſerted the demonſtration of it as a part of 
© that of the bther: And therefore ſhould Have taken notice of 


* 


be made in the following propoſition 33. 


* O T E 8. 


It in a corollary; but we thought it better to give theſe two cafes 
ſeparately : The demonſtration - alſo is made ſomething ſhorter 
by following the way Euclid has made uſe of in prop. 14. book 
6. Beſides, in the demonſtration of the caſe in which the in. 
Nſting-ſtraight lines are not at right angles to the baſes, the edi. 
tor does not prove that the ſolids deſcribed in the conitrudion 
are parallelepipeds, which it is not to be thought that Euclid ne. 
glected: Allo the words, „of which the infiſting ſtraight liges 
are not in the ſame ſtraight lines,” have been added by ſome 
unſkilful hand; for they may be in the ſame ſtraight lines, 


PRO P. XXXIL B. XI. 


_ The editor has forgot to order the parallelogram FH to be 
applied in the angle FGH equal to the angle L CG, which iz 
neceſſary, Clavius has ſupplied this. EF 

Alſo, in the conſtruction, it is required to complete the 
ſolid of which the baſe is FH, and altitude the ſame with that 
of the folid CD: But this does not determine the ſolid to be 
completed, ſince there may be innumerable: ſolids upon the 
ſame baſe, and of the ſame altitude : It ought therefore to be 
ſaid *© complete the ſolid of which the baſe is FH, and oneof 
© its inſiſting ſtraight lines is FD:” The ſame correction mul 


- 


PROP. p. B. XIII. 


It is very probable that Euclid gave this propoſition a place in 
the elements, ſince he gave the like propoſition concerning equi 
angular parallelograms in the 23d b. o. | 


PROP, XXXIV. B. XI. 


In this the words, #r &« «4torara; ux cs ir. rr auT@y t 
© of which. the inſiſting ſtraight lines are not in the fame 
* ſtraight lines,” are thrice repeated; hut theſe words ought 
either to be left out, as they are by Clavius, or, in place of them, 
ought to be put, © whether the inſiſting ſtraight lines be, or be 
* not, in the Tame ſtraight lines :” 705 the other caſe is with 
out any reaſon. excluded; alſo the words, 5) ge I, of which 


the 
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NOTES. 


altude is always at right angles to the baſe. | 
& ant > 5, - een. 


The angles ABH, DEM are demonſtrated to be right angles 
jn a ſhorter way than in the Greek; and in the ſame way ACH, 


tion of the ſame demonſtration, which begins with * in the 
fame manner,” is left out, as it was probably added to the 
text by ſome editor; for the words, “ in like manner we may 
© demonſtrate;” are not inſerted except when the demonſtration 
js not given, or when it is ſomething different from the other, 
if it be given, as in prop. 26. of this book. Companus has not 
his repetition. 2 

We have given another demonſtration of the corollary, be- 
ſides the one in the original, by help of which the followin 
z6th prop. may be demonſtrated without the 35th. | 


P RO P. XXXVI. B. XI. 


the help. of the 35th; but it is plain, that the ſolids mentioned 
in the Greek text in the enunciation of the propoſition as equi- 
angular, are ſuch that their folid angles are contained by three 


ſtom the conſtruction, Now 'lacquet does not demonſtrate, 
but aſſumes theſe ſolid angles to be equal] to one another ; ſor 
de ſuppoſes the ſolids to be already made, and does not give the 
conſtruction by which they are made: But, by the ſecond de- 
monſtration of the preceding corollary, his demonſtration is 
Indered legitimate likewiſe in the caſe where the ſolids are con- 
ſtructed as in the text. 


PROP. XXXVII. B. XI. 


In this it is aſſumed that the ratios which arc triplicate of thoſe. 


ratios which are the ſame with one another, are likewiſe th: 


lame with one another; and that thoſe ratios are the fame with 


one another, of which the triplicate ratios ate the ſame with ond 
t'0n; nor did Euclid afſume the firſt and eaſieſt of theſe two 
propoſitions, but demonſtrated it in the caſe of duplicate ratios, 
in the 22d prop. book 6. On this account, another demouſtra« 
on is given of this propoſition like to that which Euclid gives 
u prop. 22. book 6. as Clavius has done. 

2 2 PROP. 


andther ; but this Hoghe not to be granted without a demonlitra- 


"ihe altitudes,” are twice put for ou & Ipurrions, © of which Book x. 
L. the infiſting Rraight lines;” which is a plain miſtake : For the 


FM may be demonſtrated to be right angles: Alſo the tepe- 


Tacquet in his Euclid demonſtrates this propoſition without 


plane angles equal to one another, each to each; as is evident 
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Book XI. | 
PROP. XXXVIII. B. XI. 


When it is required to draw a perpendicular from a pyirt ir 
one plane which is at right angles to another plane, unto thi; 
laſt plane, it is done by drawing a perpendicular from the point 
to the common ſection of the planes; for this perpendicular 
will be perpendicular to the plane, by Def. 4. of this book: 
And it would be fooliſh in this caſe to do it by the 11th prop. of 

a 17.12-n the ſame: But Euclid *, Apollonius, and other geometr;, 
e "= when they have occaſion for this problem, direct a perpendicy. 
lar to be drawn ſrom the point to the plane, and conclude that 
it will fall upon the common ſection of the planes, becauſe thi 
is the very ſame thing as if they had made uſe of the conflruc. 
tion above mentioned, and then concluded that the ſtraight line 
muſt be perpendicular to the plane; but is expreſſed in ſewer 
words : 1 editor, not perceiving this, thought it was ne. 
ceſſary to add this propoſition, which can never be of any uſet» 
the 11th book, and its being near to the end among propoſ- 
tions with which it has no connection, is a mark of its having 
been added to the text. 


PRO F. Min. . XL 


In this it is ſuppoſed, that the ſtraight lines which biſcch the 
ſides of the oppoſite planes, are in one plane, which ought to 
have been demonſtrated; as is now done. 


II. 
Rook XII. HE learned Mr Moor, profeſſor of Greek in the Unten 
— ſity of Glaſgow, obſerved to me, that it plainly appel 


from Archimedes's epiſtle to Dobtheus, prefixed to bis bovs- 0! 
the Sphere and Cylinder, which epiſtle he has reflored 1.0m 
antient manuſcripts, that Eudoxus was the author of the chie: 
propoſitions in this 12th book. 


PROP, iI. B. Xu. 


At the beginning of this it is-ſaid, “ if it be not ſo, the ſquare 

*« of BD ſhall be to the ſquare of FH, as the circle ABC) ' 
« to ſome ſpace either lets than the circle EFGH, or gie 
than it:“ And the like is to be found near to the end of“ 
propoſition, as alſo in prop. 5. 11. 12. 18, of this book Can 
CErmmy 
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cerning which, it is to be obſerved, that, in the demonſtration Book XII. 
of theorems, it is ſufficient, in this and the like caſes, that a 
thing made uſe of in the reaſoning can pollibly exiſt, provi- 

ding this be evident, though it cannot be exhibited or found by 

a geometrical conſtruction : So, in this place, it is aſſumed, that 

there may be a fourth proportional to theſe three magnitudes, 

viz. the ſquares of BD, FH, and the circle ABCD; becauſe 

it is evident that there is ſome ſquare equal to the circle ABCD, 

though it cannot be found 1 and to the three recti- 

lineal figures, viz. the ſquares of BD, FH, and the ſqure 

which is equal to the circle ABCD, there is a fourth ſquare 
proportional; becauſe to the three ſtraight lines which arc 

their ſides, there is a fourth ſtraight line proportional“, an à 12. C. 
this fourth ſquare, or a ſpace equal to it, is the ſpace which 

in this propolition is denoted by the letter 8: And the like is to 

be underſtood in the other places above cited: And it is pro- 

bable that this has been ſhewn by Euclid, but left out by tone 

editor ; for the lemma which ſome unſkiltul hand has added to 

this propoſition explains nothing of it. 


PROP. III. B. XII. 


In the Greek text and the tranſlations, it is ſaid, “ and 
« becauſe the two ſtraight lines BA, AC which meer one an- 
* other,” &c. here the angles BAC, KHL are demonſtrated 
to be equal to one another by 1oth prop. b. 11. which had 
been done before: Becauſe the triangle EAG was proved to 
be ſimilar to the triangle KHL : This repetition is left out, and 
the triangles BAC, KHL are proved to be ſimilar in a ſhorter 
way by prop. 21. b. 6. 


PROP, IV. B. XII. 


A few things in this are more fully explained than in the 
Greek text. 


PR QO-F. V. B. . 


k In this, near to the end, are the words, «5 d ge ,. 
as was before ſhown,” and the ſame are found again in the 
end of prop. 18. of this book; but the demonſtration referred to, 
except it be the uſeleſs lemma annexed to the 2d prop. is no 
where in theſe elements, and has been perhaps left out by ſome 
editor who has forgot to cancel thoſe words alſo. 


- portionals taken two and two, as well as to three which are pro- 


a 20. 6. 
b II. def. 
11. 


© 4. 6. 


. 


PROP. VI B. XII, 


A ſhorter demonſtration is given of this; and that which 
is in the Greek text may be made ſhorter by a ſtep than it'is, 
For the author of it makes uſe of the 22d prop. of b. 5. twice: 
Whereas once would have ſerved his purpoſe ;' becauſe that pro. 
poſition extends to any number of magnitudes which are pro 


portional to other three. 


COR, PROP. vIIL B. XII. 


The demonſtration of this is imperfect, becauſe it is nit 
ſhown, that the triangular pyramids into which thoſe upon mul. 
tangular baſes are divided, are ſimilar to one another; as oupht 
neceſſarily to have been done, and is done in the like caſe in 
prop. 12. of this book: The full demonſtration of the corollaty 


* 


is as follows. enn 
Upon the polygonal baſes ABCDE, FGHKL, let there be f- 
milar and fimilarly ſituated pyramids which have the points M, 
N for their vertices : The pyramid' ABCDEM has to the pyra- 
mid FGHELN the triplicate ratio of that which the ſide AB 
has to the homologus fide FG. Aether ai Of le 
Let the polygons be divided into the triatigles ABE, EBC, 
ECD; FGL, LGH, LH K, which are ſimilar “ each to each 
And becauſe the pyramids are ſimilar, therefore d the triangle 
EAM is ſimilar to the triangle LFN, and the triangle ABM 


to FN: Wherefore® ME is to EA, as NL to LF; and as Al 


to EB, ſo is FL to LO, becauſe the triangles TAB, LFO ut 
Gimilar ; therefore, ex acquali, as ME to 15, fo'io N to LG: 
4 # Ef 3 . * \ ' 


NOTE Ss. 


NG : Wherefore the triangles EMB, LNG having their ſides 
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in like manner it may be ſhewn that EB is to BM, as LG to Book XN. 
BN ; therefore, again, ex aeguali, as EM to MB, ſo is LN to r. 


proportionals-/are d equiangular, and fimilar to one another: d 5. 6. 


Therefore the pyramids which have the triangles EAB, LFG 
{or their baſes, and the points M, N for tbeit vertices, are fi. 


milar b to. one another, for their ſolid angles are equal, and Þ r. def. 


11 


the ſolids themſelves are contained by the ſame number of ſi- , b. 11. 


milar planes: In the ſame manner the pyramid EBCM may 
be ſhewn to be milar to the pyramid LGHN, and the pyra- 
mid ECDM to LHKN: And becauſe the pyramids EABM, 
LFGN are ſimilar, and have triangular baſes, the pyramid EABM 
has f to LFGN- the triplicate ratio of that which EB has to the 
homologous fide LG, And, in the ſame manner, the pyramid 
EBCM has to the pyramid LGHN the triplicate ratio of that 
which KB has to LG: Therefore, as the pyramid EABM is to 
the pyramid LFGN, ſo is the pyramid EBCM to the pyramid 
LGHN: In like manner, as the pyramid EBCM is to LGHN; 
lo is the pyramid ECDM to the pyramid LHKN: And as one 
of the antecedents is to one of the conſequents, ſo are all the 


f $. 24. 


antecedents: to all the conſequents :; Therefore as the pyramid 
EABM to the pyramid LFGN, ſo is the whole pyramid 
ABCDEN to the whole pyramid FGHELN ; And the pyra- 
mid EABM has te the pyramid LFGN the triplicate ratio of 
that which AB has to FG; therefore the whole pyramid has to 
the whole pyramid the triplicate ratio of that which AB has to 
the homologous ſide FG, Q. E. D. 


PROP. XI, and XII. B. XII. 


The order of the letters of the alphabet is not obſetved in 
theſe two propoſitions, according to Euclid's manner, and is 
now reſtored ; By which means, the firſt part of prop. 12. may 
be demonſtrated in the ſame words with the firſt part of prop. 
. ; on this account the demonſtration of that firk part is Jett 
out, and aſſumed from prop. 11. 


nr PROP. ZLB, x. 


In this propoſition the common ſeQion of a plane parallel to 
the bafes-of a cylinder, with the cylinder itſelf, is ſuppoſed to 
be a circle, and it was thought ptoper briefly to demonſtrate it; 
irom whence it is ſufficiently maniteſt, that this plane divides 
* Mares two others: And the ſame thing is under- 

to be ſupplied in prop. 24. 1 5 


360 N O 1 E 8. 
Book XII. 
IO PROP. XV. B. XII. 


% And complete the cylinders AX, EO,” both the enunciz. 
tion and expoſition of the propofition repreſent the cylinders 2 
well as the cones, as already deſcribed : Wherefore the read. 
ing ought rather to be,“ and let the cones be ALC, ENG, 
* and the cylinders AX, EO.” 

he firſt caſe in the ſecond part of the demonſtration is want. 
ing; and ſomething alfo in the ſecond caſe of that part, beſote 


the repetition of the conſtruction is mentioned; which ate non 
added. 


PROF. XVI. B., XI. 


In the enunciation of this propoſition, the Greek words {. 
115 prerCover oPaicuy oT5proey van e zy, wn Jade, 7 
£2 4070Y0; TY 4ighy x474 Tw j,, are thus tranſlated by Com- 
mandine and others, “ in majori folidam polyhedrum deſcri. 

«here quod minoris ſphaerae ſuperficiem non tangat ;” that is, 
« to deſcribe in the greater ſphere a ſolid polyhedron which 
* ſhall not meet the ſuperficies of the leſſer ſphere :” Whereby 
they refer the words «ra, Ty ir:av14x1 to theſe next to them 
rue tAaorove; ofwigns ; But they ought by no means to be thus 
tranſlated, for the ſolid polyhedron doth not only mect the ſu: 
perficies of the leſſer ſphere, but pervades the whole of that 
tphere : Therefore the ſoreſaid words are to be referred to 
re rige T6Av40po, and ought thus to be tranſlated, viz. to de- 
ſcribe in the greater ſphere a ſolid polyhedron whole ſuperſcie 
ſhall not meet the leſſer ſphere; as the meaning of the propor 
{tion necetlarily requires. 

The Privicls) 48 . of the propoſition is ſpoiled and mutila- 
ted: For ſome eaſy things are very explicitly demonſtrates, 
while others not ſo obvious are not ſufficiently explained; lor 
example, when it is affirmed, that the ſquare of K) is greater 
than the double of the ſquare of BZ, in the firſt demonlirs- 
tion; and that the angle BZK is obtuſe, in the ſecond : Both 
which ought to have been demonſtrated : Beſides, in the fil: 
demonſtration, it is ſaid, “ draw Ka from the point K perpen- 
„ dicular to BD;“ whereas it ought to have been ſaid, ** 101" 
« KV,” and it ſhould have been demonſtrated that KV 
perpendicular to BD : For it is evident from the figure in Her- 


vagius's and Gregory's editions, and from the words of the 
: demon- 


— — 
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gemonſtration, that the Greek Editor did not perceive that Book XII. 
the perpendicular drawn, trom the point K to the ſtraight line WWW 


zb mult neceſſarily fall upon the point V, for in the figure it 
is made to fall upon the point Q a ditferent point from V, 
which is likewiſe ſuppoſed in the demonſtration. Comman— 
dine ſeems to have been aware of this; for in this figure he 
marks one and the ſame point with the two letters V, a; and 
before Commandine, the learned John Dee, in the commen— 
tacy he annexes to this propoſition in Henty Billinfley's tranl- 
lation of the Elements printed at London, Ann. 1570, expreſsly 
takes notice of this error, and gives a demonſtration ſuited to 
the conſtruction in the Greek text, by which he ſhews that the 
perpendicular drawn from the point K to BD, mult necellarily 
tall upon the point V. 

Likewiſe it is not demonſtrated that the quadrilateral figures 
SOPT, TPRY, and the triangle YRX do not meet the lefler 
ſphere, as was neceſſary to have been done: Only Clavius, as 
far as | know, has objerved this, and demouſtrated it by a lem- 
ma, which is now premilſed to this propoſition, ſomething alter— 
ed and more briefly demonſtrated. 

In the corollary of this propoſition, it is ſuppoſed that a 
ſolid polyhedron is deſcribed in the other ſphere ſimilar to that 
which is deſcribed in the ſphere BCDE ; but, as the conſtruction 
by which this may be done 1s not given, it was thought proper 
to give it, and to demonſtrate, that the pyramids in it are mi- 
lar to thoſe of the fame order in the ſolid polyhedron detcribed 
in the ſphere BCDE. 


From the preceding notes, it is ſuſſiciently evident how 
much the Elements of Euclid, who was a molt accurate geo- 
meter, have been vitiated and mutilated by ignorant editors. 
The opinion which the greateſt part of learned men have en- 
tertained concerning the pretent Greck edition, viz. that it is 
very little or nothing different from the genuine work of Eu- 
clid, has without doubt deceived them, and made them leſs 
attentive and accurate in examining that edition; whereby ſe- 
veral errors, ſome of them groſs enough, have eſcaped their 
notice from the age in which I heon lived to this time. Upon 
which account there is ſome ground to hope that the pains we 
have taken in correcting thole errors, and freeing the ele- 
ments as far as we could from blemiſhes, will not be unac- 

__ _ ceptable 
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Book x II. ceptable to good judges who can diſcern when demonſtration 


* 
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are legitimate, and when they are not. 

The objections which, ſince the firſt edition, have he 
made againſt ſome things in the notes, eſpecially againſt t, 
doctrine of proportionals, have either been fully anſwered i 
Dr Barrow's Lect. Mathemat. and in theſe notes; or are ſuch, 
except one which has been taken notice of in the note 0. 
prop. 1. book 11. as ſhew that the perſon who made then 
has not ſufficiently conſidered the things againſt which they 
are brought; ſo that it is not neceſſary to make any furth; 
anſwer to theſe objections and others like them againſt Euclic 
definition of proportionals; of which definition Dr Bartoy 
juſtly ſays in page 297. of the above named book, that YN; 
« fi machinis impulſa validioribus acternum perſiſtet incor. 
ic - culla.” : 
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UCLID's DATA is the firſt in order of the 
P. books written by the antient geometers to 
facilitate and promote the method of reſolution or 
analyſis. In the general, a thing is ſaid to be gi- 
ven which is either actually exhibited, or can be 
found out, that is, which is either known by hy- 
potheſis, or that can be demonſtrated to be known; 
and the propoſitions in the book of Euclid's Data 
hew what things can be found out or known from 
thoſe that by hypotheſis are already known ; ſo 
that in the analyſis or inveſtigation of a problem, 
from the things that are laid down to be known 
or given, by the help of theſe propoſitions other 


theſe, other things are again ſhewn to be given, 
and ſo on, until that which was propoſed to be 


ſound out in the problem is demonſtrated to be 


given, and when this is done, the problem is ſol- 
ved, and its compolition is made and derived 
ſrom the compoſitions of the Data which were 
made uſe of in the analyſis, And thus the Data 
of Euclid are of the moſt general and neceſſary 
uſe in the ſolution of problems of every kind. 
Euclid is reckoned to be the author of the Book 
of the Data, both by the antient and modern geo- 
meters; and there ſeems to be no doubt of his ha- 
ring written a book on this ſubject, but which, in 
the courſe of ſo many ages, has been much vi— 
nated by unſkilful editors in ſeveral places, both 
in the order of the propoſitions, and in the defi- 


tions and demonſtrations themſelves, To cor- 
rect 


things are demonſtrated to be given, and from 
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rect the errors which are now found in it, and 
bring it nearer to the accuracy with which it 
was, no doubt, at firſt written by Euclid, is the 
deſign of this edition, that ſo it may be render. 
ed more uſeful to geometers, at leaſt to begin- 
ners who deſire to learn the inveſtigatory method 
of the antients. And for their ſakes, the com- 
poſitions of moſt of the Data are ſubjoined t0 
their demonſtrations, that the compoſitions cf 
problems ſolved by help of N r Data may be the 
more eaſily made. 

Marinus the philoſopher's bande, which, in 
the Greek edition, is prefixed to the Data, is here! 
left out, as being of no uſe to underſtand them. 
At the end of it, he ſays, that Euclid has not u- 
ſed the ſynthetical, but the analytical method 
in delivering them; in which he is quite ' miſta- 
ken; for, in the analyſis of a theorem, the thing 
to be demonſtrated is aſſumed in the analyſis; 
but in the demonſtrations of the Data, the thing 
to be demonſtrated, which 1s, that ſomething, ot 
other is given, is never once aſſumed in the de- 
1 from which it is manifeſt, that e- 

very one of them is demonſtrated ſyncheticaly; 
though, indeed, if a propoſition of the Data be 
turned into a problem, for example the 84th-or 
85th in the former editions, which here are the 
85th and 86th, the demonſtration of the propoli- 
tion becomes the analyſis of the problem. 

Wherein this edition differs. rom the Greck, 
and the reaſons of the alterations from it, will be. 
ſhewn in the notes at the end of 1 Data. 2430 
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DEFINITION 5, 


I, 


PACES, lines, and angles, are ſaid to be given in magni» 
tude, when equals to them can be found. 


A ratio is ſaid to be given, when a ratio of a given magnitude 
to a given magnitude which is the ſame ratio with it can be 
found, a | 

| III. 


ReQtilineal figures ate ſaid to be given in ſpecies, which have 
each of their angles given, _ the ratios of their ſides given. 


Points, lines, and ſpaces, are ſaid to be given in poſition, which 
have always the ſame ſituation, and which are either actually 
exhibited, or can be found. 
| A. 0 | 
n angle is ſaid to be given in poſition, which is contained by 
ſtraight lines given in poſition. 
a circle is ſaid to be given in magnitude, when a ſtraight line 
ſtom its centre to the * is given in magnitude. 
Neircle is ſaid to be given in poſition and magnitude, the 

centre of which is given in poſition and a ſtraight line from 
it to the circumference is given in magnitude, 

; II. | 

pegments of circles are faid to be given in magnitude, when 
the angles in them, and their baſes, are given in magnitude. 
ments of circles are ſaid to be given in poſition and mag- 
nitude, when the angles in them are given in magnitude, 
and their baſes are given both in poſition and magnitude. 


| magnitude is ſaid to be greater than another by a given 
magnitude, when this given magnitude being taken from it, 
Me remainder is equal to the other magnitude. 


X. 
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1 def. 
dat. 


Þ 7+ 3 


dee N. 


3 x. def. 


b 11. 5. 


EU CLI d'; 


X. 

A magnitude is ſaid to be leſs than another by a given mayy} 

tude, when this given magnitude being added to it, t. 
whole is equal to the other magnitude. l 


PROPOSITION, L 


HE ratios of given magnitudes to one another i 
given. | 


Let A, B be two given magnitudes, the ratio of A to Bz 
given. |; [Fr 1 
Becauſe A is a given magnitude, there ma 


* be found one equal to it; let this be C: And 
becauſe B is given, one equal to it may be | 
found; let it be D; and ſince A is equal to C, == 7 
and B to D; therefore® A is to B, as C to | 
D; and conſequently the ratio of A to B is Jet 
given, becauſe the ratio of the given magni- R ven 
tudes C, D which is the ſame with it, has been A CD this 
found. | | 5 | | equ 
P. A 
F a given magnitude has a given ratio to ano 
magnitude, “ and if unto the two magnitudes h 
„ which the given ratio is exhibited, and the git 
% magnitude, a fourth proportional can be found ;” t 
other magnitude 1s given, pt hs 
Let the given magnitude A have azgiven ratio to the ma 5 
nitude B; if a fourth proportional can be found to the et 
magnitudes above named, B is given in magnitude, B 
Becauſe A is given, a, magnitude may be | Por 
found equal to it“; let this be C; And be- AC 
cauſe the ratio of A to B is given, a ratio | foun 
which is the ſame with it may be found, let auf 
this be the ratio of the given magnitude E AB CI F 
to the * magnitude F: Unto the magni- EI em: 
tudes E, F, C find a fourth proportional | IMF 
| 


WheteTore,' becauſe A is to B, as E to F; and 
as E to F, ſo is C to D; A is b to B, as Ct 


* 


D, which, by the hypotheſis, can be done. i | 


The figures in the margin ſhow the number of the propoſitions in the ch 
editions, 50 


D. But A is equal to C; therefore © B is equal to D. The © 14. 5. 
magnitude B is therefore given ', becauſe a magnitude D equal a 1. def. 
to it has been found. 

The limitation within the inverted commas is not in the 

Greek text, but is now neceſſarily added; and the ſame mult be 
anderſtood in all the propoſitions of the book which depend 

upon this ſecond propolition, where it is not expreſsly mention- 

ed. See the note upon it. 
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F any given magnitudes be added together, their ſum 
ſhall be given. | 


Let any given magnitudes AB, BC be added together, their 
ſum AC 1s given. 


Becauſe AB is given, a magnitude equal to it may be found * ; a x. det. 
let this be DE: And becauſe BC is gi- 

ven, one equal to it may be found; le B C 

this be EF; Wherefore, becauſe AB i "tl 

equal to DE, and BC equal to EF; the. EY E F 

whole AC is equal to the whole DF: 

AC is therefore given, becaufe DF has been found which is e- 
Qual to it. ä 


TROP. IV. 4 


F a given magnitude be taken from a given magni- 
tude ; the remaining magnitude Mall be given. 


From the given maßnitude AB, let the given magnitude AC 
de taken; the remaining magnitude CB is given. 

Becauſe AB is given, a magnitude equal ro it may * be a f. dal. 
found; let this be DE: And becauſe | 
AC is given, one equal to it may be A. C B 
ound; let this be DF : Wherefore, be- Fs 
auſe AB is equal to DE, and AC toD 3 F. 

DF; the remainder CB is equal to the - 
emainder FE. CB is therefore given *, becauſe FE which is 
Fqual to it has been found. 


A. a NF. 
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PROP. V. 


FF of three magnitudes, the firſt together with the {.. 
cond be given, and alſo the ſecond together with the 
third; either the firſt is equal to the third, or one of them 
is greater than the other by a given magnitude. 


Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given; and alſo BC together with CD, 
that is BD, is given. Either AB is equal to CD, or ene of them 
is greater than the other by a given magnitude. 

Becauſe AC, BD are each of them given, they are either e- 
qual to one another, or not equal. 
Firſt, let them be equal, and becauſe A — C _D 
AC is equal to BD, take away the common part BC ; therefore 
the remainder AB is equal to the remainder CD. 

But if they be unequal, let AC be greater than BD, and 
make CE cqual to BD. Therefore CE is given, becauſe BD i; 


a 4. dat. 


See N. 


a 3. def. 


b 4 dat. 


e E. 5. 


given. And the whole AC is gi- 

ven; therefore * AE the remainder A 

is given. And becauſe EC is equal E. ; C_D 
to BD, by taking BC from both, 

the remainder EB is equal te the remainder CD. And AE is 
given; wherefore AB exceeds EB, that is CD, by the given 
magnitude AE. 


PROP. VI. 


FF a magnitude has a given ratio to a part of it, it ſha 
alſo have a given ratio to the remaining part ot it. 


Let the magnitude AB have a given ratioto AC a part of it; 
it has alſo a given ratio to the remainder BC. 

Becauſe the ratio of AB to AC is given, a ratio may be 
ſound * which is the ſame to it: Let this be the ratio of DL 
a given magnitude to the given mag- A FN 
nitude DF. And becauſe DE, DF are 3 
given, the remainder FE is d given: © * 1 
And becauſe AB is to AC, as DE to F 
DF, by converſion “ AB is to BC, ask ĩð71 ß 
DE to EF. Thereſore the ratio of AB to BC is given, becauſe 
the ratio of the given magnitudes DE, EF, which 1s the ſame 
with it, has been found, | 95 


— 


rr 771 


Cor. From this it follows, that the parts AC, CB have a gi- 
ven ratio to one another: Becauſe as AB to BC, ſo is DE to 
EF; by diviſion, AC is to CB, as DF to FE; and DF, FE 4 27. s. 
zre given; therefore * the ratio of AC to CB is given. a 2. def, 


PROP. vl. 5 


[ two magnitudes which have a given ratio to one an- See N. 
other, be added together; the whole magnitude ſhall 
have to each of them a given ratio. 


Let the magnitudes AB, BC which have a given ratio to one 
another, be added together ; the whole AC has to each of the 
magnitudes AB, BC a given ratio. 
Becauſe the ratio of AB to BC 1s given, a ratio may be 
found * which is the 2 "rhe" it; a this be the ratio of the a 2. def. 
iven magnitudes DE, EF: And be- 
Sake DE, EF are given, the whole f B O 


1 


PFisgivent—Andbecauſe as AB ð 1 U 
IC, ſois DE to EF ; by compobtion B KF 5. 


AC is to CB, as DF to FE; and by 8 NI 
converſion 4, AC is to AB, as DF to DE: Wherefore becauſe q E. 
AC is to each of the magnitudes AB, BC, as DF to each of 

the others DE, EF; the ratio of AC to each of the magnitudes 

AB, BC is given “. 


PROP. vin. a 

I a given magnitude be divided into two parts which see N. 
have a given ratio to one anather, and if a fourth pro- 

portional can be found to the ſum of the two magnitudes 

by which the given ratio is exhibited, one of them, and 

the given magnitude; cach of the parts is given. 


Let the given magnitude AB be divided into the parts AC, 
Ch which have a given ratio to one another; if a fourth pro- 
portional can be found to the above A C B 
Pp magnitudes; AC and CB are : — 
cach of them given. 

Becauſe the catio of AC to CB iD E E 


ziren, the ratio of AB to BC is given -; therefore a ratio; a 5. dat. 


A a 2 which 
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b 2. def. 


a . def. 


ratio of the given magnitudes F, G: | 


of the ratios of A to B, and B to C, that is, of the given T2101 


E UG Lil D's 


which is the ſame with it can be found b, let this be the ratio ox 
the given magnitudes DE, EF: And 9 
bec uſe the given magnitude AB has : C _B 
to BC the given ratio of DE to EF, if ; 
unto DE, EF, AB a fourth propor- D mM F E 
tional can be found, this which is BC PB 2 5h 
is given ©; and becauſe AB is given, the other part AC i; 
given 4. 

In the ſame manner, and with the like limitation, if the di. 
ference AC of two magnitudes AB, BC which have a given 
ratio be given; each of the magnitudes AB, BC is given. 


PROP. IX. 


AGNITUDES which have given ratios to the 
* ſame magnitude, have alſo a given ratio to one 
another. 


Let A, C have each of them a given ratio to B; A has a gi. 
ven ratio to C. 

Becauſe the ratio of A to B is given, a ratio which is the 
ſame to it may be found ; let this be the ratio of the gien 
magnitudes D, E : And becauſe the ratio of B to C is given, a 
ratio which is the ſame with it may be found“; let this be the 
becauſe as A is to B, fois D to E; | 


znd as B to C, ſo is (F to G, and | 


To F, G, E find a fourth propor- 
ſo is) E to H; ex aeduali, as A to | 
C, ſo is D tO: Therefore the ratio A. B C D - Hl 


tional H, if it can be donc; and 


ratio of the given magnitudes D and 
H, which is the ſame with it, has 
been found: But if a fourth propor- 
tional to F, G, E cannot be found, 
then it can only be ſaid that the ratio of A to C is compountes 


of A to C :s given *, becauſe the G 


of D to E, and F to G. | 
P R O 
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Nr 9. 


F two or more magnitudes have given ratios to one [3.4 
[ another, and if they have given ratios, though they 1 | 
be not the ſame, to ſome other magnitudes ;. thele other | 
magnitudes ſhall alſo have given ratios to one another, 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have given ratios, though they be 
not the ſame, to ſome other magnitudes D, E, F: The magni- 
tudes D, E, F have given ratios to one another. 

\ Becauſe the ratio of A to B is given, and likewiſe the ratio 


of A to D; therefore the ra- W 
tio of D to B is given *; but A 17 a 9. dat. 
the ratio of B to E. 13 given, B DU — 


therefore * the ratio of D to 

Eis given: And becauſe the C F—— 
ratio of B to C is given, and alſo the ratio of B to E; the ratio 
ofEto C is given“: And the ratio of C to F is given; where- 
fore the ratio of Eto F is given: D, E, F have therefore given 
ratios to one another. 


PROP. XI. 24, 


9 two magnitudes have each of them a given ratio 
to another magnitude, both of them together {hall 


have a given ratio to that other. 


Let the magnitudes AB, BC have a given ratio to the magni— 
tude D; AC has a given ratio to the tame D. 


Becauſe AB, BC have each of 
them a given ratio to D, the ratio A | — R — 
of AgB ͤ to BC is given“: And by com- a 9. dat. 


polition, the ratio of AC to CB is D 
given d: But the ratio of BC to D 
1s given; therefore * the ratio of AC to D is given. 


— „ 


b 7. dat. 


Aa 3 PROP. 
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PROP. XII. 


See N. IF the whole have to the whole a given ratio, and the 


a 19. f. 


b 9. dat. 


c 6. dat. 


d cor. 6. 
dat. 


e 10. dat. 
f 7. dat. 


24. 


parts have to the parts given, but not the ſame, ratios; 
Every one of them, whole or part, ſhall have to every 
one a given ratio. 


Let the whole AB have a given ratio to the whole CD, and 
the parts AE, EB have given, but not the ſame, ratios to the 
parts CF, FD : Every one thall have to every one, whole or 
part, a given ratio. 

Becauſe the ratio of AE to CF is given, as AE to CF, ſo 
make AB to CG; the ratio therefore of AB to CG is given; 
whereſore the ratio of the remainder EB to the remainder 
FG is given, becauſe it is the ſame * with the ratio of AB to 
CG: And the ratio of EB to FD is A E 5 
given, wherefore the ratio of FD "= : — 
to FG is given; and by conver- 
ſion, the 3 of FD = DG is C F G D 
given e: And becauſe AB has to 
each of the magnitudes CD, CG a given ratio, the ratio of CD 
to CG is given®; and therefore the ratio of CD to DG is 
given: But the ratio of GD to DF is given, wherefore® the 
ratio of CD to DF is given, and conſequently d the ratio of CF 
to FD is given; but the ratio of CF to AE is given, as allo the 
ratio of FD to EB; wherefore © the ratio of AE to EB is given; 
as alſo the ratio of AB to each of them f: The ratio therefur 
of every one to every one is given. 


PROP, XI. 


IF the firſt of three proportional ſtraight lines has 2 


given ratio to the third, the firſt ſhall alſo have a givet 
ratio to the ſecond, 


Let A, B, C be three proportional ſtraight lines, that is, 25 
A to B, ſo is B to C; if A has to C a given ratio, A ſhall all 
have to B a given ratio. 


Becauſe the ratio of A to C is given, a ratio which is the 


ſame with it may be found“; let this be the ratio of the g. 
ven ſtraight lines D, E; and between D and E find a“ mean 
proportional 


1 

proportional F; therefore the rectangle contained by D and 
E is equal to the ſquare of F. and the rect- 
angle D, E is given, becauſe its ſides D, E are 
given ; Wherefore the ſquare of F, and the 
traight line F is given: And becauſe as A is 
oC, ſo is D to E; but as A to C, ſois® the 
ſquare of A to the ſquare of B; and as D to 
E, ſo is © the ſquare of D to the ſquare of F: 
| therefore the ſquare 4 of A is to the ſquare of 
B, as the ſquare of D to the ſquare of F: 
As therefore © the ſtraight line A to the 
ſtraight line B, fo is the ſtraight line D to the 
traight line F: Therefore the ratio of A to B 
is given“, becauſe the ratio of the given 
ſtraight lines D, F which is the ſame with it 
has been found. 


I 


S >- 
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JF a magnitude together with a given magnitude has a 

given ratio to another magnitude; the exceſs of this 
other magnitude above a given magnitude has a given ra- 
tio to the firſt magnitude: And if the exceſs of a magni- 
tude above a given magnitude has a given ratio to ano- 
ther magnitude; this other magnitude together with a 
given magnitude has a given ratio to the firſt magnitude, 


Let the magnitude AB together with the given magnitude 
BE, that is AE, have a given ratio to the magnitude CD ; the 
exceſs of CD above a given magnitude has a given ratio to AB. 

Becauſe the ratio of AE to CD is given, as AE to CD, fo 
oy BE to FD; therefore the ratio of BE to FD is given, and 

is given; wherefore FD is given“: 
And Ad as AE to CD, 10 is BEA B E 


3 — * »„— 


to FD, the remainder AB is b to the 
remainder CF, as AE to CD: But the C FDD 
ratio of AE to CD is given, therefore — ä 


the ratio of AB to CF is given; that is, CF the excets of CD 
above the given magnitude FD has a given ratio to AB. 
Next, Let the exceſs of the magnitude AB above the given 


magnitude BE, that is, let AE have a given ratio to the mag- 
1 a a4 | nitude 


See No 


a 2. dat. 


b 19. 5. 
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nitude CD: CD together with a given mgnitude has 2 ggg 


ratio to AB. t k . nin | 

Becauſe the ratio of AE to CD is given, as AE to CT, 5 
make BE to FD; therefore the ratio o A a E 'B 
BE to FD is given, and BE is flVen, ——— 


a 2. dat, wherefore FD is given“: And becauſe 
as AE to CD, fo is BE to FD, ABC D F 
c 12. 5, to CF, ase AE to CD: But the ratio N 
of AE to CD is given, therefore the ratio of AB to CF ;; gi 
ven; that is, CF which is equal to CD together with the girer 
magnitude DF has a given ratio to AB. 


5.4 air. N. 


Ne N. F a magnitude together with that to which another 
1 magnitude has a given ratio, be given; the ſum of 
this other, and that to which the firſt magnitude ha; 
a given ratio is given, | 


Let AB, CD be two magnitudes of which AB together wil 

BE to which CD has a given ratio, is given ; CD is given toge- 
ther with that magnitude to which AB has a given ratio. 

> Becauſe the ratio of CD to BE is given, as BE to CD, f 

make AE to FD; therefore the ratio of AE to FD is guen, 


2 2. dat. and AE is given, wherefore * FD 
is given: And becauſe as BE to A. . i _i 
b Cor. 19, CD, ſo is AE to FD: AB is d to D 
5 FC, as BE to CD: And the ratio F WE C . 


of BE to CD is given, wherefore 
the ratio of AB to FC is given: And FD is given, that is CD 
together with FC to which AB has a given ratio is given. 


10. PROP. XVI. 


dee N. IF the exceſs of a magnitude above a given magnitude, 
has a given ratio to another magnitude; the excels 0! 

botli together above a given magnitude fhall have to that 
other a given ratio: And if the exceſs of two magnitude: 
together above a given magnitude, has to one of them a 
given ratio; either the exceſs of the other above a g1vc! 
magnitude has to that one a given ratio; or the other 1s 
given together with the magnitude to which that one has 

a given ratio. — e FP 


N A. 377 


Let the exceſs of the magnitude AB above a given magni- 
tude, have a given tatio to the magnitude BC; the excels of 
AC, both of them together, above the given magnitude, has a 
given ratio to FF. 1 

Let AD be Abs magnitude, the exceſs of AB above 
which, viz. DB has a given ratio D 
to BC: And becauſe. DB has a 8. A D } C 
ren ratio to BC, the ratio of DC to © OY gry 89 
CB is given *, and AD is given; therefore DC, the exceſs of a 7. dat. 
AC above the given magnitude AD, has a given ratio to BC. 

Next, let the exceſs of two magnitudes AB, BC together, 
above a given magnitude, have to vg 
one of hem BC 3 ratio; ei- A in D B 4 C 
ther the exceſs Bf the other of them | 
AB above the given magnitude ſhall have to BC a given ra- | 
tio; or AB is given, together with the magnitude to which 
has a given ratio. 

Let AD be the given magnitude, and firſt let it be leſs than 
AB; and becauſe DC the exceſs of AC above AD has a given 
ratio to BC, DB has b a given ratio to BC; that is, DB, the ex- b Cor. 6, 
8. of AB above the given magnitude AD, has a given ratio to dat. 

2 

But let the given magnitude be greater than AB, and make | 
AL equal to it; and becauſe EC, the exceſs of AC above AL, 1 
has to BC a given ratio, BC has“ a given ratio to BE; and be c 6. dat. J 
cauſe AE is given, AB together with BE to which BC has a 
given ratio, 1s given. 


1 — — ee" - 
e PT, te . tA 


_— 


PROP. XVII. 


11. 


F the exceſs of a magnitude above a given magnitude se N. 
has a given ratio to another magnitude; the excels 

of the ſame firſt magnitude above fa given magnitude, 

ſhall have a given ratio to both the magnitudes toge- 

ther. And if the exceſs of cither of two magni- 

tudes above a given magnitude has a given ratio to | 

both magnitudes together; the exceſs of the ſame a- ! 


bove a given magnitude ſhall have a given ratio to 1 
the other. 114 


2 — K — — "7 woe 3 __ 
" 
p _ 8 


tude have a given ratio to the magnitude BC; the excels of AB 


Let the exceſs of the magnitude AB above a given magni- | 4 
above a given magnitude has a given ratio to AC. 


Let 
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Let AD be the given magnitude; and becauſe DB, the g 
ceſs of AB above AD, has a given ratio to BC; the ratio g 
a 7. dat. DC to DB is given“: Make the ratio of AD to DE the fam 
with this ratio; therefore the ratio | 
of AD to DE is given: And AD A. E D B 0 
b 2. dat. is given, wherefore Þ DE, and the remainder AE are given: An 
c Iz. 35. becauſe as DC to DB, ſo is AD to DE, AC is“ to EB, as be 
to DB; and the ratio of DC to DB is given; wherefore th 
ratio of AC to EB is given: And becauſe the ratio of EB to A 
1s given, and that AL is given, therefore EB the exceſs of 4} 
above the given magnitude AE, has a given ratio to AC, 
Next, let the exceſs of AB above a given magnitude haet 
given ratio to AB and BC together, that is, to AC; the excel 
of AB above a given magnitude has a given ratio to BC, 
Let AE be the given magnitude; and becauſe EB the excel 
of AB above AE has to AC a given ratio, as AC to EB, þ 
make AD to DE; therefore the ratio of AD to DE is given, 
d 6. dat. as alſo4 the ratio of AD to AE: And AE is given, where 
fore d AD is given: And becauſe, as the whole AC, tothe 
e 19. 5- whole EB, fo is AD to DE; the remainder DC is? to th 
remainder DB, as AC to EB; and the ratio of AC to EBii 
f Cor. 6. given; wheretore the ratio of DC to DB is given, as alſo th: 
dat. ratio of DB to BC: And AD is given; therefore DB, the ei 
ceſs of AB above a given magnitude AD, has a given ration 
BC. 


5 PROP. XVI l. 
JF to each of two magnitudes, which have a given rati 

to one another, a given magnitude be added; tit 
whole ſhall either have a given ratio to one another, d 
the exceſs of one of them above a given magnitude ſhal 
have a given ratio to the other. 


Let the two magnitudes AB, CD have a given ratio to cht 
another, and to AB let the given magnitude BE be added, ail 
the given magnitude DF to CD: The wholes AE, CF eite 
have a given ratio to one another, or the exceſs of one of then 

a I, dat. above a given magnitude has a given ratio to the other“. 


Becauſe BE, DF are each of them given, their ratio is gives 
6 a0 


„it this ratio be the ſame with A B E 

10 f ratio of AB to CD, the ratio of — — — 

ſans to CF, which is the ſame Þ with | 
( given ratio of AB to CD, ſhall C D F b 12. 5, m4 

28 giren. 1 

Ane But if the ratio of BE to DF be not the ſame with the ratio | 
Dee AB to CD, either it is greater than the ratio of AB to 


, or, by 5 youy- 0 — of DF to BE is greater than 
Af ratio © to AB: Firſt, let 
A ratio of BE to DF be greater A B — G E 


an the ratio of AB to CD; and as 

IB % CD, ſo make BG to DF; C D F 
refore the ratio of BG to DF is . 
ren; and DF is given, therefore © BG is given: And becauſe c 2. dat. 44 
E has a greater ratio to DF than (AB to CD, that is, than) | 
8G to DF, BE is greater 4 than BG: And becauſe as AB to d 10. © 1 
WD, ſo is BG to DF; therefore AG is b to CF, as AB to CD: { 
t the ratio of AB to CD is given, wherefore the ratio of AG | 
CF is given; and becauſe BE, BG are each of them given, 
is given: Therefore AG, the exceſs of AE above a given 
W:zvitude GE, has a given ratio to CF. The other caſe is de- 
Wonſtrated in the ſame manner. 


A 


$ 
5 „ 
% ii 


PROP. XIX. 15. 


I from each of two magnitudes, which have a given 
E ratio to one another, a given magnitude be taken, the 
Wemainders ſhall either have a given ratio to one another, 
r the exceſs of one of them above a given magnitude, 
Fall have a given ratio to the other. 


! Let the magnitudes AB, CD have a given ratio to one an- 
Wther, and from AB let the given magnitude AE be taken, 
nd from CD, the given magnitude CF: The remainders EB, 


D ſhall either have a given ratio to one another, or the ex- 


B 


Nis of one of them above a gi- 
Wen magnitude ſhall have a gen T L 


atio to the other, | 
1 Becauſe AE, CF are each of J. E D 
Dem given, their ratio is given“; 


Indi if this ratio be the ſame with the ratio of AB to CD, the 
| ratio 


a 1 dat. 


— * 


b. 19. 5. 
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ratio of the remainder EB to the remainder FD, which x 
ſame® with the given ratio of AB to CD, fhall be given. 
But if the ratio of AB to CD be not the ſame with the ;; 


of AE to CF, either it is greater than the ratio of AE to 
or, by inverſion, the ratio CD to AB is greater than the; 
tio of CF to AE: Firſt, let the ratio of AB to CD be gien 
than the ratio of AE to CF, and as AB to CD, ſo make 4 
to CF; therefore the ratio of AG E G ! 
to CF is given, and CF is given 
wherefore® AG is given: And 

becauſe the ratio of AB to co, C F 1 D 
that is, the ratio of AG to CF, * 

is greater than the ratio of AE to CF; AG is greater ( thy 
AE: And AG, AE, are given, therefore the remainder EG; 
given; and as AB to CD, fois AG to CF, and ſo is d then 
mainder GB to the remainder FD; and the ratio of AB t ( 
is given : Wherefore the ratio of GB to FD is given ; the 
fore GB, the exceſs of EB above a given magnitude EG, hy 
given ratio to FD. In the ſame manner the other calc is 


16. 


a 2. dat. 


b Ig. 5. 


to CF, and fo isd the remainder 


And EG is given, therefore GB, the exceſs of the ſum LÞ 


P R.0:P;.:..3X. 


F to one of two magnitudes which have a given rt 
to one another, a given magnitude be added, 2. 
from the other a given magnitude be taken; the cx 


of the ſum above a given magnitude ſhall have a gie 
ratio to the remainder, 


Let the two magnitudes AB, CD have a given ratio to cr: 
another, and to AB let the given magnitude EA be added, ui 
from CD let the given magnitude CF be taken; the excels 
the ſum EB above a given magnitude has a given ratio to! 
remainder FD. 

Becauſe the ratio of AB to CD is given, make as Abt 
WL io AG to CF: Therefore the ratio of AG to CF is gi 
and CF is given, wherefore* AG F; 
is given; and EA is given, there- E A. — 8 
fore the whole EG is given: And 
becauſe as AB to Ch, ſo is AG C E — 


_ 


GB to the remainder FTD; the ratio of GB to FD is git 


hob 


AD A; 381 


e the given magnitude EG, has a given ratio to the remain« 
c FD. | 


PROP. XXI. c. 


two magnitudes have a given ratio to one another, see N. 
if a given magnitude be added to one of them, and 

ge other be taken from a given magnitude; the ſum, 
gether with the magnitude to which the remainder 

Pa given ratio, is given: And the remainder is given 
gether with the magnitude to which the ſum has a 

ven ratio. 


Let the two magnitudes AB, CD have a given ratio to one 
nother; and to AB let the given magnitude BE be added, and 
D be taken from the given magnitude FD: The ſum AE 
& given together with the magnitude to which the remainder 
0 Iven ratio. 

$ Becauſe the ratio of AB to CD is given, make as AB to 
©V, ſo GB to FD : Therefore the ratio of GB to FD is given, 
End FD is given, wherefore GB | | 

& given*; and BE is given, the A — BE a 2. Gt. 
hole GE is therefore given: And | 

xccauſe as AB to CD, ſo is GB F C D 
» FD, and fo is d GA to FC; the 838 
atio of GA to FC is given: And AE together with GA is gi- 
Pen, becauſe GE is given; therefore the ſum AE together with 
Pa, to which the remainder FC has a given ratio, is given. 
Ide ſecond part is manifeſt from prop. 15. 


———_— 


un 


b 19. 5. 


PROP. XXII. * 


F two magnitudes have a given ratio to one another, if gcc N. 
rom one of them a given magnitude be taken, and 

he other be taken from a given magnitude; each of the 

gemainders is given together with the magnitude to which 

he other remainder has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one 
mother, and from AB let the given magnitude AE be taken, 
44 4 an 


332 


z 2, dat. 


b 19. 5, 


20. 


Zee N. 


a 19. 5. 


| 5 2. dat. 


and let CD be taken from the * magnitude CF, tj, 
t 


AE to CF is given; and CD is given, wherefore * AG 
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mainder EB is given together with the magnitude to which; 
other remainder DF has a given ratio. 

Becauſe the ratio of AB to CD is given, make as 4A}, 
CD, ſo AG to CF: The ratio of AG to CF is therefore ging 


and CF is given, wherefore * AG zind 
is given; ao AE is given, and mmm E. B _{& uſe 
therefore the remainder EG is gi- C Je ra 
ven: And becauſe as AB to CD, &. D F G, t 
ſo is AG to CF: And ſo is b the 4 


remainder BG to the remainder DF; the ratio of BG to DF; 
given: And EB together with BG is given, becauſe EG i, 
ven: Therefore the remainder EB together with BG, to whig 
DF the other remainder has a given ratio, is given. The ſec 
part is plain from this and prop. 15. 


gu 
PROP. XXIII. DOVE 
| ne C: 
JF, from two given magnitudes there be taken mag boy 
tudes which have a given ratio to one another, th: 
remainders ſhall either have a given ratio to one anotte Let 
or the exceſs of one of them above a given magnitu 
ſhall have a given ratio to the other. den 
We <. | | | Let 
Let AB, CD be two given magnitudes, and from them F hich 
the magnitudes AE, CF, which have a given ratio to one at AB 
other, be taken; the remainders EB FD either have a given t: 
to one another, or the exceſs of one of them above a given maxi giv 
nitude has a given ratio to the other, ven 
Becauſe AB, CD are each of A p ) CF 
them given, the _ of AB to E _—'D 
CD is given: And if this ratio Iven, 
be the * with the ratio of AE C . F D ven, 
to CF, then the remainder EB ;” 4 FREIE l 0 
has *® the ſame given ratio to the remainder FD. give 
But if the ratio of AB to CD be not the ſame with the 18 Co 
tio of AE to CF, it is either greater than it, or, by inverl0,id ti 
the ratio of CD to AB is greater than tbe ratio of CF to Ao: 
Firſt, let the ratio of AB to CD be greater than the rat10 nude 
AE to CF; and as AE to CF, ſo make AG to CD; Heeg cal 
fore the ratio of AG to CD is given, becauſe the rat'0 "WA the 


given, 


ten; and becauſe the ratio of AB to CD is greater than the 
tioof (AE to CF, that is, than 
- ratio of) 8 CD; AB js > — E 8 GB 
W-ater © than AG: And 

G are given; therefore the re- C . 2 D 
inder BG is given: And be- | 
uſe as AE to CF, ſo is AG to CD, and ſo is“ EG to FD; a ug. 5. 
e ratio of EG to FD is given: And GB is given; thereforg 
G, the exceſs of EB above a given magnitude GB, has a gi- 
ratio to FD. The other caſe is ſhown in the ſame way. 


c 10. 5. 


PROP. XXIV. 4 


F there be three magnitudes, the firſt of which has a See N. 
given ratio to the ſecond, and the exceſs of the ſecond 

Pove a given magnitude has a given ratio to the thicd ; 

pe excels of the firſt above a given magnitude ſhall alſo 

ave a given ratio to the third. 


Let AB, CD, E, be the three magnitudes of which AB has 
given ratio to CD.; and the exceſs of CD above a given mag- 
ſitude has a given ratio to E: The exceſs of AB above a given 
pagnitude has a given ratio to E. 

Let CF be the given magnitude, the exceſs of CD above 
hich, viz." FD, has a given ratio to E: And becaule the ratio 
AB to CD is given, as AB to CD, fo make A 

G to CF; therefore the ratio of AG to CF ex 
p given; and CF is given, wherefore * AG is | a . dat, 
ren: And becauſe as AB to CD, ſo is AG C 
Per, and ſo is> GB to FD, the ratio of GB G b 19. 5: 
FD is given. And the ratio of FD to E is HF | Pg 
den, wherefore © the ratio of GB to E is 9 . 
Nen, and AG is given; therefore GB the ex- 
E's of AB above a given magnitude AG has | 
given ratio to E. B D¹ E 


Cor. 1. And if the firſt has a given ratio to the ſecond, 
1 the exceſs of the firſt above a given magnitude has a given 
to to the third; the exceſs of the ſecond above a given mag- 
tude ſhall have a given ratio to the third. For, if the ſecond 
called the firſt, and the firſt the ſecond, this corollary will 
the ſame with the propoſition. | 


Con. 


384 


£7. 


a 9. dat, 


9 5 18. dat. 


the exceſs of the third above a given magnitude has alſo a gin, 


I there be three magnitudes, the exceſs of the fir 
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Cor. 2. Alſo, if the firſt has a given ratio to the ſecond, 


ratio to the ſecond, the ſame exceſs ſhall have a given raty » 
the firſt ; as is evident from the gth dat. n 


whereof above a given magnitude has a given rai 
to the ſecond z and the exceſs of the third above a git 
magnitude has a given ratio to the ſame ſecond : The 
firſt ſhall either have a given ratio to the third, or the 
exceſs of one of them above a given magnitude ſhall hay 
a given ratio to the other. 


Let AB, C, DE be three magnitudes, and let the exceſſes 
each of the two AB, DE above given magnitudes have g 
ratios to C; AB, DE either have a given ratio to one another 
or the exceſs of one of them above a given magnitude hs 
given ratio to the other. 

Let FB the exceſs of AB above the given magnitude 4 
have a given ratio to C; and let GE the ex- A 
ceſs of DE above the given magnitude DG 
have a given ratio to C; and becauſe FB, GE F. D 
have each of them a given ratio to C, they | 
have a given ratio“ to one another. But to FB, G 
GE the given "magnitudes AF, DG are add- 
ed; therefore® the whole magnitudes AB, DE 
have either a given ratio-to one another, or Al E 
the exceſs of one of them above a given magni- 
tude has a given ratio to the other. 


* 4 


PROP. XXVI. 


IF there be three magnitudes, the exceſſes of one ( 
which above given magnitudes have given ratios to tic 
other two magnitudes ; theſe two ſhall either hae 
given ratio to one another, or the exceſs of one o then 
above a given magnitude ſhall have a given ratio to ft 
other. 

Lt 


A. 


Let AB, CD, EF be three magnitudes, and let GD the ex- 
tels of one of them CD above the given magnitude CG have 
1 given ratio to AB; and alſo let ND the excels of the ſame 
(h above the given magnitude CK have a given ratio to EF, 
ether AB has a given ratio to EF, or the exceſs of one of them 
above a given magnitude has a given ratio to the other. 

Becauſe GD has a given ratio to AB, as GD to AB, fo 
make CG to HA ; therefore the ratio of CG to HA is given; 
and CG is given, wherefore* H is given: And becauſe as 3 2. dat. 
GD to AB, fo is CG to HA, and ſo is > CD to HB; the ra- b 13. 5. 
to of CD to HB is given: Alſo becauſe ED has a given ratio 
tw EF, as KD to EF, fo make CK to LE; U 
therefore the ratio of CK to LE is given ; and 
(Kis given, wherefore LE * is given: And WW 6 
becauſe as KD to EF, ſo is CK to LE, and Af 
od is CB to LF; the raito of CD to LF is 
eiven: But the ratio of CD to EB is given, 
wheretore © the ratio of HB to LF is given: 
and from HB, LF the given magnitudes HA, | 
LE being taken, the remainders AB, EF ſhall B DF 
either have a given ratio to one another, cr the exceſs of one of 
them above a given magnitude has a given ratio to the other 4. a 19.0: 


3 
— 
1 


Cc 9. dat. 


% Another Demonſtration. 


Let AB, C, DE be three magnitudes, and let the exceſſes 
bone of them C above given magnitudes have given ratios to 
A and DE; either AB, DE have a given ratio to one an- 
other, or the exceſs of one of them above a given magnitude 
bis a given ratio to the other. 

becauſe the exceſs of C above a given magnitude has a gi- 
ren ratio to AB; therefore* AB together with a given mag. ® 7+ du. 
tude has a given ratio to C: Let this given 
magnitude be AF, wherefore FB has a given G 
atio to C: Alto, becauſe the excets of C above A D 
«given magnitude has a given ratio to Du.; | | 
mercfore® DE together with a given magni- 
tude has à given ratio to C: Let this given | 
magnitude be DG, wherefore GE has a given BI CF 
tio to C: And FB has a given ratio to C, therefore © the ratio b g, dat. 
of FB to GE is given: And from FB, GE the given magnitudes 
AF, DG being taken, the remainders AB, DE either have a 
ven ratio to one another, or the exceis of one of them above a 
wen magnitude has a given ratio to the other ©,” 93S. Gab 

B b PROP. 
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2 2. dat. 


D Ig. 5. 


c 9. dat. 


d 24 dat. 


— — — K —·˙*˙— 


EU -e Lei 9. 


P R O P. XXVII. 


IF there be three magnitudes: The exceſs of the {47 
of which above a given magnitude has a given raty 
to the ſecond ; and the exceſs of the ſecond above 1 gi. 
ven magnitude has alſo a given ratio to the third; The 
excels of the firſt above a given magnitude ſhall have x 
given ratio to the third, - 


Let AB, CD, E be three magnitudes, the exceſs of the fr} 
of which AB above the given magnitude AG, viz. GB, has 
given ratio to CD; and FD the exceſs of CD above the given 
magnitude CF, has a given ratio to E: The exceſs of AB above 
a given magnitude has a given ratio to E. 
| Becauſe the ratio of GB to CD is given, as GB to CD, { 
make GH to CF; therefore the ratio of GH 
to CF is given; and CF is given, wherefore * 
GH is given; and AG is given, wherefore Gf 
the whole AH is given: And becauſe as GB } 
to CD, ſo is GH to CF, and ſo is® the re-H Fl 
mainder HB to the remainder FD; the ratio 
of HB to FD is given: And the ratio of FD 
to E is given, wherefore © the ratio of HB to Bil Di E! 
E is given: And AH is given; therefore HB. | 
the exceſs of AB above a given magnitude AH has a given 4, 
tio to E. 


& Otherwiſe, 


Let AB, C, D be three magnitudes, the exceſs EB of te 
firſt of which AB above the given magnitude AE has a git 
ratio to C, and the exceſs of C above a given 
magnitude has a given ratio to D: The exceſs 
of AB above a given magnitude has a given ra- 
tio to D, | Er 

Becauſe EB has a given ratio to C, and the 
exceſs of C above a given magnitude has a pi- F- 
ven ratio to D; therefore d the exceſs of EB 
above a given magnitude has à given ratio to 
D: Let this given magnitude be EF; therefore 
FB the exceſs of EB above EF has a given ra- B C D 
tiotoD: And AF is given, becauſe AE, EF 


9 


— — 


ze given: Therefore FB the exceſs of AB above a given mag- 
1.cude AF has a given ratio to D.“ 


PROP. XXVII. a, 


F two lines given in poſition cut one another, the point see x. 
or points in which they cut one another are given. 


Let two lines AB, CD given in poſition cut one another in 
the point E; the point E is gi- 


ven. C 
Becauſe the lines AB, CD OM 

are given in poſition, they have EE 
always the ſame ſituation *, and 
therefore the point, or points 
in which they cut one another 
have always the ſame ſituation: 
And becauſe the lines AB, CD 
can be found, the point, or 
points, in which they cut one 
another, are likewite found; 
and therefore are given in poſition“. 


P'R-O P. XXIX. 26. 


[ the extremities of a ſtraight line be given in poſi- 
tion; the ſtraight line is given in poſition and mag- 
nitude, 


Becauſe th@ extremities of the ſtraight line are given, they 
can be found“: Let theſe be the points A, B, between which 2 4- def. 
a ſtraight line AB can be drawn®; b 7. Poſtu- 
this has an invariable poſition, be- Hy ies 
cauſe between two given points there : 
can be drawn but one ſtraight line: And when the ſtraight line 
AB.is drawn, its magnitude is at the fame time exhibited, or 
given: Therefore the ſtraight line AB is given in polition and 


magnitude. | 
B b 2 PROP. 


i 
ö 
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7 def. 


;. def. 


a 37. 1. 


b 4. dcf. 
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PROP. XXX. 


I one of the extremities of a ſtraight line given in go. 
ſition and magnitude be given ; the other extremity 
ſhall alſo be given. | 


Let the point A be given, to wit, one of the extremities nf 
a ſtraight line given in magnitude, and which lies in the (raight 
line AC given in poſition ; the other extremity is alſo given. 


Becauſe the ſtraight line is given in magnitude, one equal 

ro it e 8 * ; let this be the ſtraight line D : From the 
re\ter ſtraight line AC cut off AB 

egen to the leſſer D: therefore the A, 09% OK.” 

other extremity B of the ſtraight line f 

AB is ſound: And the point B has al D 

ways the ſame fituation ; becauſe an Fe ciar 

other point in AC, upon the ſame tide of A, cuts off between 

it and the point A a greater or leſs ſtraight line than AB, that is, 

than D; Thercfore the point Bis given d: And it 1s plain an. 

other ſuch point can be found in AC produced upon the othe! 

ſide of the point A. 


PRO P. XXXI. 


IF a ſtraight line be drawn through a given point paraſt 
to a ſtraight line given in poſition; that ſtraight inc 
is given in poſition. 


Let A be a given point, and BC a ſtraight line given in po- 
tion; the ſtraight line drawn through A parallel to BC is given 
in poſition, 

'l hrough A draw“ the ſtraight line 
DAE parallel to BC; the Ptraipht DD A. E 
line DAE has always the ſame poli- 
tion, becauſe no other ſtraight lind B 4 
can be drawn through A parallel to | | 
EC: 1! herefore the ſuaight line DAE which has been 10uns 1? 
given in poſition, | 

p R OP. 


— 
* 


D A T A. 389 
III. 19. 


JF a ſtraight line be drawn to a given point in a ſtraight 
line g ven in poſition, and makes a given angle with it; 
that ſtraight line is given iu poſition, 


Let AB be a ſtraight line given in poſition, and C a given 


point in it, the ſtraight line drawn 
G EF, E 
EGS, 
2 „ e. 
= 


Becaule the angle is given, one 
equal to it can be found“; let this 
| be the angle at D, at the given 
point C, in the given ſtraight line A C 
AB, make d the angle ECB equal 
to the angle at D: lherefore the 
liraight line EC has always the 
{ime ſituation, becauſe any other 1 
ſtrrizht line FC, drawn to the ; 
pont C, makes with CB ; greater or leſs angle than the angle 
ECB, or the angle at D: "Therefore the ſtraght line EC, which 
has been found, is given in poſition. | 

It is to be obſerved, that there are two ſtraight lines EC, 
GC vpon one fide of AB that make qual angles with it, and 
which make equal angles with it when produced to the other 
lide, 


to CG whit: h mekes A given angle 
with CB, is given in poſition. 
, 


* 


D 23. 1. 


PROP. XXXIII. 10 


F a ſtraight line be drawn from a given point to a 
ſtraight line given in poſition, and makes a given angle 
with it, that {traight line is given in polition. 


From the given point A, let the ſtraight line AD he drawn 
to the ſtraight ne BC given in poſition, and make with it a 


given angle ADC; AD is given in po 

ton 81 . 1 P — —A F 

| Lhro' the point A, draw“ the ſtraight „ Fo 
line EAF parallel to BC; and becauſe 


thro' the given point àA, the ſtraight line 


LAP is drawn parallel to BC, Which is B D C 
gwen in poſition, EAF is therefore given in poſition“: And b 31. dat. 
beeauſe the ſtraight line AD meets the parallels BC, LF, the 

| angle 


"  Bd3 


c 29. 1. 


d 32 dat. 


a I, def. 


b. 33. dat, 


e 6. def. 
d 28. dat. 


e 29. dat. 


UD 


angle EAD is equal © to the angle ADC; and ADC is gie 
wherefore alſo the angle EA is given: Therefore, becauſe th. 
ſtraight line DA is drawn to the given point A in the ſtray}, 
line EF given in poſition, and makes with it a given angle EA 
AD is given 4 in poſition. 


PROP. XXXIV. 


11 from a given point to a ſtraight line given in poſiticy, 
a ſtraight line be drawn which is given in magnitude; 
the ſame is alſo given in poſition. 


Let A be a given point, and BC a ſtraight line given in po. 
tion, a ſtraight line given in magnitude drawn from the poi 
A to BC is given in poſition. 

Becauſe the ſtraigbt line is given in magnitude, one equa! to 
it can be found; let this be the ſtraight line D: From th: 
_ A draw AE perpendicular to BC; and 

ecauſe AE is the ſhorteſt of all the ſtraight 

lines which can be drawn from the point A 
to BC, the ſtraight line D, to which one 0 
equal is to be drawn from the point A to B E 
BC, cannot be leſs than AE. It therefore D 
D be equal to AE, AL is the ſtraight line given in magnitude 
drawn from the given point A to BC: And it is evident tha 
AE is given in poſition d, becauſe it is drawn from the give 
point A to BC, which is given in poſition, and makes with LC 
the given angle AEC. 

But if the ftraight line D be not equal to AE, it mult be 
greater than it: Produce AE, and make AF equal to D; and 
from the centre A, at the diſtance AF, deſcribe the circle Gl, 
and join AG, AH : Becauſe the circle GFH is given in po! 
tion , and the ſtraight line BC is alſo given in polition; ther 


fore their interſection G is given d; [ 
and the point A is given; where- twe 
fore AG is given in poſition e, that vb. 
is, the ſtraight line AG given in Al 
magnitude, (for it is equal to D) 1 
and drawn from the given point A Wir 
to the ſtraight line BC given in poſition, is alſo given in pol Jet 
tion: And in like manner AH is given in poſition : There H, 
in this caſe there are two ſtraight lines AG, AH of the (a WF #4 


Hire 


2 


them, the ſtraight line is given in magnitude. 


CD. which are given in poſition, and make the given angles 


make given angles with the parallels. 


Ak, EFC hall be given. Fn | 1 
a 1. dof, " 


| ſtraight line equal to it can be found *; 


der to CD : Therefore the ſtraight line G, 


A . 261 


zuen magnitude which can be drawn from a given point A to | 
z ſtraight line BC given in poſition, 3 


FRA. ML); 31. I} 


U a ſtraight line be drawn between two parallel ſtraight 
lines given in poſition, and makes given angles with 


Let the ſtraight line EF be drawn between the parallels AB, 


BLF, EFD: EF :s given in magnitude. 
In CD take the given point G, and through G draw * GH a 31, 1. 
parallel to EF: And becauſe CD meets the parallels GH, EF, 


the angle EFD is equal Þ to the angle b 29 1. 
HCD: And EFD is a given angle; A. E H B 


E wherefore the angle HG D is given: And / / | 


tion e: And AB is given in poſition; therefore the point H is e 32. dat. | 
E oven 4; and the point GC 1s alſo given, wherefore GH is given d 28. dat, ws 
. | dn, . 

in magnitude ©: And EF 1s equal to it; therefore EF is given e 29. dat. 


PEO I. 33. 


F a ſtraight line given in magnitude be drawn between see N. 
two parallel ſtraight lines given in poſition, it ſhall 


— ——— „ I — — — we * 
Wn 
— n "Ws as 


Let the ſtraight line EF given in magnitude be drawn be- 


| tween the parallel ſtraight lines AB, CD, A F H 


which are givgn in policion ; the angles 


Becauſe EF is given in magnitude, a 


let this be G: In AB take a given point C F K D 


' 
[ 
UH, and from it draw HK perpendicu- b 12. I. i 


B b that 
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f A. def. 


IT. 


k x. def, 


t--.0-113 3% 


that is, EF cannot be leſs than HK: And if G be equal to Bt; 
EF alſo is equal to it; wherefore EF is at right angles to C)); 
for if it be not, EF would be greater than HK, which is ab urg, 
'Lhereſore the angle EFD is a right, and conſequen! ly a given 
angle. 

Put if the ſtraight line G be not equal to HK, it wuſt he 
greater than it: Produce HK, and take HL, equal to G; 9 
from the centte H, at the 8 HL, eferibe the c rele 
MLN, and join HM, HN: And becauſe the circle © Ml, 
and me ſtraight line CD. are given in "bj the po.nts M, 
N are given; and the peat, 

H is given; wherctore the A 


"i 
ſtcaight lines HM, HN, are 

- given in poſition ©: And CD 
is given in poßtion; therefore 


the angles HM, HN M, are ——— M- \ 
ven in poGtion f Of the C F N 0 
flraiebt lines HM, UN, let — 


H be that which 1s not parallel to EF, for EF cannot be paral- 
I-l to both of them ; and draw EO parallel to HN: EO th a 
fore is equal ® to HN, that is, to G; and EF is equal to 6. 
wherefore EO, is equal to EF, and the angle EFO to the ovy!- 

EOF, that is ®, to the given angle HNM, and becauſe the aus 
HNM, which i is 5 <qual to the engl ETO, or EFD, has been found, 
the refore the angle EFD, that i is, the angle AEF, 1s g:ven in 
magnitude k; and conlequeutly the angle EFC. 


PROP. XXXVII. 


. 1 a traight line given in magnitude be drawn from 


a point to a ſtraight line given in poſition, in a gien 
angle; the firaight line drawn through that point Para). 
lel to the ſtraght line given in polition, is given in pol 
uon. 


Let the ſtraight line AD given in magnitude be drawn from 
the point A to the ſtraight line BC given inp \ 
polition, in the given angle AUC; the E AH | 


ſtraight line EAF drawn through A parallel | 


to BC is given in poktion. 

In BC take a given point G, and draw G 
parallel to AD: And becauſe HG is drawn B D 6 C 
io a given point G in the ſtraight line BC gi- 


ven 


-n in poſition, in a given angle HGC, for it is equal * to the = 29. 2. 
en angle ADC; HG is given in poſition d; but it is given Þ 32. dat. 
Iſo in magnitude, becauſe it is equal toe AD which is given in © 34. I. 
zenitude ; therefore becauſe G one of the extremities of the 

lacht ine GH given in poſition and magnitude is given, the 

ther extremity H is given 4; and the ſtraight line EAF, which d ;& dat. 
drawn through the given point H parallel to BC given in po— 

non, is therefore given © in poſition. e 31. dat, 


PROP. XXXVII. 34: 


F a ſtraight line be drawn from a given point to two 
paralle! ſtraight lings given in poſition, the ratio of the 
ſegments between the given point and the parallels ſhall 
given. 


Let the ſtraight line EFG be drawn from the given point E 
o the parallels AB, CD, the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD; and 
Wccauſe from à given point E the ſtraight line EK is drawn to 
Cl) which 1s given in poſition, in a given angle EKC; EK is 


An A PH _R 
A F/|H B 


ren in poſition “; and AB, CD are given in poſition ; there- 2 33, du. 
ore» the points H. K are given: And the point Eis given ; d 28. dat. 
Wicrefore © EH, EK are given in magnitude, and the ratio 4 of © 2 
hem is therefore g ven. But as EH to EK, fo is EF to EG, be- 


Kauſe AB, CD are parallels; therefore the ratio of EF to EG 1s 


ren. 


PROP. XXXIX. 35. 36. 


I[” the ratio of the ſegments of a ſtraight line between Ses N. 
a given point in it and two parallel ſtraight lines, be 
pen, if one of the parallels be given in poſition, the 


er is alſo given in poſition, 
| + RE From 
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a 33. dat. 


b 28. dat. 
c 29. dat. 


d 2. dat. 


e 30. dat. 


1 31. dat. 


37. 38. 


Sec N. 


E UCL I D's 


From the given point A, let the ſtraight line AED be drs, 
to the two parallel ſtraight lines FG, BC, and let the ratio g 
the ſegments AE, AD be given; if one of the parallels BC }, 
given in poſition, the other FG is alſo given in poſition. 

From the point A, draw AH perpendicular to BC, and | 
it meet FG in K; and becauſe AH is drawn from the given 
point A to the ſtraight line BC given in poſition, and make ; 


given angle AHD; AH is given“ in A 
poſition ; and BC is likewiſe given in a 

poſition, therefore the point H is g- B D H 0 
ven d: The point A 1s alſo given; — 8 
wherefore AH is given in magnitude e, FA 


and, becauſe FG, BC are parallels, 

as AE to AD, ſo is AK to AH; and 22 
the rayo of AE to AD is given, F E K 4 
wherefore the ratio of AK to AH is given; but AH is give 
in magnitude, therefore 4 AK is given in magnitude; and it 
alſo given in poſition, and the point A is given; wherefore* 
the point K is given. And becauſe the ſtraight line FG is dran 
through the given point K parallel to BC which is given in po 
ſition, therefore f FG is given in poſition. 


PROP. XL. 


I the ratio of the ſegments of a ſtraight line int 

which it is cut by three parallel ſtraight lines, be g. 
ven; if two ot the parallels are given in poſition, tit 
third alſo is given in poſition, 


Let AB, CD, HK be three parallel ſtraight lines, of which 
AB, CD are given in poſition ; and let the ratio of the ſeꝶ 
| men? 


WO: A -T::a9 


3295 


ents GE, GF into which the ſtraight line GEF is cut by the 
dee parallels, be given; the third parallel HK is given in po- 


Cr10n- 


In AB take a given point L, and draw LM perpendicular 


LCD, meeting HK in N; becauſe LM is drawn from the gi- 
ren point L ro CD which is given in poſition and makes a gi- 
en angle LMD; LM is given in pobtioa “; and CD is given a 33. dat. 
in poſition, wherefore the point M is given®; and the point L b 28. dat. 
gen, LM is therefore given in magnitude © ; and becauſe e 29. dat. 


Lc ratio of GE to GF is given, and as GE to GF, ſo is NL to 


H GN KA E L B 


ai EE. B HEN 


K 


/ 


CF M D C F 


| 


M D 


tio of ML to LN is given; but LM is given in magnitude, 4d 


Wil; the ratio of NL to NM is given; and therefore 4 the Car; 
6. or 
I 


wherefore © LN is given in magnitude; and it is alſo given in 


E . dat. 


F poſition, and the point L is given; wherefore f the point N is f 30. dat. 
Eziven ; and becauſe the ſtraight line HK is drawn through the 
gien point N parallel to CD which is given in poſition, there- 


loce HK is given in polition s. 


PROP, XII. 


g 31 dat. 


F a ſtraight line meets three parallel ſtraight lines See N. 
which are given in poſition, the ſegments into which 


they cut it have a given ratio. 


Let the parallel ſtraight lines AB, CD, EF given in poſition, 
| be cut by the ſtraight line GHKE ; the ratio of GH to HK is 


given. 

In AB take a given point L, and 
| (raw LM perpendicular to CD, meet— 
ing EF in N; therefore * LM is given 
in polition z and CD, EF are given 
In pofition, wherefore the points M, 
| Nare given: And the point L is given; 
therefore d the ſtraight lines LM, MN 
ne given in magnitude; and the ratio 


A G L_B 


E K N Þ b 29. dat. 
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8 22. To 


b %. 1. 


e 1. def. 


0 3. def. 


Oe 


@ 23. 1. 


d 1. dat. 


Een 


of LM to MN is therefore given © : But as LM to MY, 5. 
GH to HK; wherefore the ratio of GH to HK is given. 


PROP. XLIL 


JF each of the ſides of a triangle be given in magnityy 
the triangle is giveh in ſpecies. 


Let each of the ſides of the triangle ABC be given in May 
nitude, the triangl ABC is given n ſpecics. 

Make a triang'c DEF the fades of which are equal, «© 
to each, to the gi en ſtraight lines AB, BC, CA, which c 
be done; becauſe any two of them mult be greater than ti 
third; and let DE be e. 
qual to AB, EF to BC, D 
and FD to CA; and be- 
cue the two ſides ED, 
DF are equal to the two 
BA, AC, each to each, 
and the baſe EF equal to 7 
the baſe BC; he ae B C E 
EDF 1s equal o to the angle BAC; therefore, becauſe the ang! 
EDF, which is equal to the angle BAC, has been found, th 
angle BAC is given ©, in I ke manncr the angles at B. Car 
given And becauſe the ſides AB, BC, CA are given, th-i 
ratios to one another are given 4, therefore the triangle AM 
1s given? in ſpecies. 


I ach of the angles of a triangle be given in mag. 
tude, the triangle is given in ſpecies. 


Let each of the angles of the triangle ABC be given in mip 
nitude, the triangle ABC is given in ſpecies. 


Take a ſtraight ine DE given in A 
oſition and maggitude, and at the 
points D. E make * the angle EDF 2 | 
equal to the angle BAC, and the R 
angle DEF equal to ABC; there- SV: 
fore the other ang es EFD, BCA RB C E. F 


are equal, and each of the angles at the points A, B, C, is fr 
Vely 


. 


1, wherefore each of thoſe at the points I, E, F is given : 
ad b-cauſe the ſtraight line FD is drawn to the given point 
in DE which is given in poſition, making the given angle 
DF; therefore DF is given in poſition d. In like manner EF b 33. dat. 
@ is given in poſition ; wherefore the point F is given: And 
e points U, E are given; therefore each of the ſtraight lines 
JE, EF, FD is given“ in magnitude ; wherefore the triangle e 29. dat. 
FF is given in ſpecies 4; and it is ſimilar? to the triangle 4 a2. du. 


BC; which therefore is given in ſpecies. 5 oh 
6, 
PROP. XLIV. oY 

one of the angles of a triangle be given, and if the 

fides about it have a given ratio to one another ; the 

angle is given in ſpecies, | 

Let the triangle ABC have one of its angles BAC given, and 

tthe ſides BA, AC about it have a given ratio to one another; 

e triangle ABC 1s given in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude, 

{at the point D in the given ſtraight line DE, make the 

gle EDF equal to the given angle BAC; wherefore the 

gle EDF is given; and becauſe the ſtraight line FD is drawn 

d the given point D in ED which is given in poſition, making 

e given angle EDF; therefore FD A 

given in poſition *. And becauſe | 832 ta, 

e ratio of BA to AC is given, D 5 
bike the ratio of ED to DF the 

me with it, and join EF; and be- kwaoↄq ]dↄ! 

uſe the ratio of ED to DF is gi- B C F 

b, and ED is given, therefored DF is given in magnitude ; b 2. du. 


Ind it is given alſo in poſition, and the point Dis given, where- 

re the point F is given e; and the points D., E are given, © 39. de. 
nereſore DE, EF, FD are given“ in magnitude; and the d 29. dar. 
angle DEF is therefore given“ in ſpecies ; and becauſe the e 42. dat. 
angles ABC, DEF have one angle BAC equal to one angle 

JF, and the ſides about theſe angles proportionals ; the tri- 

ples are f Gmilar;z but the triangle DEF 1s given in 1{pecies, f 5. 6. 

id therefore alſo the triangle ABC. 
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42. 


Sce N. 


2 2a dat. 


b 22. $5. 


e 20. I. 


d A. 5. 


e 22. I. 


f 42. dat. 


& 5. 6. 


' Make © the triangle GHK whoſe 


E UC LI W's 


PROP. XLV. 


FF the ſides of a triangle have to one another given g 
tios ; the triangle is given in ſpecies, 


Let the ſides of the triangle ABC have given ratios to q. 
another, the triangle ABC is given in ſpecies. 

Take a ſtraight line D given in magnitude; and becauſe 9. 
ratio of AB to BC is given, make the ratio of D to E 6 
ſame with it; and D is given, therefote“ E is given. And; 
cauſe the ratio of BC to CA is given, to this make the ry 
of E to F the ſame; and E is given, and therefore“ F; mf 
becauſe as AB to BC, ſo is D to E; by compoſition AB ag 
BC together are to BC, as D 
and E to E; but as BC to CA, A 


ſo is E to F; therefore, ex ae- ys 
quali®, as AB and BC are to | | to | 
CA, ſo are D and E to F, and. 1 
AB and BC are greater © than B 2 C = 
CA; therefore D and E are 8 D E Tp": 

the 


greater d than F. In the ſame | 
manner any two of the three D, =” 
E, F are greater than the third. 
St HTN 

ſides are equal to D, E, F, ſo that GH be equal to D, HR. 
E, and KG to F; and becauſe D, E, F, are, each of then 
given, therefore GH, HK, KG are each of them given in mix 
nitude ; therefore the triangle GHE is given f in ſpecies: b. 
as AB to BC, ſo is (D to E, that is) GH to HK; and as BC! 
CA, ſois (E to F, that is) HK to KG; therefore, ex aequil 
as AB to AC, ſo is GH to GK. Wherefore® the triangle A0 
is equiangular and ſimilar to the triangle GHK ; and the t 
angle GHK is given in ſpecies; therefore alſo the triangle A! 
is given in ſpecies. 

Cos. If a triangle is required to be made, the ſides of whit 
ſhall have the ſame raties which three given ſtraight lines!“ 
E, F have to one another ; it is neceſſary that every 10 
them be greater than the third, | 


PRO! 


i A 399 


Nor. . 43. 


F the ſides of a right angled triangle about one of the 
acute angles have a given ratio to one another; the 
rangle is given in ſpecies. 


Let the ſides AB, BC about the acute angle ABC of the tri- 
nzle ABC, which has a right angle at A, have a given ratio to 
ne another; the triangle ABC is given in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude; 
nd becauſe the ratio of AB to BC is given, make as AB to 
Bc, ſo DE to EF; and becauſe DE has a given ratio to EF, 
and DE is given, therefore“ EF is given; and becauſe as AB a 2. dat. 
to BC, ſo is DE to EF; and AB is leſs® than BC, therefore b 19. 1. 
Eis leſse than EF. From the point D draw DG at right angles e A. 5. 
to DE, and from the centre E 
at the diſtance EF, deſcribe a | 
circle which ſhall meet DG in A D F 
two points; let G be either of t - \ 
them, and join EG; there- C 
Wore the circumference of the — 
circle is given d in poſition; 85 e 
aud the ſtraight line DG is given? in poſition, becauſe it is © 32. dat. 
drawn to the given point D in DE given in poſition, in a given 
angle; therefore f the point G is given; and the points D, E f 28. dat. 
are given, wherefore DE, EG, GD are given® in magnitude, g 29. dat. 
and the triangle DEG in ſpecies d. And becauſe the triangles h 42. dat. 
ABC, DEG have the angle BAC equal to the angle EDG, 
and the ſides about the angles ABC, DEC proportionals, and 
each of the other angles BCA, EGD leſs than a right angle; 
the triangle ABC is equiangular i and ſimilar to the triangle i 7. 6. 
DEG: But DEG is given in ſpecies; therefore the triangle 
AC is given in ſpecies: And in the ſame manner, the triangle 
made by drawing a ſtraight line from E to the other point in 
which the circle meets DG is given in ſpecies. 


PROP. 


* eee * —— * — Batpcth __ 
= 


8 32. 1. 


b 43. dat. 


e 32. dat. 


d 2. dat. 
e A. 4. 


f 6. def. 


g 28. dat. 


h 29 dat, 
1 42. dat. 
K 18. I. 

. 


a given ratio to one another; the e e wis Shen 15 
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| 5 Fea 0 ri AVI. An 91 


2 6, Ver! 


Ir a triangle his one of its angles which i is not a rh 
angle given, and if the fides about 200; Angle hn WP" 


1755 cies. * A 
Let the miangie ABC 825 ons of ite $I 'ABC a ret 
bur not a right angle, and let the ſides BA, AC about in 
angle BAC have a given ratio to one znother; the tiangh 
ABC is given in ſpecies, bt Oy a 
Firſt, Let the given ratio be the tatio of 66] SS ta "YU 
quality, that is, let the ſides BA; AC, and D. A : 3 
conſequently the angles ABC, ACB, be equal; mh | 
and becauſe the angle ABC ie given” rs 93S 
angle ACB, and alſo the remaining“ angle 
BAC is given; therefore the triangle ABC 6 'br q. 
given ꝰ in ſpecies : And it is evident that in — 
this eaſe the given angle ABC muſt be acν,E n 0997 
Next, Let the given ratio be the ratio d ia -Ieſa'to we 
that is, let the fide AB adjacent to the wen ungle be #6 
than the fide AC: Take a ſtraight line DR gien in poli 
and magnitude, and make the angle DEF. equal” to the gie 
angle ABC; therefore EF is given“ in Penk _ ml 
the ratio ot BA to AC is given, | 
as BA to AC, ſo make ED to 
DG; and becauſe the ratio of 


ED to DG is given, and ED is / | Þ 
given, the ſtraight line DG is gi- - © 2 D 
ven d, and-BA is lefs:than AC; zin nan or 4 
thereſore ED is leſs © than DOS. ö * 


From the centre D, at the diſtance 
DG deſcribe the circle GF meet- i 3.2% 

ing EF in F, and join DF; and +L/ 4 o9 | * 
becauſe the circle is givenf inpos TITTY 

ſition, as alſo the ſtraight line EF, 
the point F is given “; and the 
points D, E are given, wherefore 
the ſtraight lines DE, EF, FD | 

are given b in magnitude, and the triangle DEF in ſſe⸗ 
cies i, and becauſe BA is lefs than AC, the angle Ach! 
leſs* than the angle ABC, and therefore ACB is leſs ! tail 
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a right angle. In the ſame manner, becauſe ED is leſs than 

DG or DF, the. angle DFE is leſs than a right angle : And be- 

zuſe the triangles ABC, DEF have the angle ABC equal to 

he angle DEF, and the fides about the angles BAC, EDF 

vroportionals, and each of the other angles ACB, DFE leſs 

han a right angle; the triangles ABC, DEF are n fimilar, and m 7. 6. 

DEF is given in ſpecies, wherefore the triangle ABC is alſo gi- 

yen in ſpecies. 

Thirdly, Let the given ratio be the ratio of a greater to a 

eſs, that is, let the fide AB adjacent to the given angle be 

reater than AC; and, as in the laſt 

| A. 
C 


ſe, take a ſtraight line DE given in 
poſit ion and magnitude, and make the 
gle DEF equal to the given angle 


c 32. dat, 


\BC; therefore EF is given © in poſi- B 

on: Alſo draw DG perpendicular to D 

; therefore if the ratio of BA to 
C be the ſame with the ratio of ED 

0 the perpendicular DG, the triangles 

BC, DEG are ſimilar ®, becauſe the 

ngles ABC, DEG are equal, and DGE 

a right angle : Therefore the angle E G F 
CB is a right angle, and the triangle 

IC is given in ſpecies. b 43. dat: 
But if, in this laſt caſe, the given ratio of BA to AC be 

ot the ſame with the ratio of ED to DG, that is, with the 

uio of BA to the perpendicular AM drawn from A to BC; 

e ratio of BA to AC muſt be leſs® than the ratio of BA g. 5: 

d AM, becauſe AC is greater than AM. Make as BA to AC 

ED to DH; therefore the ratio of 


D to DH is leſs than the ratio of (BA A 

AM, that is, than the ratio of) ED 

DG; and confequently, DH is great» 

than DG; and becauſe BA is great- B ＋ CO o. 5. 


than AC, ED is greater © than DH. 


tom the centre D, at the diſtance DH, 
ſeribe the circle KHF which neceſſari- 
meets the ſtraight line EF in two 
Puts, becauſe DH is greater than DG, 
id leſs than DE. Let the circle meet E N Ht F 


in the points F, K which are given, 

TT thown in the preceding caſe; and, DF, DK being join- 
we triangles DEF, DEK ace given in ſpecies, as was there 
C | ſhewn, 


e A. 5. 


* 


— — — 


— = - 


— . 


— — a 


— — — 


is, 
! 


| 
4 
{ 

4 
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m. 7. 6. 


45. 


2 9. 1. 
b 3. 6. 


e 12. 5. 


d 47. dat. 


e 43. dat. 
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ſhewn. From the centre A, at the diſtance. AC, deſcribe ac. 
cle meeting BC again in L: And if the angle ACB be leſs than 
a right angle, ALB muſt be greater than a right angle: Ang 
on the contrary. In the ſame manner, if the angle DFLU he lch 
than a right angle, DEE muſt be greater than one; and on 
the contrary.” Let each of the angles A 
ACB, DFE be either leſs or greater than | | 

a right anglez and becauſe in the tri- 
angles ABC, DEF the angles ABC, 
DEF are equal, and the ſides BA, AC, B 
and ED, DF about two of the other 
angles proportionals, the triangle ABC 
is fimilar® to the triangle DEF. In the © 
ſame manner, the triangle ABL is ſimi- 

lar to DEK. And the COON DEF, 
DEK are given in ſpecies; therefore al- K 

ſo the Fianales ABC, ABL are given in K H F 
ſpecies. And from this it is evident, that, in this third caſe, 
there are always two triangles of a different ſpecies, to which 
the things mentioned as given in the propoſition can agree. 


„ 


PROP. XLVII. 


I a triangle has one angle given, and if both the ſides 
together about that angle have a given ratio to the tc: 
maining ſide ; the triangle is given in ſpecies. 


Let the triangle ABC have the angle BAC given, and let the 
hdes BA, AC together about that angle have a given r2tio i 
BC; the triangle ABC is given in ſpecies. + 

Biſe& * the angle BAC by the ſtraight line AD; therefore 
the angle BAD is given. And becauſe as BA to AC, iou' 
BD to DC, by permutation, as AB to BD, - 
ſo is AC to CD; and as BA and AC to- 


A. 
gether to BC, ſois® AB to BD. But the | 
ratio of BA and AC together to BC is / 
B D C 


given, wherefore the ratio of AB to BD 7, 
is given, and the angle BAD is given; 
therefore d the triangle ABD is given in e | 
ſpecies, and the angle ABD is therefore given; the angle 540 
is alſo. given, whereſore the triangle ABC is given in ſpecies 
A triangle which ſhall have the things that are mentione 


in the propoſition to be given, can be found in the following 
manuel 


A. a 


manner. Let EFG be the given angle, and let the ratio of H 
o K be the given ratio which the two ſides about the angle 
FFG muſt have to the third ſide of the triangle; therefore 
becauſe two ſides of a triangle are greater than the third fide, 
the ratio of H to K muſt be the ratio of a greater to a leſs. 
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Biſet* the angle EFG by the ſtraight line FL, and by the 2 9. 1. 


47th propoſition find a triangle of which EFL is one of the 
angles, and in which the ratio of the ſides about the angle op- 
polite to FL is the ſame with the ratio of H to K: To do 
which, take FE given in poſition and magnitude, and draw EL 
perpendicular to FL: Then if the ratio of H to K be the ſame 
with the ratio of FE to EL, produce EL, and let it meet FG 
in P; the triangle FEP is that which was to be found: For it 
has the given angle EFG; and H 
becauſe this angle is biſected by F 
L, the ſides EF, FP together K 
re to EP, as b FE to EL, that G 
is, as H to K. 

But-if the ratio of H to K 
be not the ſame with the ratio E O 
of FE to EL, it muſt be leis than N 
it, as was (ſhown in prop. 47. and in this cafe there are two tri- 
angles, each of which has the given angle EFL, and the ratio of 
the ſides about the angle oppolite to FL the ſame with the ratio 
oHtoK. By prop. 47. find theſe triangles EFM, EFN each 
of which has the angle EFL for one of its angles, and the ratio 
of the fide FE ro EM or EN the ſame with the ratio of H toK; 
and let the angle EMF be greater, and ENF leſs than a right 
angle. And becauſe His greater than K, EF is greater than 
EN, and therefore the angle EFN, that is, the angle NFG, is 


— 


F, EFN; therefore the angles NEF, EFG are leſs than the 
angles NEF, EFN, FNE, that is, than two right angles; there- 
oe the ſtraight lines EN, FG mult meet together when produ- 
ced; let them meet in O, and produce EM to G. Each of 
the triangles, EFG, EFO has the things mentioned to be given 
in the propoſition : For each of them has the given angle EFG; 
and becauſe this angle is biſected by the ſtraight line FMN, the 
ides EF, FG together have to EG the third (ide the ratio of 
IE to EM, that is, of II to K. In like manner, the ſides EF, 
tO together have to EO the ratio which H has to K. 


Ce 2 PROP. 


b 3. 6. 


lelsf than the angle ENF. To each of theſe add the angles f 18. 1. 


a 44. dat. 


b 43. dat. 


K; and becauſe EF is to FL, as H to K, therefore EF is great 


Ek, FL about this angle the ſame with 


two right angles, as was ſhown in the foregoing propolition, a 
the ſtraight lines FL, EM muſt meet if produced; let tis 
meet in G, EFG is the triangle which was to be found; 
EFG is one of its angles, and becauſe the angle FEG is biſeds 
by EL, the two ſides FE, EG together have to the third 6 
the ratio of EF to FL, chat is, the given ratio of H to 
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PROP. XLIX. 


If a triangle has one angle given, and if the ſides 4. 
bout another angle, both together, have a given n. 
tio to the third ſide; the triangle is given in ſpecics. 


Let the ring? ABC have one angle ABC given, and let the 
two ſides BA, AC about another angle BAC have a given ratio 
to BC; the triangle ABC is given in ſpecies. - 

Suppoſe the angle BAC to be biſected by the ſtraight line 
AD; BA and AC together are to BC, as AB to BD, as wy 
ſhown in the preceding propoſition. But the ratio of BA an 
AC together to BC is given, therefore alſo the ratio of AB ty 
BD is given. And the angle ABD is given, wherefore* the 
triangle ABD is given in ſpecies ; and conſequently the anyl: 
BAD, and its double the angle BAC | 
are given; and the angle ABC is gi- A 


ven. Therefore the triangle ABC is 
given in ſpecies b. 
A triangle which ſhall have the pg 


things mentioned in the propoſition to B D C 
be given, may be thus found. Let 

EFG be the given angle, and the ra- H E 
tio of H to K the given ratio; and 
by prop. 44. find the triangle EFL, K 

which has the angle EFG for one of 

its angles, and the ratio of the ſides F 1 G 


the ratio of HtoK; and make the r e. LEM equal to it: 
angle FEL. And becauſe the ratio of H to K is the ratio whid 
two ſides of a triangle have to the third, H muſt be greater tha 


than FL, and the angle FEL, that is, LEM, is therefore les thi 
the angle ELF. Wherefore the angles LFE, FEM are leſs ti 


PRO! 
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PROP. I. vr 
Ir from the vertex of a triangle given in ſpecies, a 
ſtraight line be drawn to the baſe in a given angle ; it 
ſhall have a given ratio to the baſe. 


i0 From the vertex A of the triangle ABC which is given in 
ſpecies, let AD be drawn to the baſe BC in a given angle ADB; 
ne ke ratio of AD to BC is given. | | | 
as "Becauſe the triangle ABC is given in 
nd ſpecies, the angle ABD is given, and the A. 
* angle ADB is given; therefore the triangle 
ke 455 is given“ in ſpecies; wherefore the a 43, dat, 
je ratio of AD't6 AB is given. And the ratio 


of AB to BC is given; and therefore® the @ N b 9. dat 
| ratio of AD to BC is given. B D C 


* . 
% 
8 


3 PROP, II. 47. 


ET) ECTILINEAL figures given in ſpecies, are divided 
into triangles which are given in ſpecies. 
Let the reQtilineal figure ABCDE be given in ſpecies; 
8 ABCDE may be divided into triangles given in ſpecies. 

Join BE, BD; and becauſe ABCDE is given in ſpecies, the 
angle BAE is given“, and the ratio of A a 3. def, 
BA to BE is given“; wherefore the 
Triangle BAE is given in ſpecies d, and 
the angle AEB is therefore given“ But 
Ide whole angle AED is given, and 


b 44. dat, 


E 


B 


00 therefore the remaining angle BED is 
ak Iven, and the ratio of AE to EB is C D 
y' ien, as alſo the ratio of AE to ED; therefore the ratio of 


Pk to ED is given ?. And the angle BED is given, wherefore e 9. det. 
Nhe triangle BED is given® in ſpecies. In the ſame manner, 

The triangle BDC is given in ſpecies : Therefore rectilineal fi- 

{ores which are given in ſpecies are divided into triangles given 

Ihn ſpecies, 7 
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48, 


a 3. def, 


b 9. dat. 
C 37. I, 
d 1. 6. 


Q 23- T, 
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PROP. LN. 


IF two triangles given in ſpecies be deſcribed upon ti 


ame ſtraight line; they ſhall have a given ratio to ons 
another, 


Let the triangles ABC, ABD given in ſpecies be deſcribe 
upon the ſame ſtraight line AB; the ratio of the triangle ABC 
to the triangle ABD is given. | 

Through the point C, draw CE parallel to AB, and let i 
meet DA produced in E, and join BE. Becauſe the triangle 
ABC is given in ſpecies, the angle BAC, that is, the angle 
ACE, is given; and becauſe the triangle ABD is given in (ye. 
cies, the angle DAB, E 
that is, the angle AEC, 
is given. Therefore the 
triangle ACE is given 
in ſpecies; wherefore 
the ratio of EA to AC 
is given“, and the ra- 
tio of CA to AB is 
given, as alſo the ra- 
tio of BA to AD; therefore the ratio of ® EA to AD is given, 
and the triangle ACB is equal“ to the triangle AEB, and as 
the triangle AEB, or ACP, is to the triangle ADB, fo is“ the 
ſtraight line EA to AD. But the ratio of EA to AD is given, 
therefore the ratio of the triangle ACB to the triangle ADB 1 
given. 


PROBLEM, 


To find the ratio of two triangles ABC, ABD given in ſſe- 
cies, and which are deſcribed upon the ſame ſtraight line Ah. 

Take a ſtraight line FG given in poſition and magnitude, 
and becauſe the angles of the triangles ABC, ABD are given, 
at the points F, G of the ſtraight line FG, make the angles 
GFH, GFK equal to the angles BAC, BAD; and the auyles 
FGH, FCK equal to the angles ABC, ABD, each to cach. 
"Therefore the triangles ABC, ABD are <quiangular to the tn 
angles FGH, FGK, each to each. Through the point H dran 
HL parallel to FG meeting KF produced in L. And beczuls 
the angles BAC, BAD are cqual to the angles GFH, GFK, each 
to . therefore the angles ACE, ALEC are equal to FHL, 
FLH, each to each, and the triangle AEC equiangular to t 
triangle FLH. Iherefore as EA to AC, ſo is LF to FE; and 


45 
"I 


D; A; T a. 


CA to AB, ſo HF to FG; and as BA to AD, fo is GF 
o FK; wherefore, ex aequali, as EA to AD, fo is LF to 
Fk. But, as was ſhown, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is, as LF to FK. 
The ratio therefore of LF to FK has been found, which is the 
me with the ratio of the triangle ABC to the triangle ABD. 


PROP. LIL 


9 7 


F two rectilineal figures given in ſpecies be deſcribed 
upon the ſame ſtraight line; they ſhall have a given 
ratio to one another. 


Let any two reCtilineal figures ABC DE, ABFG which are. 
giren in ſpecies, be deſcribed upon the ame ſtraight line AB; 
the rafio of them to one another is given. 

ſoin AC, AD, AF; each of the triangles AED, ADC, 
AB, AGF, ABF is given“ in ſpecies. And becaulc the tri- 
angles ADE, ADC given in ſpecies 
are deſcribed upon the ſame ſtraight D 
line AD, the ratio of EAD to DAC 75 
is given d; and, by compoſition, C 
the ratio of EAC D to DAC is 
given e. And the ratio of DAC to 
CAB is given d, becauſe they are B 
deſcribed upon the ſame ſtraight G £— F 
line AC; therefore the ratio of |; 
LACD to ACB is given 4; and, by H K L MN Oo 
compoſition, the ratio of ABCDE 
to ABC is given. In the ſame manner, the ratio of ABFG to 
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49. 


See N. 


1. dat. 


b 52. dat. 


C 7. dat. 


d 9 dat. 


ABF is given. But the ratio of the triangle ABC to the triangle 


ABF is given; wherefore ®, becauſe the ratio of ABC DE to 
ABC is given, as alſo the ratio of ABC to ABF, and the ratio 
ot ABF to ABF G; the ratio of the rectilineal ABC DE to the 
rectilmeal ABF G is given 4. 


ROB IL. E M. 


To ind the ratio of two rectilineal figures given in ſpecies, 
2nd deſeribed upon the ſame ſtraight line. 

Let ABC DE, ABFG be too rectilineal figures given in 
ſpecies, and deſcribed upon the ſame ſtraight line AB, and 
bn AC, AD, AF. Take a ſtraight line HK given in poſition 
nd magnitude, and by the 52d dat. find the ratio of the tri- 
angle ADE to the triangle ADC, and make the ratio of HK 


'Cc4 10 


EU CLI Ds 


to KL the ſame with it. Find alſo the ratio of the triany;, 
ACD to the triangle ACB, © And make the ratio of RL. 
LM the ſame, Alſo, find the ratio of the triangle ABC to the 
triangle ABF, and make the ratio of LM to the ſache, 
And laſtly, find the ratio of the l AFB, M:: the wing 
AFG, and make the ratio of MW 
to NO the fame. Then the ratio of © 5 
ABCDE to ABFG is the ſame wh pe 
the ratio of HM to MO. A, - 
Becauſe the triangle EAD. is to bY 
the triangle DAC, as the ſtraight _,. 
line HK to KL; and as the triangle 2 
DAC to CAB, ſo is the ſtraight 
line KL to LM; therefore, by uſing _ 
compoſition as often as the number 5 
of triangles requires, the rectilineal 
ABCDE is to the triangle ABC, as the ſtraight line HM to MI, 
In like manner, becauſe the triangle GAF is to FAB, as ON t» 
NM, by compoſition, the rectilineal ABFG is to the triangle ABF, 
as MQ to MN; and, by inverſion, as ABF to ABFG, ſo is NN 
to MO. And the triangle ABC is to ABF, as LN to MN. 
W herefore, becauſe as ABC DE to ABC, ſo is HM to ML; and 
as ABC to ABF, ſo is LM to MN; and as ABF toABFG, ſo 
is MN to MO; ex aequali, as the tectilineal ABCDE to ABFC, 
ſo is the ſtraight line HM to MO. | 


50. PROP. IIV. 


FF two ſtraight lines have a given ratio to one another; 
the ſimilar rectilineal figures deſcribed upon them fimi- 
larly, ſhall have a given ratio to one another. 


Let the ſtraight lines AB, CD, have a given ratio to one ar- 

other, and let the ſimilar and limilarly placed rectilineal figures 

E, F be defcribed upon them; the ratio of E to F is given. 

To AB, CD, let G be a third 
proportional ; ; therefore as AB to 

CD, ſois CD to G. And the ratio 

of AB to CD is given, wherefore 

the ratio of CD to G is given; and | 
conſequentiy the ratio of AB to G is H X 

3 9. dat. alſo given“. But as AB to G, fois ñ . — 
d a, cor. 20. the figure E to the hgure® F d Therefore the ratio of E to F 


ren, 
Oy "PROBLEM 
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e s BA ; * 
o kind the ratio of two fimilar rectiſineaf figures, E, F, f mi. 
fly deferibed u ſtraight lines AB, CD which have a given 
tio to one another: Let G br a third proportional to AB, CD. 

Take a ſtraight line H given in magnitude; and becauſe the 
ratio of A to CD is given, make the ratio of H to K the ſame 
with it; and becauſe H is given, K is given. As II is to K, fo 
wake K to L; then the ratio of E to F is the ſame with the ratio 
of Hto L; for AB is to CD, as H to K, wherefore CD is to G, 
„ K to L; and, ex aequali, as AB to G, ſo is H to L: But the 
fgure E is to b the figure F, as AB to G, that is, as H to I. : ee 0 


AM IA PROP. LV. 3 


F two ſtraight lines have a given ratio to one another ; 
the rectilineal figures given in ſpecies deſcribed upon 
them, ſhall have to one another a given ratio. 


Let AB, CD be two ſtraight lines which have a given ratio 
th one another; the rectilineal figures E, F given in ſpecies and 
deſcribed upon themy have a given ratio to one another. 

Upon the ſtraight line AB, deſcribe the figure AG ſimilar 
and ſimilarly placed to the figure F; and becauſe F is given in 
ſpecies, AG is alſo given in ſpe- 4 
cies: Therefore, ſince the figures / EN C 
L, AG which are given in ſpe- A — 8 — 9 
cies, are deſcribed upon the ſame | LN | 
ſiraight line AB, the ratio of "Ravi 
L to AG is given. ', and becauſe H * 15 
the ratio of AB to CD is given, a 
and upon them are deſcribed the ſimilar and fimilarly placed 
ectilineal figures AG, F, the ratio of AG to F is given d; b 54. dat, 
and the ratio of AG to E is given ; therefore the ratio of E to F 
given ©, | | c 9. dat, 


- PROBLEM. 


To find the ratio of two rectilineal figures E, F given in ſpe- 
des, and deſcribed upon the ſtraight lines AB, CD which have 
a given ratio to one another. | | 
Take a Rraight line H given in magnitude; and becauſe 
the retilingal figures E, AG given in ſpecies are deſeribed up- 
on the ſame ſtraight je AB, find their ratio by the 53d dat. 
and make the ratio of H to K the ſame; K is therefore given: 
And becauſe the ſimilar rectilineal figures AG, F are deſcribed 


upon 


{ 


410 


52. 


a 53. dat. 


b 2. dat. 


© 14. Fo 


53 
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upon the ſtraight lines AB, CD, which have a given ratte 
find their ratio by the 54th dat. and make the ratio of K to h 
the ſame : The figure E has to F the ſame ratio which H h;; 
to I.: For, by the conſtruction, as E is to AG, ſo is H to K. 
and as AG to F, ſo is K to L; therefore, ex aequali, as E to P. 
ſo is H to L. | {4 | * 


PROP. LVI. 


IF a rectilineal figure given in ſpecies be deſcribed upon 
a ſtraight line given in magnitude; the figure is given 
in magnitude. | | 


Let the rectilineal Ggure ABCDE given in ſpecies be deſcri. 
bed upon the ſtraight line AB given in magnitude; the figure 
ABCDE is given in magnitude. 72 

Upon AB let the ſquare AF be deſcribed ; therefore AF i; 
given in ſpecies and magnitude, and becauſe the rectilineal f. 
gures ABCDE, AF given in ſpecies are 
deſcribed upon the ſame ſtraight line AB, 
the ratio of ABCDE to AF is given“: 
But the ſquare AF is given in magnitude, 
therefore® alſo the figure ABCDE is gi- 
ven in magnitude. 


PR OB. 


To find the magnitude of a reCtilineal 
figure given in ſpecies deſcribed upon a * - 
ſtraight line given in magnitude. | 

Take the ſtraight line GH equal to 
the given ſtraight line AB, and by the K 
53d dat. find the ratio which the ſquare CG H 
AF upon AB has to the figure ABC DE; and make the ratio cf 
GH to HK the fame ; and upon GH deſcribe the ſquare Gl, 
and complete the parallelogram LHEM ; the figure ABCDE" 
equal to LHKM: Becauſe AF is to ABCDE, as the ſtraight 
line GH to HK, that is, as the figure GL to HM; and AF 
equal to GL; therefore ABCDE is equal to HM ©, 


PROP. LVIL 


F two rectilineal figures are given in ſpecies, and if 2 
ſide of one of them has a given ratio to a ſide of tic 
other; the ratios of the remaining ſides to the remain 
ſides ſhall be given. 11 
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Let AC, DF be two rectilineal figures given in ſpecies, and 
+ che ratio of the fide AB to the ſide DE be given, the ratios 
Uthe remaining ſides to the remaining ſides are alſo given. 

Becauſe the ratio of AB to DE is given, as allo * the ratios 2 3. def. 
{AB to BC, and of DE to EF, the ratio of BC to EF is gi- 

en d. In the ſame manner, the ra- 

os of the other ſides to the other 

des are given. | A 

The ratio which BC has to EF 
may be found thus: Take a ſtraight R*'— 
line G given in magnitude, and 
ecauſe the ratio of BC to BA is 
wen, make the ratio of G to 
H the ſame ; and becauſe the ratio 
of AB to DE is given, make the 
tio of H to K the ſame; and 
make the ratio of K to L the ſame with the given ratio of DE 
to LF,” Since therefore as BC to BA, ſo is G to H; and as BA 
DE, ſo is HtoK; and as DE to EF, ſo is K to L; ex acqua- 
BC is to EF, as G to L; therefore the ratio of G to L has 
been found, which is the ſame with the ratio of BC to EF. 


PROP. LVIIL. G. 


J two ſimilar rectilineal figures have a given ratio to See N. 
one another, their homologous ſides have alſo a given 
ratio to one another. 


b 19. dats 


Let the two ſimilar rectilineal figures A, B have a given ra- 
tio to one another, their homologous ſides have allo a given 


Let the fide CI) be homologous to EF, and to CD, EF let 


the ſtraight line G be a third proportional. As therefore * CD a >. Cor. 
toG, ſo is the figure A to B; and W 
1 1 of A to B is given, there- A 

ore the ratio of CD to G 1s given; 

and CD, EF, G are proportionals; 2 55 

vherefore d the ratio of CD to EF C DE F G b 13. dat. 


b; given. 
The ratio of CD to EF may be - 
ound thus: Take a ſtraight line H H L K 


given in magnitude; and becauſe the ratio of the figure A to 
dis given, make the ratio of H to K the ſame with it: And, 
is the 13th dat. directs to be done, find a mean proportional L 

IT 1 | ; between 
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54. 


See N. 


c 53. dat. 


d 58. dat, 
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between H and K; the ratio of CD to FF is the ſame with f 
of HroL. Let G be 4 third proportional to CD, EF; then 
fore as CD rb G, fo is (A to B, and ſo is) H to K; and a; 

to EF, fois H to L, as is ſhe un in the-13th dat. 


| P RON >LB& 1) £5: ; 
F two reQilineal figures given in ſpecies have a gin 

ratio to one another, their ſides ſhall likewiſe have 5 
ven ratios to one another rr 


Let the two redilineal figures A, B given in ſpecies, hare 
given ratio to one another, their ſides ſhall alſo have given u 
tios to one another. e 

If the figure A be ſimilar to B, their homologous (6 
ſhall have a given ratio to one another, by the precedit 
propoſition ; and becauſe the figures are given in ſpecies, tt 
ſides of each of them have given ratios ® to one another; thers 
fore each ſide of one of them has d to each ſide of the other 
given ratio. | 7-2 Os ee 

But if the figure A be not ſimilar to B, let CD, EF be u 
two of their ſides ; and upon EF conceive the figure EG to by 
deſcribed ſimilar and ſimilarly WT DAS... | 
placed to the figure A, ſo that 
CD, EF be homologous ſides ; 
therefore EG is given in ſpe- C 
cies; and the figure B is given 
in ſpecies; wherefore the ratio 
of B to EG is given ; and the K | 
ratio of A to B is given, | 
therefore ® the ratio of the l- N 
gure A to EG is given; and L 1 
A is ſimilar to EG; therefore © the ratio of the fide CD to 
is given ; and conſequently d the ratios of the remaining (id 


to the remaining ſides are given. 


The ratio of CD to EF may be found thus: Take a ſtraight 
line H given in magnitude, and becauſe the ratio of the fyguts 
A to B is given, make the ratio of H to K the ſame with i. 
And by the 53d dat. find the ratio of the figure B to EG, an 
make the ratio of K to L the ſame: Between H and L 
find à mean proportional M, the ratio of CD to EF is the 
ſame with the ratio of H to M; becauſe the figure A is to b, 
28 H to K; and as B to EG, ſo is K to L; ex aequali, 25 1 
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EG, fo is H to L: And the figures A, EG are ſimilar, and M 

mean proportional between H and L; therefore, as was 

vn in the preceding propoſition, CD is to EF as H to M. 

PRO P. LX. 45 


F a rectilineal figure be given in ſpecies and magnitude, 
the ſides of it ſhall be given in magnitude, 


Let the rectilmeal figure A be given in ſpecies and magni- 


[=| . 
1 
| 


b 36. dat. 


= 


le, its fides are given in magnitude. 
Take a ſtraight line BC given in poſition and magnitude, 
ad upon B deſcribe * the figure D fimilar, and fimilarly a 18. 6. 
ced, to the figure A, 
ad let EF be the ſide of 
te figure A homologous 3 
o:BC. the fide of D; 
erefore the figure D is —L 
pen in ſpecies... And be- | 
ule, upon the given 18 
Iraight line BC the fi- Py EX | 
we Dr given in ſpecies 1 
ben is given“ „ 
1 magnitude, and the figure A is given in magnitude, there- 
oe the ratio of A to D is given: And the figure A is ſimilar 
0D; therefore the ratio of the fide EF to the homologous fide 
is given; and BC is given, wherefore 4 EF is given: And e 58. dat. 
he ratio of EF to RG is given ©, therefore EG is given. And, d 2. dai. 
in the ſame manner, each of the other ſides of the figure A can © 4. def. 
le ſhewn to be given. 
PR OB L E M. 
To deſcribe a rectilineal figure A ſimilar to a given figure D, 
ad equal to another given figure H. It is prop. 25. b. 6. Elem. 
Becauſe each of the figures D, H is given, their ratio is gi- 
den, which may be found by making f upon the given ſtraight f cor. 45. 
ine BC the parallelogram BK equal to D, and upon its fide 1. 
EK making f the parallelogram KL equal to H in the angle 
KCL equal to the angle MBC ; therefore the ratio of D to H, 
Wat is, of, BK to KL, is the ſame with the ratio of BC to CL: 
And becauſe the figures IJ, A are ſimilar, and that the ratio of 
Jt. „or H, is the Tame with the ratio of BC to CL; by 
de 58th dat. the ratio of the homologous ſides BC, EF is the 
ſme with the ratio of BC to the mean proportional between 
dC and CL. Find EF the mean proportional; then EF is _ 
e 
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a I. def. 


b Cor. 45. 
1. 


a 43+ dat. 


b I. 6. 
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fide: of the figure to be deſcribed, homologous to BC the 6. 
of D, and the figure itſelf can be deſcribed by the 18th pm 
b. 6. which, by the conſtraction, is fimilar to D; and becauf 
D is to A, as ® BC to CL, that is as the figure BK to KL; and 
that D is equal to BK, therefore A is equal to KL, that i, 


PLIES | PR O P. LXI. 


F a parallelogram given in magnitude has one of in 
ſides and one of its angles given in magnitude, the 
other ſide alſo is given. | | 


Let the parallelogram ABDC given in magnitude, have the 
ſide AB and the angle BAC given in magnitude, the other ſide 
AC is given. $4 Aal r 8 

Take a ſtraight line EF given in polition and magnitude; 
and becauſe the parallelogram AD - A B 
is given in magnitude, a rectilineal | 
figure equal to it can be found“. 

And a parallelogram equal to this | 

figure can be applied d to the given 0D 
ſtraight line EF in an angle equal to E — F 
the given angle BAC. Let this be | 

the parallelogram EFHG having 

the angle FEG equal to the angle 

BAC. And becauſe the parallelo- & H 

grams AD, EH are equal, and have 

the angles at A and E equal; the ſides about them are recipro- 


. - cally proportional © ; therefore as AB to EF, ſo is EG to AC; 


and AB, EF, EG are given, therefore alſo AC is given „ 
Whence the way of finding AC is manifeſt. 
PROP. LXIL 


IF a parallelogram has a given angle, the rectangle con- 
tained by the ſides about that angle has a given ratio 
to the parallelogram. 


Let the parallelogram ABCD have the 


N 
given angle ABC, the rectangle AB, BC A. 
has a given ratio to the parallelogram AC. 1 
From the point A draw AE perpendi- B 


cular to BC; becauſe the angle ABC is E C 
given, as alſo the angle AEB, the triangle FE 

ABE is given in ſpecies; therefore the 1 | 
ratio of BA to AE is given. But as BA 3-4 
to AE, ſo is d the rectangle AB, BC to the G 1 


rectangle AE, BC; therefore the ratio of 
| the 
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tam AC, is given. Ert | | La” ae + 
And it is gvident how the ratio of the rectangle to the pa - 
gram. may be found, by making the angle FG H equal 

Ie given angle ABC, and drawing, from any point F in 
ne of its ſides, FK perpendicular to the other GH ; for GF 
tb FK, as BA to AE, that is, as the retangle AB, BC, to 
be ram AC. 

Cor. And if a triangle ABC bas a given angle ABC, the 
tangle AB, BC contained by the ſides about that angle, 
hall have a given ratio to the triangle ABC. 7 
Complete the parallelogram ABCD; therefore, by this pro- 
poßtion, the rectangle AB, BC has a given ratio to the paral- 
dogram AC; and AC has a given ratio to its half the tri- 
angle 4 ABC ; therefore the rectangle AB, BC has a given © ra- 
o to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus: 
Make the triangle-FGK, as was ſhown in the propoſition; the 
ratio of GF to the half of the perpendicular FK is the ſame with 
the catio-of the rectangle AB, BC to the triangle ABC. Be- 
cauſe, as was ſhown, GF is to FK, as AB, BC to the paralle- 
lgram AC; and FK is to its half, as AC is to its half, which 
is the triangle ABC; therefore, ex acquali, GF is to the half o 
FR, as AB, BC reCtangle is to the triangle ABC. pot 


PROP. LXIlI 


F two parallelograms be equiangular, as a ſide of the 
firſt to a fide of the ſecond, ſo is the other fide of the 


ſecond to the ſtraight line to which the other ſide of the- 


firſt has the ſame ratio which the firſt parallelogram has 
to the ſecond. And conſequently, if the ratio of the firſt 
parallelogram to the ſecond be given, the ratio of the 
other ſide of the firſt to that ſtraight line is given ; and it 
the ratio of the other ſide of the firſt to that ſtraight line 
be given, the ratio of the firſt parallelogram to the ſecond 


Is given. 


Let AC, DF be two equiangular parallelograms, as BC, a 
ide of the firſt, is to EF, a ſide of the ſecond, ſo is DE, the o- 
ther ſide of the ſecond, to the ſtraight line to which AB, the o- 

— band, ther 

15 
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ke tectangle AB, BC to AE, BC, that is e, to the patallelo- e 35. 1. 


4 14. 1. 
e 9. dat. 


56. 


a 
: 
| 
1 
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74. 73. 


See N. 


a 35. I. 


d 63. dat. 
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ther ſide of rhe firſt has the ſame ratio which AC has to DF. 
Produce the ſtraight line AB; and make as" BC to EF. {, 
DE to BG, and complete the 'paratielo- A 
gram BGHC ; therefore, becauſe BC, or 4. 
GH, is to EF, as DE to BG, the fides - 

about the equal angles BGH, DEF are 
reciprocally proportional; wherefore £ 
the parallelogram BH is equal to DF; © 
and AB is to BG, as the 1 ; 

there - 


AC is to BH, that is, to DF; as i - D 

fore BC is to EF, ſo is DE to BG, which 39 

is the ſtraight line to which AB has the E F 

fame ratio that AC has to DBP. * & | 
And if the ratio of the patallelogram AC to DF be given, 

then the ratio of the feraight line AB to BG is given; and if 

the ratio of AB to the ſtraight line BG be given, the ratio of 

the parallelogram AC to DF is given. © 


PROP. LXIV. 


F two parallelograms have unequal, but given angles, 

and if as a fide of the firſt to a fide of the ſecond, {6 
the other ſide of the ſecond be made to a certain ſtraight 
line ; if the ratio of the firſt parallelogram to the ſecond 
be given, the ratio of the other fide of the firſt to that 
ſtraight line ſhall be given. And if the ratio of the other 
ſide of the firſt to that ſtraight line be given, the ratio of 
the firſt parallelogram to the ſecond ſhall be given. 


Let ABCD, EFGH be two parallelograms which have tlie 
unequal, but given, angles ABC, EFG; and as BC to FC, i 
make EF to the ſtraigbt line M. If the ratio of the parailelo- 
gram AC to EG be given, the ratio of AB to M is given. 

At the point B of the ſtraight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogran 
KBCL. And becaule the ratio of AC to EG is given, and that 
AC is equal * to the parallelogram KC, therefore the ratio of 
KC to EG is given; and KC, EG are equiangular ; there- 
fore as BC to FG, ſo is d EF to the ſtraight line to which KB 
has a given ratio, viz. the ſame which the parallelogran 
KC has to EG: But as BC to FG, fo is EF to the firaight 
line M; therefore KB has a given ratio to M; and the off 


& + * 


. 


* 


* 
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of AB to BK 18 given, becauſe the triangle ABK is given in 3. an. 


ſnecies © ; therefore the ratio of Ah to Mis given d. | 
And if the ratio of AB to M be given, the ratio of the pa- 
Alelogram AC to EG. is given 3; for fnce'the ratio of KB to 


BA is given, as alſo the ratio of "AB 1 4. - 
TM, eho-retio\of KB to M is given 4 3 K N 
are equiangular, as BC to IG, ſo is x | 
Ey io the ftraight line to which KB BC 
has the ſame ratio which the parallelo- RP 
gam KC has to EG.; but as BC. to FG, 

ſo is EF to M; therefore KB is to M, M G 
as the parallelogram KC is to EG; and | | 


the ratio of KB to Mis given, therefore the ratio of the pazal- 
klogram,K,C,.that is, of AC to EG, is given. 

Cox. And if two triangles ABC, EFG have two equa! 
angles, or two unequal, but given, angles ABC, EFG, and if 
2s BC a ſide of the firſt to FG a fide of the ſecond, ſo the other 
hde of the ſecond EF be made to a ſtraight line M; if the ratio 
«the triangles be given, the ratio of the other fide of the firſt 
ta the ſtraight line Mis given. 

Complete the parallelograms ABCD, EFGH ; and hecauſe 
the'ratio of the triangle ABC to the triangle EFG is given, the 
io of the parallelogram AC ro EG is given ®, becauſe the pa- 
allelogtams are double f of the triangles ; and becauſe BC is to 
tG, as EF to M, the ratio of AB to M is given by the 63d dat. 
the angles ABC, EFG are equal; but if they be unequal; 
but given angles, the ratio of AB to M is given by this propoſi- 
tion, 

And if the ratio of AB to M be given, the ratio of the pa- 
rallelogram AC to EG is given by the ſame propoſitions; and 
thcrefoce the ratio of the triangle ABC to EFG is given. 


PROP. IXV. 


IF two equiangular parallelograms have a given ratio to 
one another, and if one fide has to one fide a given 

ratio; the other fide ſhall alſo have to the other fide a 

hen ratio. r 7 

Let the to equiangular parallelograms AB, CD have a gi- 

en ratio to one another, and let the {ide EB have a given ratio 

„ the ſide FD; the other fide AE has alto a given ratio to the 


ether ſide CE. 
D d Becauſe 


d Y. d als 


b 62. dat 
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a 63. dat. 


b 9. dat. 


62. 


a 33. dat. 


other, and let the ratio of BC to FG be given; the ratio a 


E :U:- ©» 3D 8 


Becauſe the two equiangular parallelograms AB, CD hare , 
given ratio to one another; as EB, a fide of the firſt, is to FI 
a ſide of the ſecond, ſo is * FC, the other fide of the ſecond, t 
the ſtraight line to which AE, the other fide of the firſt, ha 
the ſame given ratio which the firſt parallelogram AB bag 
to the other CD. Let this ſtraight line be EG; therefore the 
ratio of AE to EG is given; 
and EB is to FD, as FC to A. C 
EG, therefore the ratio of | / | E 
FC to EG is given, becauſe nns 
the ratio of EB to FD is gi- E | B F D 
ven; and becauſe the ratio of G | 
AE to EG, as alſo the ratio | | 
of FC to EG is given; the | 
ratio of AE to CF is given®. _ HKI. fre 

The ratio of AE to CF may be found thus: Take a firaight 
line H given in magnitude; and becauſe the ratio of the pi 
rallelogram AB to CD is given, make the ratio of H to K the 
ſame with it. And becauſe the ratio of FD to EB is given, 
make the ratio of K to L the ſame: The ratio of AE to CF i; 
the ſame with the ratio of H to L. Make as EB to FD, ſo FC 
to EG, therefore, by inverſion, as FD to EB, ſo is EG to IC; 
and as AE to EG, ſo is“ (the parallelogram AB to C1), and 
is) H to K; but as EG to FC, ſo is (FD to EB, and ſo is) k 
to L; therefore, ex aequali, as AE to FC, ſo is H to 1. 


P R O P. LXVI. 


FF two parallelograms have unequal, but given angles, 
and a''given ratio to one another; if one ſide has to 
one fide a given ratio, the other ſide has allo a given ris 
tio to the other ſide, 


Let the two parallelograms ABCD, EFGH which have th: 
given uncqual angles ABC, EFG, have a given ratio to one a» 


AB to EF is given. | | 

At the point B of the ſtraight line BC make the angic CP 
equal to the given angle EFG, and complete the parallel 
gram BKLC; and becauſe each of the angles BAK, AKÞ 4 
given, the triangle ABK is given“ in ſpecies; therefore de 
ratio of AB to BK is given; and becauſe, by the proben 
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ratio of the parallelogram AC to EG is given, and that AC 

equal® to BL; therefore the ratio of BL to EG is given: b 35. 1. 
1d becauſe BL is equiangular to EG, and by the hypotheſis, 

bs ratio of BC to FG is given; therefore the ratio of KB to e 65. dat. 


is given, and the ratio of KB 
54 is given; the ratio there- A K D L 


wel of AB to EF is given. d 9. dat. 
The ratio of AB to EF may be B fe 


ound thus: Take the ſtraight line 
IN given in poſition and magni- E—JH * N 
ale; and make the angle NMO F G 

qual to the given angle BAK, P 
nd the angle MNO equal to the 0 
en angle EFG or AKB: And ; 

cauſe the parallelogram BL is equiangular to EG, and has a 

ven ratio to it, and that the ratio of BC to FG is given; find 

by the 65th dat. the ratio of KB to EF; and make the ratio of 
NO to OP the ſame with it: Then the ratio of AB to EF is the 

ime with the ratio of MO to OP: For ſince the triangle ABR 

5 equiangular to MON, as AB to BK, ſo is MO to ON; and 

KB to EF, fo is NO to OP; therefore, ex aequali, as AB to 

LF to is MO to OP. 


P R O . LXVII. 70. 


I the ſides of two equiangular parallelograms have ** N. 


given ratios to one another; the parallelograms ſhall 
me a given ratio to one another. 


Let ABCD, EFGH be two equiangular parallelograms, and 
et the ratio of AB to EF, as alſo the ratio of BC to FG, be gi- 
den; the ratio of the parallelogram AC to EG is given. 

Take a ſtraigbt line K given in magnitude, and becauſe the 
no of AB to EF is given, | 
me the ratio of K to 1 the A _D E. H 
bme with it; therefore L is a 
yen ?: And becauſe the ratio * 
0 BC to FG is given, make 2 
de tatio of L to M the ſame: KR— 
therefore, M is given“; and L | 
KC is given, wherefore d the x is 34 ns 
atio of K to Mis given: But the parallelogram AC is to the 
MallJogram EG, as the ſtraight line K to the ſtraight line M, 

D d 2 as 


a 2. dat, 
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See N. 


a 43. dat. 


d 9. dat. 


c 67, dat. 


. . 
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as is demenſtrated in the 23d prop. of b. 6. Elem. therefore th 
ratio of AC to EG is given. | 

From this it is plain how the ratio of two equiangular pan. 
lelograms may be found when the ratios of their ſides are giren, 


d .-% 


PROP. LXVII. 

F the ſides of two parallelograms which have unequi, 
but given angles, have given ratios to one another; 
the parallelograms ſhall have a given ratio to one an- 
other. 


Loet two parallelograms ABCD, EFGH which have the given 
unequal angles ABC, EFG have the ratios of their ſides, vz. of 
AB to EF, and of BC to FG, given; the ratio of the parallelo- 
gram AC to EG is given. 

At the point B of the ſtraight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallel, 
gram KBCL: And becauſe each of the angles BAK, BKA is 
given, the triangle ABK is given“ in ſpecies : Therefore the 
ratio of AB to BK is given; and the ratio of AB to EF is gi 
ven, wherefore d the ratio of BK ta EF is given: And the 


ratio of BC to FG is given; 
and the angle KBC is equal R A L D E II 


to the angle EFG; there- 
fore © the ratio of the paral- = 


lelogram KC to EG is gi- B "hf 
ven: But KC is equal* to N | 
AC; therefore the ratio of 0 P | ol F 6 


AC to EG is given. 

The ratio of the parallelogram AC to EG may be foun 
thus: Jake the ſtraight line MN given in poſition and magn 
tude, and make the angle MNO equal to the given angle KAD 
aud the angle NMO equal to the given angle AKB or FLH 
And becauſe the ratio of AB to EF is given, make the ratio d 
NO to P the ſame; alſo make the ratio of P to Q the lam 
with the given ratio of BC to FG, the parallelogram AC 15 
EG, as MO to Q. 4s 

Becauſe the angle K B is equal to the angle MNO, a 
the angle AKB equal to the angle NMO ; the triangle AKB! 
equiangular to NMO : Therefore as KB to BA, ſo is MO tc 
ON; and as BA to EF, fo is NO to P; wherefore, ex ** 
quali, as KB to EF, ſo is MO to P: And BC is to TC, 5 


Q. and the parallelograms KC, EG are equiangular ; there- 

pre, as Was ſhown in prop. 67. the parallelogram KC, that is, 

AC, is ro EG, as MO to Q. | | 

Cor: 1. If two ttiangles ABC, DEF have two equal angles, 77: 
{two unequal, but given angles ABC, DEF, and if the ratios 


the ſides about theſe angles, viz. 
ke ratios of AB to DE, and of BC A G D H 


» EF be given; the triangles ſhall 

have a given ratio to one another, FN 
Complete the parallelograms BG 

H; the ratio of BG to EH is gi B C E F 


hem have a given“ ratio to one another. | i dat. 
Con. 2. If the baſes BC, EF of two triangles ABC, DEF have ; 37 ! 


e 156.86. 
2 given ratio to one another, and if alſo the ſtraight lines AG, 72. . 
DH which are drawn to the baſes from the oppoſite angles, 

ether in equal angles, or unequal, but given angles AGC, 

DHF have a given ratio to one K A L D 


another z the triangles ſhall have 


a given ratio to one another. 
Draw BK, EL parallel to AG, 


DH, and complete the paralle-B E C E H FF 
lograms KC, LF. And becauſe the angles AGC, DHF, or 
their equals, the angles KBC, LEF are either equal, or unequal, 
but given; and that the ratio of AG to DH, that is, of KB to 


tio of the parallelogram KC to LF is given; wherefore alſo the dt. 
ratio of the triangle ABC to DEF is given ®. 1. . 
b 


16. 3. 


PROP, LXE. 61. 


F a parallelogram which has a given angle be applied to 

one fide of a rcctilineal figure given in ſpecies ; if the 
hzure have a given ratio to the parallclogram, the paral- 
logram is given in ſpecies, 


Let ABC be a reQilineal figure given in ſpecies, and to one 
kde of it AB, let the parallelogram ABEF having the given 
angle ABE be applied; if the figure ABCD has a given ratio to 
ine parallelogram BF, the parallelogram BF is given in ſpecies. 

through the point A draw AG parallel ro BC, and through 
de point C draw CG parallel to AB, and produce GA, CB to 
e D d 3 the 


D A * A. 42 1 


en“; and therefore the triangles which are the halves d of a 67. or 68, 


LE, is given, as alſo the ratio of BC to EF; therefore“ the ra- a 67, or 68. 


* — In ap ge — cas 


bop ww as 4 a 


b 53. dat. BD to BG is giyen ®;. and, by hypotheſis, the ratio 
c 9. dit. B to the parallelogram BF is given ; wherefore © the ratio 


q 
. 
hy 
by 
: 
«; 


EU: CL I::D?* 8 


e points H, K; becauſe the angle ABC is given *, ang 
Mio of AB to BC is given, the figure ABCD being gien! 
ſpecies; therefore, the paralleJogram BG is given“ in ſpec; 
And becauſe upon the ſame ſtraight line AB the two rc(ilin: 
figures BD, BG given in ſpecies are deſcribed, the ratio ; 


BF, that is d, of the parallelogram BH, to BG is given, 2 
therefore © the ratio of the ſtraight line KB to BC is given 
and the ratio of BC to BA is given, wherefore the rat 
KB to BA is given ; And becauſe the angle ABC is given, t 
adjacent angle ABK is given; and the angle ABE is gie 
therefore the remaining angle KBE is given. The angle EX 
is alſo given, becauſe it is equal to the angle ABK; thereſy 
the triangle BKE is given in ſpecies, and conſequently the 
tio of EB to BK is given; and the ratio of KB to BA is gie 
whereſoreꝰ the ratio of EB D* RE 

to BA is given; and the N 

angle ABE 1s given, there- 
fore the parallelogram 


BF is given * in ſpecies. 2 / | 
A paraltelogram ſimi- jy 
lar to BF may be found | | 
thus: Take a ſtraight line 4 
LM given in poſition and HF RE PI QIR 
magnitude; and becauſe the angles ABK, ABE are gi 
make the angle NLM equal to ABK, and the angle NI 
equal to ABE. And becauſe the ratio of BF to BD is gia 
make the ratio of LM to P the ſame with it; and becaulet! 
ratio of the figure BD to BG is given, find this ratio 6yt 
534d Gat. and make the ratio of P toQ the ſame. Alſe, beca 
the ratio of CB to BA is given, make the ratio of Q toR! 
ſame; and take LN cqualtoR; through the point M draw G 
parallel to LN, and complete the parallelogram NLOs; ti 
this is ſimilar to the parallelogram BF. 
Becaule the angle ABK is equal to NLM, and the ang 
ABE to NLO the angle KBE is equal to MLO ; ans d 
angles BKE, LMO are equal, becauſe the angle ABK 
qual to NM; therefore, the triangles BRE, LMO are c 
angular to one another; wherefore as BE to BK, fois 0 
LM; and becauſe as the figure BF ro BD, fo 1s the {tral 
line LM toP; and as BD to BG, ſo is PtoQ ; ex ace 


as BF, that is 4 BH, to BG, fo is LM to Q: But BI 


WA F: 1A. 


BG; as KB to BC; as therefore KB to BC, ſo is LM to; 
and becauſe BE is to BK as LO to LM; and as BK to 5, 
ſo is LM to Q: And as BC to BA, fo 2 was made to R; the. — 
fare, ex aequali, as BE to BA, ſo is LO to R, that is to LN; 
and the angles ABE, NLO are equal ; therefore the paralle- 
Jogram BF is fimilar to LS. 


FROF. LAX; 


If two ſtraight lines have a given ratio to one another, 
and upon one of them be deſcribed a rectilineal figure 
given in ſpecies, and upon the other a parailciogram ha- 
ving a given angle; it the figure have a given ratio to 
the parallelogram, the parallelograur is given in ſpecics. 


Let the two ſtraight lines AB, CD have a given ratio to one 
another, and upon AB let the figure AEB given in ſpecies be 
deſcribed, and upon CD the paraliclogram DF having the given 
angle FCD; if the ratio of AEB to DF be given, the paraile- 
logram DF is given in tpceics. 

Upon the ſtraight line AB, conceive the parallelogram AG 


423 


62. 78. 


See N. 


to be deſcribed ſimilar, and ſimilarly placed ro FD; and becauſc 


the ratio of AB to CD is given, and upon them are deſcribed 
the ſimilar rectilincal figures AG, ; 
FD; the ratio of AG to FD is gi- 3 F 


ren*; and the ratio of FD to ALB A \B 
is given; theretore® the ratio of \ Ll 
ALB to AG is given; and the angle. G C ] D 


ABG is given, becauſe it is equal to 

the angle FCD; becauſe therefore A 
the parallelogram AG which has a | | | | 
given angle ABG is applied to a fide i 
AB of the figure AEB given in ſpe— HKL. 
cies, and the ratio of AEB to AG is given, the parallclogram 


$58. dat. 
b 9. dat. 


AG is given © in ſpecies; but FD is ſimilar to AG therefore © 9. dat 


FD is given in ſpecies. 

A parallelogram ſimilar to FD may be found thus: Take a 
[traight line H given in magnitude; and becauſe the ratio of 
the ugure AEB to FD is given, make the ratio of H to K the 
lame with it: Alto, becaule the ratio of the ſtraight line CD to 
AB is given, find by the 54th dat. the ratio which the figure 
D deſcribed upon CD has to the figuce AG deſcribed upon 


AD ſimilar to FO; and make the ratio of K to L the fame; 


with this ratio: And becauſe the ratios of H to K, and of K 
D da to 


„ 
RW 
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87. 


a Gy. dat. 
b 17. 6. 


c 58. dat. 


d 54. dat. 


e 65. dat. 
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to L are given, the ratio of H to L is given d; becauſe, there, 
fore, as AEB to FD, ſo is H to K; and as FD to AG, ſo i 


K to L; ex acquali, as AEB to AG, ſo is H to L; there. 


fore the ratio of AEB to AG is given; and the figure Al 
is given ip ſpecies, and to its ſide AB the parallelogram 46 
is applied in the given angle ABG; therefore by the Goth dat. 
a parallelogram may be found ſimilar to AG: Let this be the 
parallelogram MN*, MN alſo is ſimilar to FD; for, by the con. 
ſtruction, MN is ſimilar to AG, and AG is ſimilar to FD; 
therefore the parallelogram FD is ſimilar to MN, 


PROP. LXXI. 


I the extremes of three proportional ſtraight lines have 
given ratios to the extremes of other three propor- 
tional ſtraight lines; the means ſhall alſo have a given 
ratio to one another: And if one extreme has a given r. 
tio to one extreme, and the mean to the mean; likewiſe 
the other extreme ſhall have to the other a given ratio, 


Let A, B, C be three proportional ſtraight lines, and D. E, 
F three other ; and let the ratios of A to D, and of C to F be 
given; then the ratio of B to E is alſo given. 

Becauſe the ratio of A to D, as alſo of C to F is given, the 
ratio of the reQangle A, C to the rectangle D, F is given“; 
but the ſquare of B is equal b to the rectangle A, C; and the 
ſquare of E to the rectangle b D, F; therefore the ratio of the 
ſquare of B to the ſquare of E is given; wherefore © alſo the ta- 
tio of the ſtraight line B to E is given. 

Next, let the ratio of A to D, and of B to E be gi- 
ven; then the ratio of C to F is alſo given. | 

Becauſe the ratio of B to E is given, the ratio of R C 
the ſquare of B to the ſquare of E is given 4; there- F 
fore d the ratio of the rectangle A, C to the rectangle DE 
D, V is given; and the ratio of the ſide A to the fide | 
D is given; therefore the ratio of the other fide C to 
the other F is given ©, 

Cor. And if the extremes of four proportionals have to the 
extremes of four other proportionals given ratios, and one of 
the means a given ratio to one of the means; the other mean 
ſhall have a given ratio to the other mean, as may be ſhown in 


the ſame manner as in the foregoing propoſition. 8 
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[F four ſtraight lines be proportionals; as the firſt is to 
the ſtraight line to which the ſecond has a given ra- 
tio, ſo is the third to a ſtraight line to which the fourth © 


- 


has a glyen x30. ** 


Let A, B, C, D be four proportional ſtraight lines, viz. as 
A to B, ſo C to D; as A is to the ſtraight line to which B has 
a given ratio, ſo is C to a ſtraight line to which D has a given 
ſati0, 

Let E be the ſtraight line to which B has a given 
ratio, and as B to E, ſo make D to F: The ratio of 
Bto E is given“, and therefore the ratio of D to F; 
and becauſe as A to B, ſo is C to D; and as B to E 
o D to F; thereſore, ex aequali, as A to E, fois AB 
(to F; and E is the ſtraight line to which B has a C D 
giren ratio, and F that to which D has a given ratio; | | 


therefore as A is to the ſtraight line to which B has 
2 given ratio, ſo is C to a line to which D has a given 
ratio. © ; 


4 


Ay, PROP. LXXII. 8. 


four ftraight lines be proportionals; as the firſt is to see N 
the ſtraight line to which the ſecond has a given ra- 

tio, ſo is a itraight line to which the third has a given 

ratio to the fourth. 


Let the ſtraight line A be to B, as C to D; as A to the 
ſtraight line to which B has a given ratio, ſo is a 
liraight line to which C has a given ratio to D. 

Let E be the ſtraight line to which B has a given | 
atio, and as B to E, ſo make F to C; becaule the 
ratio of B to E is given, the ratio of C to F is gi- 
en; And becauſe A is to B, as C to D; and as B A 


10 E, ſo F to C; therefore, ex aequali in proportione FCD 
ferturbata®, A is to E, as F to D; that is, A is to E a 23. F. 
W which B has a given ratio, as F, to which C has | 

$ giyen, ratio, is to D. | 


PROP. 
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FF a triangle has a given obtuſe angle; the excc{; 


* 32. 2. 


b 43. dat. 
c 1. 6. 


d 41. 1. 


© 9. dat. 


f 4. 6. 
8 Cor. 4. 5+ 


k C. 5, 
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PROP. LXXIV. 


the ſquare of the fide which ſubtends the ob 
angle, above the ſquares of the ſides which contain j; 
ſhall have a given ratio to the triangle. 


Let the triangle ABC have a given obtuſe angle ABC; 200 
produce the ſtraight line CB, and from the point A dry 
AD perpendicular to BC: The exceſs of the ſquare of AC x 
bove the ſquares of AB, BC, that is“, the double of the ted. 
mg contained by DB, BC, has a given ratio to the triang!: 
ABG. | 
Becauſe the angle ABC is given, the angle ABD is allo g. 

en; and the angle ADB is given; wherefore the triany|: 
ABD is. given® in ſpecies; and therefore the ratio of AD t: 
DB. is given: And as AD to DB, ſo is © the rectangle AV, 
BC to the rectangle DB, BC; wherefore the ratio of the rectang!: 
AD, EBC to the rectangle DB, BC is given, as alſo the ratioof twic: 
the rectangle DB, BC to the rectangle AD, 2 
BC: But the ratio of the rectangle AD, 
BC to the triangle ABC is given, becauſe 
it is double 4 of the triangle; therefore | 
the ratio of twice the rectangle DB, BC FG 
to the triangle ABC is given ©; and twice 
the rectangle DB, BC is the exceſs * of D B C 
the ſquare of AC above the ſquares of AB, BG; thereſorc ti 
excels has a given ratio to the triangle ABC. 

And the ratio of this exceſs to the triangle ABC may be 
found thus: Take a ſtraight line EF given in poſition and mat. 
nitude; and becauſe the angle ABC is given, at the point! 
of the ſtraight line EF, make the angle EFG equal to the ande 
ABC; produce GF, and draw EH perpendicular to FG; tv! 
the ratio of the exceſs of the ſquare of AC above the ſquat 
of AB, BC to the triangle ABC, is the ſame with the ratio 
quadruple the ſtraight line HF to HE, | 

. Becauſe the angle ABD is equal to the angle EF, and 
the angle ADB to EHF, each being a right angle; the i 
angle ADB is equiangular to EHF; therefore f as BD te . 
ſo FH to HE; and as quadruple of BD to DA, ſo is 4 
druple of FH to HE: But as twice BD is to DA, fo 15* © 
the retangle DB, BC to the rectangle AD, BC; and as 1). 
to the half of it, ſo is" the rectangle AD, BC to its bal! 


rally ' 


triangle ABC; therefore, ex aequali, as twice BD is to the half 
of DA, that is, as quadruple of BD is to DA, that is, as qua- 
druple of FH to HE, ſo is twice the reQtangle DB, BC to the 
triangle ABC. | 


PROP. LXXV. 65. 


IF a triangle has a given acute angle, the ſpace by which 

the ſquare of the ſide ſubtending the acute angle is 
leſs than the ſquares of the fides which contain it, {hall 
have a given ratio to the triangle. 


Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC, the ſpace by which the ſquare 
of AC is leſs than the ſquares of AB, BC, that is“, the double a r;. 2. 
of the reCtangle contained by CB, BD, has a given ratio to the 
triangle ABC. 

Becauſe the angles ABD, ADB are each of them given, 
the triangle ABD is given in ſpecies; and therefore the ratio 
of BD to DA is given : And as BD to DA, A 
ſo is the rectangle CB, BD to the reCtangle 
CB, AD; therefore the ratio of theſe ret- 
angles is given, as alſo the ratio of twice the 
rectangle CB, BD to the rectangle CB, AD; 
but the rectangle CB, AD has a given ratio 
to its half the triangle ABC; therefore d the B D C 9. a. 
ratio of twice the rectangle CB, BD to the triangle ABC is gi- 
ven; and twice the rectangle CB, BD is * the ſpace by which 

the ſquare of AC is leſs than the ſquares of AB, BC; there- 
tore the ratio of this ſpace to the triangle ABC is given: And 
the ratio may be found as in the preceding propoſition, 


LE MM X. 


If from the vertex A of an iſoſceles triangle ABC, any ſtraight 
* line AD be drawn to the baſe BC, the ſquare of the fide 
AB is equal to the reQtangle BD, DC of the ſegments of the baſe 
together with the ſquare of AD; but if AD be drawn to the 
baſe produced, the ſquare of AD is equal to the rectangle BD, 
DC together with the ſquare of AB. x 
Cas. 1. Biſect the bate BC in E, and A 

Join AE which will be perpendicular“ to Os 
BC; wherefore the ſquare of AB is equal 
to the ſquares of AE, EB; but the ſquare ©, 
ot EB is equal © to the EP C 5. I 
together with the ſquare of 3 there- - 
lote the ſquare of AB is equal to the D BDE C 

| ſquares 


— — 


25.8 32.7, of them is the half * of the given angle 
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ſquares of AE, ED, that is, to d the ſquare of AD, together; 
with the rectangle BD, DC; the other caſe is ſhown in the ſame 
way by 6. 2. Elem. - TAL TIF 94 | 


PROP. LXXVI. 


F a triangle have a given angle, the exceſs of the ſquare 

of the ſtraight line which is equal to the two ſides that 

contain the given angle, above the ſquare of the third ſide, 
ſhall have a given ratio to the triangle. 


Let the triangle ABC have the given angle BAC, the exceſ; 
of the ſquare of the ſtraight line which is equal to BA, AC u- 
gether above the ſquare of BC, ſhall have a given ratio to the 
triangle ABC. | 

Produce BA, and take AD equal to AC, join DC and 
produce it to E, and through the point B draw BE parallel to 
AC; join AE, and draw AF perpendicular to DC; and be. 
cauſe AD is equal to AC, BD is equal to BE; and BCis 
drawn from the vertex B of the iſoſceles triangle DBE, there- 
ſore, by the Lemma, the ſquare of BD, that is, of BA and 
AC together, is equal to the rectangle DC, CE together with 
the ſquare of BC; and, therefore, the ſquare of BA, AC te- 
gether, that is, of BD, is greater than D 
the ſquare of BC by the rectangle DC, 
CE; and this rectangle has a given 
ratio to the triangle ABC: Becauſe 
the angle BAC is given, the adjacent 
angle CAD is given; and each of. the 
angles ADC, DCA is given, for each 


B 


BAC; therefore the triangle ADC is 


K 


b 43. dat. , given b in ſpecies; and AF is drawn 


from its vertex to the baſe in a given angle; wherefore the ratio 
of AF to the baſe CD is given; and as CD to AF, ſo is © the 
rectangle DC, CE to the rectangle AF, CE; and the ratio of 
the rectangle AF, CE to its half © the triangle ACE is given; 
therefore the ratio of the rectangle DC, CE to the triang/c 
ACE, that is f, to the triangle ABC, is given; and the rectang'© 
DC, CE is the exceſs of the ſquare of BA, AC together above 
the ſquare of BC ; therefore the ratio of this ci to the tri- 
angle ABC is given. E | 

The ratio which the rectangle DC, CE has to the triang'® 
ABC is found thus: Take the ſtraight line GH given in po- 


tion 


= OI} 


» © 
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non and magnitude, and at the point G in GH make the angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL perpendicular to it: Then the 
ratio of HK to the half of GL is the ſame with the ratio of 
the tectangle DC, CE to the triangle ABC: Becauſe the angles 
HGK, DAC at the vertices of the iſoſceles triangles GHK, 
AUC are equal to one another, theſe triangles are ſimilar; and 
becauſe GL, AF are perpendicular to the baſes HK, DC, as 5 


4. 6. 
272.5 


HK to GL, ſo is (DC to AF, and fo is) the rectangle DC,“ 
CE to the rectangle AF, CE; but as GL to its half, fo is the 
rectangle AF, CE ro its half, which is the triangle ACE, or 
the triangle ABC; therefore, ex aequali, HK is to the half of 
the ſtraight line GL, as the rectangle DC, CE is to the triangle 
ABC. 

Cor. And if a triangle have a given angle, the ſpace by 
which the ſquare of the ſtraight line which is the difference of 
the ſides which contain the given angle is leſs than the ſquare 
of the third fide, ſhall have a given ratio to the triangle. This 
is demonſtrated the ſame way as the preceding propoſition, by 
help of the ſecond caſe of the Lemma. 


—— — ” — 
1 . 9 TR 


PROP. LXXVIL in 


I the perpendicular drawn from a given angle of a sc N. 
triangle to the - oppoſite ſide, or baſe, has a given ra— 
tio to the baſe, the triangle is given in ſpecies, 


* 4 we! 4, * 
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Let the triangle ABC have the given angle BAC, and let the 
the perpendicular AD drawn to the baſe BC, have a given ratio 
| to it, the triangle ABC is given in ſpecies! 
| If ABC be an itoſceles triangle, it is evident“ that if any «5.& 32 x. 


one of its angles be given, the reſt are alſo grven; and there- 

bre the triangle is given in ſpecies, without the conſideration 

„ol the ratio of the perpendicular to the baſe, which in this caſe 
A ls 15 by prop. 50. . 

But when ABC is not an iſoſceles triangle, take any ſtraight 

line EF given in poſition and magnitude, and upon ac deſer 5 

ene 


4g® 


b 2. dat. 


e 30. dat. 


4 Zr. dat. 


e 28. dat. 
f 29. dat. 


fg 42. dat, 


join EG, GF: Ihen, fince the angle EGF is equal to the angle 
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the ſegment of a circle EGF containing an angle equal to the 
given angle BAC, draw GH biſecting EF at right angles, and 


BAC, and that EGF is an iſoſceles triangle, and ABC is not, 
the angle FEG is not equal to the angle CBA: Draw EL ma. 
king the angle FEL equal to the angle CBA; join FL, an4 
draw LM perpendicular to EF; then; becauſe the triangles ELF, 
BAC are equiangular, as alſo are the triangles MLE, DA, 
as ML to LE, ſo is DA to AB; and as LE to EF, ſo is AB toBC, 
wherefore, ex aequali, as LM to EF, fois AD to BC; and be- 
cauſe the ratio of AD to BC is given, therefore the ratio of LM 
to EV is given; and EF is given, wherefore ® LM alfo is given. 
Complete the parallelogram LMFK; and becauſe LM is given, 
FK is given in magnitude; it is alſo given in poſition, and 
the point F is given, and conſequently © the point K; and be- 
cauſe through K the ſtraight line KL is drawn parallel to EF 
which is given in poſition, therefore 4 KL is given in poſition ; 
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E O H M F 
and the circumference ELF is given in poſition; therefore the 
point L is given®. And becauſe the points L, E, F are given, 
the ſtraight lines LE, EF, FL are given f in magnitude; therc- 
fore the triangle LEF is given in ſpecies © ; and the triangle 
ABC is ſimilar to LEF, wherefore alſo ABC is given in ſpecics. 

Becauſe LM is leſs than GH, the ratio of LM to EF, that 
is, the given ratio of AD to BC, mult be leſs than the ratio ot 
GH to EF, which the ſtraight line, in a ſegment of a circle con- 
taining an angle equal to the given angle, that biſects the dal: 
of the ſegment at right angles, has unto the baſe. 

CoR. 1. If two triangles, ABC, LEK have one angle BAC 
equal to one angle ELF, and if the perpendicular AD be to the 
baſe BC, as the perpendicular LM to the baſe EF, the triangles 


ABC, LEP are ſimilar. 
Deſcribe the circle EGF about the triangle ELF, and drav 
LN parallel to EF, join EN, NF, and draw NO perpendicu- 


lar to EF; becauſe the angles ENF, ELF. are <cqual, and 5 
the 


. r A 


he angle EFN is equal to the alternate angle FNL, that is, to 


the angle FEL in the ſame ſegment; therefore the triangle 
NEF is ſimilar to LEF; and in the ſegment EGF there can 
de no other triangle upon the baſe EF, which has the ratio of 
its perpendicular to that baſe the ſame with the ratio of LM 
or NO to EF, becauſe the perpendicular muſt be greater or 
les than LM or NO; but, as has been ſhewn in the preceding 
lemonſtration, a triangle ſimilar to ABC can be deſcribed in 


the ſegment EGF upon the baſe EF, and the ratio of its perpen- * 


ticular to the baſe is the ſame, as was there ſhewn, with the ra- 
tio of AD to BC, that is, of LM to EF; therefore that triangle 
muſt be either LEF, or NEF, which therefore are ſimilar to the 
tiangle ABC. 

Cor. 2. If a triangle ABC has a given angle BAC, and if the 
ſtraight line AR drawn from the given angle to the oppoſite 
fide BC, in a given angle ARC, has a given ratio to BC, the 
triangle ABC is given in ſpecies. 

Draw AD perpendicular to BC ; therefore the triangle ARD 
is given in ſpecies; wherefore the ratio of AD to AR is given; 


and the ratio of AR to BC is given, and conſequently ® the ra- h g. dat. 


tio of AD to BC is given; and the triangle ABC is therefore 
given in ſpecies i, 

Cor. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if ſtraight lines drawn from theſe 
angles to the baſes, making with them given and equal angles, 
have the ſame ratio to the baſes, each to each; then the tti- 
angles are ſimilar; for having drawn perpendiculars to the baſes 


the other to its bate (; wherefore, by Cor. 1. the triangles are 
imilar. © 


(cribed the ſegment EGF and diawn the ſtraight line GH as 
was directed in the propoſition, find FK which has to EF the 
given ratio of AD to BC; and place FK at right angles to EF 
trom the point F; then becauſe, as has been ſhewn, the ratio 
of AD to BC, that is, of FK to EF, muſt be leſs than the ra- 
tio ok GH to EF; therefore FK is leſs than GH ; and conſe- 
quently the parallel to EF drawn through the point K, muſt 
meet the circumference of the ſegment in two points : Let L be 
either of them, and join EL, LF, and draw LM perpendicular 
t0 EF; then, becaufe the angle BAC is equal to the angle ELF, 
and that AD is to BC, as KF, that is, LM to EF, the triangle 
ABC is fimilar to the triangle LEF, by Cor, 1. 


PROP. 


| 77. 


trom the equal angles, as one perpendicular is to its baſe, ſo is 


A triangle ſimilar to ABC may be found thus : Having de- 


dat, 


80. 
% 


a 41. 1. 


b Cor. 62. 
dat. 


c 9. dat. 
d r. 6. 
Ee 77. dat. 


Ir a triangle have one angle given, and if the ratio o 


angle AD, BC has a given ratio to its half * the triangle ABC; 


circle deſcribed about the triangle ABC, which biſects BY 


'to FL, mult not be greater than the ratio of MN to BC: 
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PROP. LXXVIL. 


the rectangle of the ſides which contain the given ang} 
to the ſquare of the third fide be given, the triangle j 
given in ſpecies, | 


Let the triangle ABC have the given angle BAC, and let the 
ratio of the rectangle BA, AC to the ſquare of BC be given; 
the triangle ABC is given in ſpecies. 

From the point A, draw AD perpendicular to BC, the red. 


and becauſe the angle BAC is given, the ratio of the triangle 
ABC to the reQangle BA, AC is given; and, by the hypo 
theſis, the ratio of the rectangle BA, AC to the ſquare of BC 
given; therefore © the ratio of the tectangle AD, BC to the 
ſquare of BC, that is, * the ratio of the ſtraight line AD to BC, 
is given ; wherefore the triangle ABC is given in ſpecies *, 

A triangle ſimilar to ABC may be found thus: Take 
ſtraight line EF given in poſition and magnitude, and make 
the angle FEG equal to the given angle BAC, and draw FH 
perpendicular to EG, and BK perpendicular to AC; theretore 
the triangles ABK, EFH M oOo 

Ai 


are ſimilar, and the rect | 


angle AD, BC, or the | 


12 L 
rectangle BK, AC, which H 

is equal to it, is to the 

rectangle BA, AC, as the | 3 
ſtraight line BK to BA, Ur 

that is, as FH to FE. Let B D N C F G 
the given ratio of the rectangle BA, AC to the ſquare of BL 
be the ſame with the ratio of the ſtraight line EF to FL; there 
fore, ex aequali, the ratio of the rectangle AD, BC to the 
ſquare of BC, that is, the ratio of the ſtraight line AD to BC, 


is the ſame with the ratio of HF to FL; and becauſe AD | 
not. greater than the ſtraight line MN in the ſegment of the 


at right angles; the ratio of AD to BC, that is, of HF 


Let it be lo, and, by the 775th dat find a triangle O 
which has one of its angles POQ equal to the giv 
angle BAC, and the ratio of the perpendicular OR, 
drawn from that angle to the baſe PQ the ſame with che 
ratio of HF to FL; they the triangle ABC is 1216 


D A . A. 


2 * 


0PQ: Becauſe, as has been ſhown, the ratio of AD to BC is 

the ſame with the ratio of (HF to FL, that is, by the conſtruc- 

tion, with the ratio of) OR to PQ; and the _—_ BAC is 

equal to the angle PO therefore the triangle ABC is ſimilar ff 1. Cor. 
to che triangle PO Q. 019710 £ AR: IT. | 77. Dat. 
ag 0139.9 $3) f Otherwiſe, 


Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the ſquare of BC be 
given z the triangle ABC is given in ſpecies. | 
Becauſe the angle BAC is given, the exceſs of the ſquare 
of both the ſides BA, AC together above the ſquare of the 
third fide BC has a given“ ratio to the triangle ABC. Let the 2 76. dir. 
fgure' D be equal to this exceſs; therefore the ratio of D to 
the triangle ABC is given ; and the ratio of the triangle ABC 


angle; and the rectangle BA, AC has A. | dat. 
a given ratio to the ſquare of BC; 
wherefore ©. the ratio of D to the 3 D ed. an. 


ſquare of BC is given; and, by com- 

polition 4, the ratio of the ſpace D B C dq 7. dat. 

together with the ſquare of BC to the jquare of BC is given; 

but D together with the ſquare of BC is equal to the ſquare of 

both BA and AC together; therefore the ratio of the ſquare of 

BA, AC together to the ſquare of BC is given; and the ratio 

of BA, AC together to BC is therefore given ©; and the angle © 59. du. 

BAC is given, wherefore* the triangle ABC is given in ſpecies. f 48. dar. 
The compoſition of this, which depends upon thoſg of the 

10th and 48th propoſitions, is more complex than the prece- 

ding compolition, which depends upon that of prop. 77. which 


15 eaſy. 


PROP. LXXIX. K. 


T a triangle have a given angle, and if the ſtraight line * N. 
drawn from that angle to the bale, making a given 

angle with it, divides the baſe into ſegments which have 
given ratio to one another; the triangle is given in 
ſpecies, 


Let the triangle ABC have the given angle BAC, and let 
the ſtraight line AD drawn to the baſe BC making the given 
gle ADB, divide BC into the ſegments BD, DC which have 
| Ee pl 


to the rectangle BA, AC is given®, becauſe BAC is a given b Cor. 62. 
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f 4 7. dat. 


g 43. dat. 


Ig 


* are equal to one another; therefore © the triangle BEC j; 
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a given ratio to one another; the triangle ABC is given in ſpeciei 

D-ſcribe* the circle BAC about the triangle, and from ity 
centre E, draw EA, EB, EC, ED; becauſe the angle BAC i; 
given, the angle BEC at the centre, which is the double b of i; 
is given. And the ratio of BE to EC is given, becauſe the 


given in ſpecies, and the ratio of EB to BC given; allo the 
ratio of CB to BD is given 4 becauſe the ratio of BD to DC 
is given; therefore the ratio of EB to BD is given e, and the 
angle EBC is given, whereſore the triangle EBD is giwene 
in ſpecies, and the ratio of EB, that is, of EA to ED, is there. 
fore given; and the angle EDA is given, becauſe each of the 
angles BDE, BDA is given; therefore the triangle AED i; 
givenf in ſpecies, and the angle AED gi- 
ven; alſo the angle DEC is given, be- 
cauſe each of the angles BED, BEC is 
given; therefore the angle AEC is given, 
and the ratio of FA to EC, which are 
equal, is given; and the triangle AEC is 
therefore given © in ſpecies, and the angle 
ECA given; and the angle ECB is given, 
wherefore the angle ACB is given, and the angle BAC is allo 
given; therefore the triangle ABC 1s given in ſpcciec. 

A triangle ſimilar to ABC may be found, by taking a ſtraight 
line given in poſition and magnitude, and dividing it in the 
given ratio which the ſegments BD, DC are required to have 
to one another; then, it upon that ſtraight line a ſegment of 
circle be de'cribed containing an angle equal to the given angle 
BAC, and a ſtraight line be drawn from the point of diviſion in 
an angle equai to the given angle AUB, and from the point 
where it meets the circumference, ſtraight lines be drawn tC 
the extremity of the firit line, theſe, together with the firſt line 
{hall contain a triangle ſimilar to ABC, as may eaſily be ſhown, 

The demonſtration may be alſo made in the manner of that 
of the 77th prop. and that of the 954th may be made in ti 
manner of this. 


PROP. LXXX. 


F the ſides about an angle of a triangle have a give 
ratio to one another, and it the perpendicular crav 
from that angle to the baſe has a given ratio to the bale 
the triangle is given in ſpecies, K 


D A T A. 
Let the ſides BA, AC, about the angle BAC of the triang'e 


BC have a given ratio to one another, and let the perpendicu= 1. 

ir AD have a given ratio to the baſe BC; the triangle ABC is 

ven in {pecies. F 

” Firſt, let the fides AB, AC be equal to one another, there- 

xe the perpendicular AD biſects“ the baſe A a 26. r, 

BC; and the ratio of AD to BC, and there- 

dre to its half DB, is given; and the angle % N 5 

Dh is given; wherefore the triangle * ABD, —:fſß.. 43. dat. 

1d conſequently the triangle ABC, is givend B D C 4. 4 

n ſpecies. 

But let the ſides be unequal, and BA be greater than AC; 

ad make the angle CAE equal to the angle ABC; becanſe 

he angle AEB is common to the triangles AEB, CEA, they 

xe ſimilar 3 therefore as AB to BE, ſo is CA to AE, and, by 

xermutation, as BA to AC, ſo is BE to EA, and ſo is EA 

o EC; and the ratio of BA to AC is given, therefore the 

atio of BE to EA, and the ratio of EA to EC, as alſo the 

atio of BE to EC is given“; wherefore the ratio of EB to c 9. dat. 

C is given 4; and the ratio of AD to BC Al tt, 

given by the hypothelis, therefore © the 

tio of AD to BE is given; and the ratio 2, 

{BE to EA was ſhown to be given ; where- 

pre the ratio of AD to AL is given, and 1 

DE is a right angle, therefore the triangle BFC ED | 

IDE is given © in ſpecies, and the angle AEB given; the ra- © 46. des. 8 

oof BE to EA is likewiſe given, thereſore® the triangle ABE 1 

$ given in ſpecies, and conſequently the angle EAB, as alſo 1 

de angle ABE, that is, tbe angle CAE, is given; therefore the 

nale BAC is given, and the angle ABC being alſo given, the vl 

angle ABC is given f in ſpecies. „ i 

How to find a triangle which ſhall have the things which 0 

re mentioned to be given in the propoſition, is evident in if 

de firſt caſe; and to find it the more eafily in the other 

ale, it is to be obſerved that, if the ſtraight line EF equal to #H 

A be placed in EB towards B, the point F divides the baſe 4 

into the ſegments BF, FC which have to one another the , 

atio of the ſides BA, AC; becauſe BE, EA, or EF, and 

C were ſhown to be proportionals, therefore *® BF is to FC, * 19. x. 

BE to EF, or EA, that is, as BA to AC; and AE cannot 

c leſs than the altitude of the triangle ABC, but it may be 
E e 2 equal 
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_ 
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cquiangular to HLM, and 


ö. 


equal to it; which, if it be, the triangle, in this caſe, as lj 
the ratio of the ſides, may be thus found; having given the 
ratio of the perpendicular to the baſe. Take the ſtraight line 
GH given in poſition and m-gnitude, for the baſe of the th. 
angle to be found; and let the given ratio of the perpendicy. 
lar to the baſe be that of the ſtraight line K to GH, that i, 
let K be equal to the perpendicular; and ſuppoſe GLH to be 
the triangle which is to be found, therefore having made the 
angle HLM equal to LGH, it is required that LM be per. 
pendicular to GM, and equal to K; and becauſe GM, ML, 
MH are proportionals, as was ſhown of BE, EA, EC, the 
rectangle GMH is equal to the ſquare of ML. Add the com. 
mon ſquare of NH, (having biſected GH in N), and the ſquare 
of NM is equal* to the ſquares of the given ſtraight lines NH 
and ML, or K; therefore the ſquare of NM, and its fd: 
NM, is given, as alſo the point M, viz. by taking the firaight 
line NM, the ſquare of which is equal to the ſquares of NH, 
ML. Draw ML equal to K, at right angles to GM; and be. 
cauſe ML is given in poſition and magnitude, therefore the 
point L is given; join LG, LH; then the triangle LGH i; 
that which was to be found, for the ſquare of NM js equal t 
the ſquares of NH and ML, and taking away the common 
ſquare of NH, the rect-KC q 

angle GMH is equal“ to 
the ſquare of ML ; there- 
fore as GM to ML, ſo is 
ML to MH, and the tri- 
angle LCM is® therefore 


the angle HLM equal to 
the angle LGM, and the 
ſtraight line LM, drawn from the vertex of the triangle making 
the angle HLM equal to I GH, is perpendicular to the oaſe and 
equal to the given ſtraight line K. as was required; and th! 
ratio of the ſides GL, LH is the ſame with the ratio of GM to 
ML, that is, with the ratio of the ſtraight line which is made 
up of GN the half of the given baſe and of NM, the {quare © 
190 is equal to the ſquares of GN and K, to the ſtraigt 
line K. * 

And whether this ratio of GM to ML is greater or |! 
than the ratio of the ſides of any other triangle upon the balt 


CH, and of which the altitude is equal to the ſtraight line * 
that 


DT :4.- 


that is, the vertex of which is in the parallel to GH drawn 
through the point L, may be thus found. Let OGH be any 
ſuch triangle, and draw OP, making the angle HOP equal to 
the angle OGH ; therefore, as betore, GP, PO, PH are prc- 
portionals, and PO cannot be equal to LM, becauſe the rect- 
angle GPH would be equal to the reQtangle GMH, which 
is impoſhble ; for the point P cannot fall upon M, becauſe O 
would then fall on L; nor can PO be leſs than LM, therefore 
it is greater; and conſequently the rectangle GPH is greater 
than the retangle GMH, and the {ſtraight line GP greater 
than GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the ſquare of GM 


to the ſquare of ML is therefore i greater than the ratio of the i 2. Cor, 


ſquare of GP to the ſquare of PO, and the ratio of the ſtraight 
line GM to ML greater than the ratio of GP to PO. But as 
GM to ML, ſo is GL to LH; and as G to PO, fo is GO 
to OH; therefore the ratio of GL to LH is greater than the 
ratio of GO to OH; wheretore the ratio ot GL to LH is the 
greateſt of all others; and conſequent!y the given ratio of the 
greater fide to the leſs mult not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this great- 
eſt ratio of GM to ML, it muſt neceſſarily be leſs than it: 
Let any leſs ratio be given, and the ſame things being ſuppo— 
ſed, viz. that GH is the baſe, and K equal to the altitude of 
the triangle, it may be found as follows. Divide GH in the 
point Q, ſo that the ratio of GQ to QH may bia the ſame 
with the given ratio of the ſides; and as GQ to QH, 1o make 


209. O. 


GP to PQ, and ſo willf PQ be to PH; wherefore the ſquare f 19 5: 


of GP is to the fquare of PQ, as i the ſtraight line GP to 
PH: And becauſe GM, ML, MH are proportionals, the ſquare 
of GM is to the ſquare of ML, as i the ſtraight line GM to Ml: 
hut the ratio of G to QH, that is, the ratio of GP to PO, 
is leſs than the ratio of GM to ML; and therefore the ratio 
ot the ſquare of GP to the (quare of PQ is lets than the ratio 
of the ſquare of GM to that of ML; and conlicquently the 
ratio of the ſtraight line GP to PH 1s leſs than the ratio of 
GM to MH ; and, by diviſion, the ratio of GH to HP is Jets 


—1 


than that of GH to HM; wherefore * the ſtraight line HP isk 10. 5, , 


greater than HM, and the rectangle GPH, that is, the ſquare 
of PQ, greater than the rectangle GMH, that 1s, than the 
e 3 ſquare 


4 4 6, 


nM, 


one another: Therefore as AB to BE, ſo is CA to AE, as 
, 
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ſquare of ML, and the ſtraight line PQ is therefore prey 
than ML. Draw LR parallel to GP, and from P draw PRA 
right angles to GP: Becauſe PQ is greater than ML, or Pg, 
the circle deſcribed from the centre P, at the diſtance bo, 
muſt neceſſarily cut LR in two points; let theſe be O, 8, 200 
join OG, OH; 86, SH; each of the triangles OGH, $Gy 
have the things mentioned to be given in the propoſition: 
Join OP, 8P; and becauſe as GP to PQ, or PO, is P 
to PH, the triangle OGP is equiangular to HOP; as, there. 
fore, OG to GP, ſo is HO to OP, and, by permutation, x 
GO to OH, ſo is GP to PO, or PQ; and ſo is GQ to CH: 
"Therefore the triangle OGH has the ratio of its ſides GO, OH 
the fame with the given ratio of GQ to QH ; and the perpen- 
dicular has to the baſe the given ratio of K to GH, becauſe the 
perpendicular is equal to LM, or K: The like may be ſhewn in 
the ſame way of the triangle 88H. 

This conſtruction by which the triangle OGH is found, i 
ſhorter than that which would be deduced from the demon- 
firation of the datum, by reaſon that the baſe GH is given 
in poſition and magnitude, which was not ſuppoſed in the 
demonſtration : The ſame thing is to be obſerved in the next 
propolition, 


PROP. LXXXI. 


F the fides about an angle of a triangle be unequal 
[| and have a given ratio to one another, and if the 
perpendicular from that angle to the baſe divides it into 
legments that have a given ratio to one another, thc 
triangle is given in ſpecies, 


Let ABC be a triangle, the ſides of which about the angle 
BAC are unequal, and have a given ratio to one another, and 
let the perpendicular AD to the baſe BC divide it into the leg; 
ments BD, DC which have a given ratio to one another, the 
triangle ABC is given in ſpecies. 

Let AB be greater than AC, and make the angle CAL 
equal to the angle ABC; and becauſe the angle AEB is com- 
mon to the triangles ABE, CAE, they are“ equiangular te 


S 4&7: 4; 


by germutation, as, AB to AC, ſo BE to ; 
EA, and ſo is EA to EC: But the ratio of 


BA to AC is given, therefore the ratio FL \.* 
of BE to EA, as alſo the ratio of EA to 
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EC, is given; wherefore “ the ratio of B * E b 9. dat. 


BE to EC, as alſo e the ratio of EC to e cor. 6. dat. 
CB is given: And the ratio of BC to CD O 
js given 4, becauſe the ratio of BD to d 7. dat. 


PC is given; therefore d the ratio of EC 


to CD is given, and conſequently « the GG KLH N 
ratio of DE to EC: And the ratio of EC 


to EA was ſhewn to be given, therefore ® the ratio of DE to EA 


ADE is given in ſpecies, and the angle AED given : And the 


ven in ſpecies, and conſequently the angle ACE is given, as 
alſo the adjacent angle ACB. In the ſame manner, becauſe the 
ratio of BE to EA is given, the triangle BEA given in {pe- 
cies, and the angle ABE is therefore given: And the angle 


cits. | | 
But the ratio of the greater ſide BA to the other AC muſt 
be leſs than the ratio of the greater ſegment BD to DC : Be- 
cauſe the ſquare of BA is to the ſquare of AC, as the ſquares 
of BD, DA to the ſquares of DC, DA; and the {quares of 
BD, DA have to the ſquares of DC, DA a leis ratio than the 
ſquare of BD has to the ſquare of DC f, becauſe the iquare of 
BD is greater than the ſquare of DC; therefore the ſquate of 
BA has to the ſquare of AC a leſs ratio than the tquare of BD 
has to that of DC: And conſequently the ratio of BA to AC 
is leſs than the ratio of BD to DC | 
Ibis being premiſed, a triangle which ſhall have the things 
mentioned to be given in the propobttion, and to which the 
triangle ABC is fimilar, may be found thus: Take a ſtraight 
line GH given in pofition and magnitude, and divide it in K, 
lo that the ratio of GK to EH may be the fame with the given 
ratio of BA to ACC: Divide allo GH in L, ſo that the pps 
0 


1 If A be greater than B, and C any | than D: But as A is to B, ſo A and C 
third magnitude; then A and C toge- | to Band D; and A and C have toB 
ther have to B and C together a leſs | and C a leſs ratio than. A and C have 
ratio than A has to B. to B and D, becauſe C 1s greater than 

Let Abe to B as C to D, and be- D, therefore A and C haves to B and 
cauſe A is greater than B, Cis greater | C a leſs ratip than A to E. 


E <4 


ACB is given; wherefore the triangle ABC is given? in ſpe- g 43. dat. 


is given: And ADE is a right angle, wheretore © the triangle e 46. dat. 


ratio of CE to EA is given, therefore f the triangle AEC is gi- f 44. dat. 
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60. 


2. def. 
A n and 
24. 6. 
b 60. dat. 


e 4. dat. 


given gnomon ECBDFC, each of the ſtraight 


Renn t 


of GL to LH may be the ſame with the given ratio to of BDA 
DC, and draw LM at right angles to GH: And becauſe the 
ratio of the ſides of a triangle is leſs than the ratio of the ſeg. 
ments of the baſe, as has been ſhewn, the ratio of GK to K} 
is leſs than the ratio of GL to LH; wherefore the point ], 
muſt fall betwixt K and H: Alſo make as GK to KH, ſo GN 
to NK, and ſo ſhall ® NK be to NH. And from the centre N, 
at the diſtance NK, deſcribe a circle, and let its circumference 
meet LM in O, and jou OG, OH; then OGH is the t. 
angle which was to deſcribed : Becaufe GN is to NK, r 
NO, as NO to NH, the triangle OGN is equiangular to HON, 
therefore as OG to GN, ſo is HO to ON, and, by permuts 
tion, as GO to OH, ſo is GN to NO, or NK, that is, as Gk 
to KH, that is, in the given ratio of the ſides, and, by the con- 
ſtruction, GL, LH have to one another the given ratio of the 
ſegments of the baſe. 


* 


PROP. LXXXII. 


F a parallelogram given in ſpecies and magnitude be 
increaſed or diminiſhed by a gnomon given in may- 
nitude, the ſides of the gnomon are given in mag 


Firſt, let the parallelogram AB given in ſpecies and magni- 
tude be increaſed by the given gnomon ECBDFG, each of the 
ſtraight lines CE, DF is given. 

Becauſe AB is given in ſpecies and magnitude, and that the 
gnomon ECBDFC is given, therefore the whole ſpace AG 
is given in magnitude: But AG is alſo given in ſpecies, be- 
cauſe it is ſimilar * to AB; therefore the ſides of AG are gi- 
ven“: Each of the ſtraight lines AE, AF G F. 
is therefore given; and each of the ſtraight — 
lines CA, AD is given d, therefore each of C 
the remainders EC, DF 1s given s. 

Next, let the parallelogram AG, given in 
ſpecies and magnitude, be diminiſhed by tle FD A 


lines CE, DF is given, il H | 
Becauſe the parallelogram AG is given, as — 15 
alſo its gnomon ECBDFG, the remaining ſpace AB is given in 


magnitude - 


1 X. 


e firſt caſe. Let H be the given ſpace to which the gnomon 


nd equal to the figures AB and H together, and place its 
des AE, AF from the point A, upon the ſtraight lines AC, 
kD, and complete the parallelogram AG, which is about the 


oth AB and H, take away the common part AB, the remain- 
ng gnomon ECBDFG is equal to the remaining figure H 
herefore a gnomon equal to H, and its fides CE, DF are found: 
nd in like manner they may be found in the other caſe, in 
phich the given figure H mult be leſs than the figure FE from 
yaich it is to be taken. 


PROP. LXXXIIL 


18 a parallelogram equal to a given ſpace be applied to 
a given ſtraight line, deficient by a parallelogram given 
In ſpecies, the ſides of the defect are given. 


Let the parallelogram AC equal to a given ſpace be applied 
to the given ſtraight line AB, deficient by the parallelogram 
CL given in ſpecies, each of the ſtraight lines CD, DB are 
given. 

Biſect AB in E; therefore EB is given in magnitude, up- 
on EB deſcribe * the parallelogram EF fimilar to DL and ſimi- 
lach placed; therefore EF is given in 
ipecies, and is about the ſame diameter d 
with DL; let BCG be the diameter, and 
conſtruct the figure z therefore, becauſe 
the figure EF given in ſpecies is deſcri- 
bed upon the given ſtraight line EB, | — 

EF is given © in magnitude, and the A. E D B 

giomon ELH is equal 4 to the given 

igure AC; therefore ſince EF is diminiſhed by the given 

gnomon ELH, the ſides EK, FH of the gnomon are given; but 

Kis equal to DC, and FH to DB; wherefore CD, DB are 

each of them given. 
This 


| 
441 
zpnitude : But it is alſo given in ſpecies; becauſe it is ſimilar * C2. def. ; 
AG; therefore b its ſides CA, AD are given, and each of the * 4 and 0 
aight lines EA, AF is given; therefore EC, DF are each of W © | 
em Ven. ; 
The Nerven and its fides CE, DF may be found thus in | 


muſt be made equal, and find © a parallelogram fimilar to AB d 2s. 6. 


ame diameter © with AB; becauſe therefore AG is equal to e 26. 6. 


53. 


a 18. 6. 


b 26. 6. 


Cc 56. dat. 


d 36. aid 


43. I. 
e 83. dat, 
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This demonſtration is the analyſis of the problem in g. 
28th prop. of book 6. the conſtruction and demonſtration y 
which propoſition is the compoſition of the analyſis; and be. 
cauſe the given ſpace AC or its equal the gnomon ELH i; 
be taken from the figure EF deſcribed upon the half of AB. 
milar to BC, therefore AC muſt not be greater than LF, ;; 
ſhewn in the 27th prop. b. 6. | 


89. PROP. LXXXIV. 


FF a parallelogram equal to a given ſpace be applied u 
a given ſtraight line, exceeding by à parallelogran 
given in ſpecies ; the ſides of the excels are given. 


Let the parallelogram AC equal to a given ſpace be appliel 
to the given ſtraight line AB, exceeding by the parallelogrin 
BDC“ given in ſpecies ; each of the ſtraight lines CD, DB ar 
ven. 
g Biſect AB in E; therefore EB is given in magnitude: Un 
a 18. 6 EB deſcribe * the parallelogram EF ſimilar to LD, and fſimilzr 
ly placed; therefore EF is given in ſpecies, and is about the 
b 26. 6. ſame diameter d with LD. Let CBG be 
the diameter, and conſtruct the figure: 
Therefore, becauſe the figure EF given 
in ſpecies is deſcribed upon the given 
{ſtraight line EB, EF is given in magni- 
c 56. dat. tude ©, and the gnomon ELH is equal 
d 36. and to the given figures AC; wherefore, 
1 fince EF is increaled by the given gnomon ELH, its ſides EK, 
e 82, dat. FH are given © ; but EK is equal to CD, and FH to BU; these 
fore CD, DB are each of them given. 
This demonſtration is the analyſis of the problem in the 200 
prop- book 6. the conſtruction and demonſtration of which ii 
the compolition of the analyſis. 
Co. If a parallelogram given in ſpecies be applied to a g- 
ven ſtraight line, exceeding by a parallelogram equal to a give! 
{ſpace ; the ſides of the parallelogtam are given. 
Let the parallelogram ADCE given in ſpecies be appiied tt 
the given ſtraight line AB exceeding by the parallelogran 
BDCG equal to a given ſpace ; the ſides AD, DC of the pai 
lelogram are given. 5 
ral 
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Draw the diameter DE of the parallelogram AC, and con- 

wt the figure. Becauſe the parallelogram AK is equal“ to a 43. 1. 
c which is given, therefore AK is E G C 

yen; and BK is ſimilar ® to AC, there- WP" 
ore BK is given in ſpecies. And ſince . | | 

de parallelogram AK given in magni- F 

de is applied to the given ſtraight ſin- H. K 
AB, exceeding by the parallelogram BK — — 
ven in ſpecies, therefore, by this pro- A B D 
olition, BD, DK the ſides of the exceſs are given, and the 


traight line AB is given; therefore the whole AD, as alſo DC, 
o which it has a given ratio, is given. 


PR O:8. 


To apply a parallelogram ſimilar to a given one to a given 
raight line AB, exceeding|by a parallelogram equal to a given 
ace. 

"To the given ſtraight line AB apply © the parallelogram AK c 29. 6. 
qual to the given ſpace, exceeding by the parallelogram BK ſi- 
ilar to the one given. Draw DF the diameter of BK, and 
hrough the point A draw AE parallel to BF meeting DF pro- 
luced in E, and complete the parallelogram AC. 

| The parallelogram BC is equal * to AK, that is, to the given 
Ipace ; and the parallelogram AC is ſimilar d to BK; therefore 
he parallelogram AC is applied to the ſtraight line AB fmilar 
o the one given and exceeding by the parallelogram BC which 
equal to the given ſpace. 


PROP. LXXXV. 84. 


IF two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the difference of the 
raight lines be given, they ſhall each of them be given. 


Let AB, BC contain the parallelogram AC given in magni— 
ude, in the given angle ABC, and let the exceis of BC above 
\B be given; each of the ſtraight lines AB, BC is given. 

Let DC be the given exceſs of BC above 


WA, therefore the remainder BD is equal A E 
0 BA. Complete the Aarallelo ram AD; 
and becauſe AB is equal to BD, the ratio 
{AB to BD is given ; and the angle ABD — 
s given, therefore the parallelogram AD is B D C 
gixen in ſpecies; and becauſe the given parallelogram AC is 

applied to the given ſtraight line DC, exceeding by the paral- 24. dat. 


Uclogram AD given in ſpecics, the ſides of the exceſs are given“; 
therefore 


86. 


a 83. dat. 


2 1. 2. 


b (2. dat. of the ſides AB, BC to the parallelogram AC is given d; aud 


— 


ZU e Dio“, 


therefore BD is given; and DC is given, wherefore the wh, 
BC is given: And AB is given, therefore AB, BC are each, 
them given, ys 


PROP. LXXXVI. 


F two ſtraight lines contain a parallelogram given it 
magnitude, in a given angle; if both of them tog. 
ther be given, they ſhall cach of them be given. 


Let the two ſtraight lines AB, BC contain the parallelogrm 
AC given in magnitude, in the given angle ABC, and let A}, 
BC together be given ; each of the ſtraight lines AB, BC is given, 

Produce CB, and make BD equal to AB, and complete the 
parallelogram ABDE. Becauſe DB js equal to BA, and the 
angle ABD given, becauſe the adjacent an- 
gle ABC is given, the parallelogram AD is 
given in ſpecies: And becauſe AB, BC to- 
gether are given, and AB is equal to BD; 
therefore DC is given: And becauſe the gi- D B C 
ven parallelogram AC is applied to the given 
ſtraight line DC, deficient by the parallelogram AD given in 
ſpecies, the ſides AB, BD of the defect are given“; and DC 
is given, wherefore the remainder BC is given ; and each of the 
ſtraight lines AB, BC is therefore given. 


PROP. LXXXVII. 


JF two ſtraight lines, contain a parallelogram given in 

magnitude, in a given angle; if the exceſs of the 
ſquare of the greater above the ſquare of the lefler be 
given, cach of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paralle- 
logram AC in the given angle ABC; if the exceſs of the ſquare 
of BC above the ſquare of BA be given; AB and BC at 
each of them given. 

Let the given exceſs of the ſquare of BC above the ſquare 
of BA be the rectangle CB, BD; take this from the ſquare 
of BC, the remainder, which is“ the rectangle BC, CD is e. 
qual to the ſquare of AB; and becauſe the angle ABC © 
the parallelogram AC is given, the ratio of the reCtang!e 


AC is given, therefore the reQtangle AB, BC is given; and 


the rectangle CB, BD is given; therefore the ratio of the rec. 
ang! 
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ngle CB, BD to the rectangle AB, BC, that is , the ratio of the © 1. 6. 
traight line DB to BA is given; therefore 4 the ratio of the d 54. dat. 
auare of DB to the ſquare of BA is gi- A 
en: And the ſquare of BA is equal to | 
he rectangle BC, CD: wherefore the ra- 
o of the reQtangle * CD to the ſquare 
BD is given, as alſo the ratio of four 
imes the — BC, CD to the ſquare B PD C 4 
of BD 3 and, by compoſition ©, the ratio of four times the rect- 7: dat. 
angle BC, CD yy ag with the ſquare of BC to the ſquare 
of BD is given: But four times the rectangle BC, CD toge- 
ther with the ſquare of BD is equal f to the ſquare of the ſtraight f 8. 2. 
lines BC, CD taken together; therefore the [ratio of the ſquare 
of BC, CD together to the ſquare of BD is given; wherefore _ 
the ratio of the ſtraight line BC together with CD to BD is 8 38. da. 
given; And, by compolition, the ratio of BC together with 
CD and DB, that is, the ratio of twice BC to BD, is given ; 
thereſore the ratio of BC to BD is given, as alſo© the ratio of 
the ſquare of BC to the rectangle CB, BD: But the rectangle 
CB, BD is given, being the given exceſs of the ſquares of BC, 
BA; therefore the ſquare of BC, and the ftraight line BC is 
gwen; And the ratio of BC to BD, as alſo of BD to BA has 
been ſhown to be given; therefore b the ratio of BC to BA is h 9. dat. 
givenz and BC is given, wheretore BA is given. 

The preceding demonſtration is the analyſisof this problem, viz. 

A parallelogram AC which has a given angle ABC being gi- 
ren in magnitude, and the exceſs of the ſquare of BC one of 
ts fides above the ſquare of the other BA being given; to find 
the ſides : And the compoſition is as follows. 

Let EFG be the given angle to which the angle ABC is re- 
quired to be equal, and from any point E in FE, draw EG 
perpendicular to FG; let the rect- M | 
angle EG, GH be the given ſpace 
to which the parallelogram AC is 
to be made equal; and the rectangle 
HG, GL, be the given exceſs of the 
ſquares of BC, BA. ——— Lb 

Take, in the ſtraight line GE, F G L O H 
GK equal to FE, and make GM double of GK; join ML, 
and in GL produced, take LN equal to LM: Biſe& GN in O, 
and between GH, GO find a mean proportional BC; As OG 
to GL, ſo make CB to BD; and make the angle CBA equal 

| to 


Ute 


to CFE, and as LG to GK ſo make DB to BA; and complet 
the parallelogram AC: AC is equal to the rectangle EG, GH, 
and the exceſs of the ſquares of CB, BA is equal to the red. 
angle HG, GL. . 
Becauſe as CB to BD, ſo is OG to GL, the ſquare of (} 
is to the rectangle CB, BD as“ the reQangle HG, GO 0 
the rectangle HG, GL: And the ſquare of CB is equal to the 
rectangle HG, GO, becauſe GO, BC, GH are proportional; 
therefore the rectangſe CB, BD is equal® to HG, GL. Ard 
becauſe as CB to BD, ſo is OG to GL; twice CB is to BJ), 
as twice OG, that is, GN, to GL; and, by diviſion, as BC 
together with CD is to BD, ſo is NL, that is, LM, to LG: 
Therefore © the ſquare of BC together with CD is to the ſquare 
of BD, as the ſquare of ML to the ſquare of LG: But the 
ſquare of BC and CD together is equal 4 to four times the 
rectangle BC, CD together with the ſquare of BD; therefor: 
four times the rectangle BC, CD together with the ſquare of 
BD is to the ſquare of BD, as the ſquare of ML to the ſquare 
of LG: And, by diviſion, four times the rectangle BC, CD i; 
to the ſquare of BD, as the ſquare of MG to the iquare of 
GL; wherefore the rectangle BC, CD is to the ſquare of BD, 
as (the ſquare of KG the half of MG to the ſquare of GL, 
that is, as) the ſquare of AB to the ſquare of BD, becauſe as 
LG to GK, ſo DB was made to BA: Therefore b the reCtan- 
gle BC, CD is equal to the ſquare of AB. To each of thele add 
the rectangle CB, BD, and the ſquare of BC becomes equal 
to the ſquare of AB together with the rectangle CB, BD; 
therefore this rectangle, that is, the given rectangle HG, GL 
is the exceſs of the ſquares of BC, AB. From the point A, 
draw AP perpendicular to BC, and becauſe the angle ABP 
is equal to the angle EFG, the triangle ABP is equiangular 
to EFG: And DB was made to BA, as LG to GK; therefore 
as the rectangle CB, BD to CB, BA, ſo is the rectangle HG, 


M 


8 
 BPD'C FG Lo HN 


GL to HG, GR 1 and as the rectangle CB, BA to AP, BC, 
lo is (the ſtraight line BA to AP, and fo is FE or GK to 


z 


WD: A:T 


G, and ſo is) the rectangle HG, GK to HG, GE; therefore, 
« aequali, as the rectangle CB, BD to AP, BC, ſo is the rect- 
ale HG, GL to EG, GH: And the rectangle CB, BD. is 
qual to HG, GL; therefore the reQangle AP, BC, that is, 
ie parallelogram AC, is equal to the given rectangle EG, GH. 


PROP. LXXXVIII. 


| F two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the ſum of the ſquares 
f its fides be given, the ſides ſhall each of them be given. 


Let the two ſtraight lines AB, BC contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let the 
ſum of the ſquares of AB, BC be given; AB, BC are each of 
them given. | 

Firſt, let ABC be a right angle; and becauſe twice the rect- 
angle contained by two equal ſtraight lines is equal to both 


their ſquares; but if two ſtraight lines are un» 
equal, twice the rectangle contained by them is 

eſs than the ſum of their ſquares, as is evident B C 

from the 7th prop. b. 2. Elem. therefore twice | 

the given ſpace, to which ſpace the rectangle of which the ſides 
are to be found is equal, muſt not be greater than the given 
ſum of the ſquares of the ſides: And if twice that ſpace be e- 
qual to the given ſum of the ſquares, the ſides of the rectangle 
muſt necefſarily be equal to one another: Therefore in this 
caſe deſcribe a ſquare ABCD equal to the given rectangle, and 
ts ides AB, BC are thoſe which were to be found: For the 
reftangle AC is equal to the given ſpace, and the ſum of the 
(quares of its ſides AB, BC is equal to twice the rectangle AC, 
that is, by the hypotheſis, to the given ſpace to which the ſum 
of the ſquares was required to be equal. 

But if twice the given rectangle be not equal to the given 
lum of the ſquares of the ſides, it muſt be leſs than it, as 
has been ſhown, Let ABCD be the rectangle, join AC and 
draw BE perpendicular to it, and complete the rectangle 
AEBF, and deſcribe the circle ABC about the triangle ABC; 


AC is its diameter“: And becauſe the triangle ABC is ſimi- a Cor. f. 4. 
lard to AEB, as AC to CB, ſo is AB to. BE; therefore the b g. 6. 


rectangle AC, BE is equal to AB, BC; and the rectangle 3 
5 B 


N. 


thug mus — — —  -_  y 2 
CY 


c 47. 1. 


d 32. dat. 


e 61. dat. 


f 30. dat. 


g 31. dat, 
h 28. dat. 


1 29. dats 


k 14. 2. 


1 16, 6. 


m 34. 1. 


b 8. 6. 


rectangle CA, AF is leſs than the ſquare of AC, and the 
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BC is given, wherefore AC, BE is given: And becauſe the ſu 
of the ſquares of AB, BC is given, the ſquare of AC which 
equal © to that ſum is given; and AC itſelf is therefore yin 
in magnitude: Let AC be likewiſe given in poſition, and 9 
point A; therefore AF is given 4 in po: xX D 
ſition : And the rectangle AC, BE is 
given, as has been ſhewn, and AC is 
given, wherefore J BE 4 given in mag- 
nitude, as alſo AF which is equal to it; F 
and AF is alſo given in poſition, and > oy, 
the point A is given; e We ao 
point F is given, and the ſtraight line ;; rr 
FB in poſition 6: And the —— ans GT K HL 
ABC.is given in polition, wherefore ® the point B is given 
And the points A, C are given; therefore the ſtraight lines AB 
BC are given i in poſition and magnitude. 

The ſides AB, BC of the rectangle may be found thus: 
the rectangle GH, GK be the given ſpace to which the ted 
angle AB, BC is equal; and let GH, GL be the given ted 
angle to which the ſum of the ſquares of AB, BC is equi: 
Find k a ſquare equal to the rectangle GH, GL: And let in 
ſide AC be given in poſition; upon AC as a diameter deſcribe 
the ſemicircle ABC, and as AC to GH, ſo make GK to Al, 
and from the point A place AF at right angles to AC: There 
fore the rectangle CA, AF is equal i to GH, GK; and, by 
the hypotheſis, twice the rectangle GH, GK is leſs than GH, 
GL, that is, than the ſquare of AC; wherefore twice the 


rectangle CA, AF itſelf leſs than half the ſquare of AC, that 
is, than the rectangle contained by the diameter AC and its hall; 
wherefore AF is leſs than the ſemidiameter of the circle, and 
conſequently the ſtraight line drawn through the point F paralle 
to AC muſt meet the circumference in two points: Let B be 
Either of them, and join AB, BC, and complete the rectang|: 
ABCD; ABCD is the rectangle which was to be found: Drav 
BE perpendicular to AC; therefore BE is equal * to AF, aue 
becauſe the angle ABC in a ſemicircle is a right angle, the ret: 
angle AB, BC is equal b to AC, BE, that is, to the rectang| 
CA, AF, which is equal to the given rectangle GH, GK : Ant 
the ſquares of AB, BC are together equal © to the ſquare 0 
AC, that is, to the given rectangle GH, GL. * 

| U 


. 


But if the given angle ABC of the parallelogram AC be not 
z right angle, in this caſe, becauſe ABC is a given angle, the 
ratio of the rectangle contained by the ſides AB, BC to the pa- 
allelogram AC is given“; and AC is given, therefore the rect- u 62. dt. 
ngle AB, BC is given; and the ſum of the ſquares of AB, BC 
js given ; therefore the fides AB, BC are given by the prece- 
lin caſe. 

The ſides AB, BC and the parallelogram AC may be found 
hus : Let EFG be the given angle of the parallelogram, and 

rom any point E in FE draw EG perpendicular to FG ; and 
et the rectangle EG, FH be the given ſpace to which the pa- 
nllelogram is to be made _ and let EF, A D 
FK be the given rectangle zo which the a1 
ſum of the ſquares of the ſides is to be equal. 
And, by the preceding caſe, find the ſides 
of a retangle which is equal to the given B L C 
tectangle EF, FH, and the ſquares of the 
ſides of which are together equal to the gi- 
ven rectangle EF, FK; therefore, as was 
ſhewn in that cafe, twice the reCtangle EF, 
FH muſt not be greater than the rectangle 
LF, FK; Jet it be fo, and let AB, BC be 
the ſides of the reCtangle joined in the F H 
angle ABC equal to the given angle EFG; 
and complete the parallelogram ABCD, which will be that 
which was to be found : Draw AL perpendicular to BC, and 
becauſe the angle ABL is equal to EFG, the triangle ABL is 
equiangular to EFG; and the parallelogram AC, that is, the 
rectangle AL, BC is to the rectangle AB, BC as (the ſtraight 
line AL to AB, that is, as EG to EF, that is, as) the reQangle 
LG, FH to EF, FH; and, by the conſtruction, the rectangle 
AB, BC is equal to EF, FH, therefore the rectangle AL, BC, 
or, its equal, the parallelogram AC, is equal to the given rect- 
angle EG, YH ; and the ſquares of AB, BC are together equal, 
by conſtruction, to the given rectangle EF, FK. 


F f p R OP. 


| 80. 


b 43. dat. 


c 88. dat. 


d 9. dat. 
c 35. 1. 


f $7. dat. 


therefore, AB, BC are given. 
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F two ſtraight lines contain a given parallelogram In 
given angle, and if the exceſs of the ſquare of 9 

of them above a given ſpace, has a given ratio to 

ſquare of the other; each of the ſtraight lines ſhall } 


Let the two ſtraight lines AB, BC contain the given pan 
logram AC. in the given angle ABC, and let the exceſs of 1 
ſquare of BC above a given ſpace have a given ratio to 6 
ſquare of AB, each of the ſtraight lines AB, BC is given. 

Becauſe the exceſs of the ſquare of BC above a given px 
has a given ratio to the ſquare of BA, let the rectangle C 
BD be the given ſpace ; take this from the ſquare of BC, 
remainder, to wit, the reQtangle * BC, CD has a given nt 
to the ſquare of BA: Draw AE perpendicular to BC, and: 
the ſquare of BF be equal to the rectangle BC, CD, then de 
cauſe the angle ABC, as alſa BEA, is given, F. 


the triangle ABE is given ® in ſpecies, and A 

the ratio of AE to AB given: And becauſe / 

the ratio of the rectangle BC, CD, that is, 2 
of the ſquare of BF to the ſquare of BA, is EU 
given, the ratio of the ſtraight line BF to BA” 

is given ©; and the ratio of AE to AB is given, wherefore 4 
ratio of AE to BF is given; as alſo the ratio of the reCany 
AE, BC, that is, © of the parallelogram AC to the rcCtang 
FB, BC; and AC is given, wherefore the reCtangle IB, BC 
given. The exceſs of the ſquare of BC above the ſquare of! 
that is, above the rectangle BC, CD, is given, for it is equal“ 
the given rectangle CB, BD; therefore, becauſe the reQany 
contained by the ſtraight lines FB, BC is given, and allot 


exceſs of the ſquare of BC above the ſquare of BF; FB, N 
are each of them given f; and the ratio of FB to BA is gift! 


8 << F fo o £© RD ©©cnz 


Fa” ant 


The Compoſition is as felkws. 


Let GHK be the given angle to which the angle of the 
rallelogram is to de made equal, and from any point G. 


HG, draw GK perpendicular to HK; let GK, HL be the e 


ay 


angle to which the S is to be N 
made equal, and let LH, HM be the rect- 

angle equal to the given ſpace which is to 
be taken from the ſquare of one of the ſides ; 
and let the ratio of the remainder to the H KM L 
ſquare of the other fide be the ſame with the 

ratio of the ſquare of the given ftraight line NH to the ſquare 
of the given ſtraight line HG. 

By help of the 87th dat. find two ſtraight lines BC, BF 
which contain a rectangle equal to the given reCtangle NH, 
HL, and ſuch that the exceſs of the ſquare F 
of BC above the ſquare of BF be equal to 4 
the given rectangle LH, HM; and join CB, © 
BF in che angle FBC equal to the given 
angle GHK : And as NH to HG, ſo make RED C 
FB to BA, and complete the parallelogram 
AC, and draw AE perpendicular to BC; then AC is equal to 
the rectangle GK, HL; and if from the ſquare of BC, the gi- 
ven retangle LH, HM be taken, the remainder ſhall have to 
the ſquare of BA the ſame ratio which the ſquare of NH has to 
the ſquare of HG. | 

Becauſe, by the conſtruction, the ſquare of BC is equal to 
the ſquare of BF together with the rectangle LH, HM; if 
from the ſquare of BC there be taken the rectangle LH, HM, 
there remains the ſquare of BF which has to the ſquare of g 22. 6. 
BA the ſame ratio which the ſquare of NH has to the ſquare 
of HG, becauſe, as NH to HG, ſo FB was made to BA; but 
HG to GK, ſo is BA to AE, becauſe the triangle GHK is 
equiangular to ABE; therefore, ex aequali, as NH to GK fo is 
FB to AE; wherefore h the rectangle NH, HL is to the rect- hr. 6. 
angle GK, HL, as the rectangle FB, BC to AE, BC; but by 
the conſtruction, the rectangle NH, HL is equal to FB, BC; 
therefore * the reQtangle GK, HL is equal to the rectangle AE, k 14. 5. 
BC, that is, to the parallelogram AC. | 

The analyſis of this problem might have been made as in the 
80th prop. in the Greek, and the compoſition of it may be made 
as that which is in prop. 87th of this edition. 


F f 2 PROP. 
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d 88. dat. 


tio of the ſtraight line BD to BA is given ®; and the ratio d 


EY CL 1 Ws 


PROP. Kc. 


© gg os 


F two ſtraight lines contain a given pazallelogram i; 
a given angle, and if the ſquare of one of them to. 
gether with the ſpace which has a given ratio to the 
ſquare of the other be given, each of the ſtraight line; 
ſhall be given. 


— „„ wa ©sP 


, 


Let the two ſtraight lines AB, BC contain the given paralle. 
togram AC in the given angle ABC, and let the fquare of h 
together with the ſpace which has a given ratio to the ſquare d 
AB be given, AB, BC are each of them given. 

Let the ſquare of BD be the ſpace which has the given rat 
to the ſquare of AB ; therefore, by the hypotheſis, the ſquar 
of BC together with the ſquare of BD is given. From th: 
point A, draw AE perpendicular to BC; and becauſe the angle 
ABE, BEA are given, the triangle ABE is given“ in fpecies; 
thereſore the ratio of BA to AE is given: And becauſe the r; 
tio of the ſquare of BD to the ſquare of BA is given, the n. 


© owns 


BA to AE is given; therefore © the ratio of AE to BD is g. 
ven, as alſo the ratio of the rectangle AE, BC, that is, of the 
parallelogram AC to the rectangle DB, BC; and AC is given, 
therefore the rectangle DB, BC is given; and the ſquare d 


— 

D 

A 1 
GH 

BE © 


BC together with the ſquare of BD is given ; therefore © br 
cauſe the rectangle contained by the two ſtraight lines DB, N 
is given, and the ſum of their ſquares is given: 'the ſtraight 
lines DB, BC are each of them given; and the ratio of Db 00 
BA is given ; therefore AB, BC are given. 
The compoſition is as follows. 
Let FGH be the given angle to which the angle of the ps. 
rallelogram is to be made equal, and from any point F in Gf 
draw FH perpendicular to GH; and let the rectangle Ff, 
GK be that to which the parallelogram is to be made equal; 
and let the rectangle KG, GL be tbe ſpace to which the {qui 
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of one of the ſides of the parallelogram together with the ſpace 
which has a given ratio to the ſquare of the other fide, is to be 
made equal; and let this given ratio be the ſame which the ſquare 
of the given ſtraight line MG has to the ſquare of GF. 

By the 88th-dat. find two ſtraight lines DB, BC which con- 
tain a reQtangle equal to the given rectangle MG, GK, and 
ſuch that the ſum of their ſquares is equal to the given rect- 
angle KG, GL; therefore, by the determination of the pro- 
blem in that propoſition, twice the rectangle MG, GK muſt 
not be greater than the rectangle KG, GL. Let it be to, and 
join the ſtraight lines DB, BC in the angle DBC equal to the 
given angle FGH; and, as MG to GF, ſo make DB to BA, 
and complete the parallelogram AC: AC is equal to the rect- 


. 


angle FH, GK; and the ſquare of BC together with the ſquare 
of BD, which, by the conſtruction, has to the {quare of BA th: 
given EB the quatre of MG has to the ſquare of GF, 13 
equal, by the conſtruction, to the given rectangle RG, Gl. 
Draw AE perpendicular to BC. 

Becauſe, as DB to BA, fo is MG to GF: and as BA to A, 
Iſo GF to FH; ex aequali, as DB to AE, fo is MG to F'H ; 
Icherefore, as the rectangle DB, BC to AE, BC, ſo is the rect- 
angle MG, GK to FH, GK; and the rectangle DB, BC 1s 
equal to the rectangle MG, GK; therefore the rectangle AF, 
IC, that is, the parallelogram AC, is equal to the rectangle 
Fil, GK, | 


4 bes 
3, 0 


NO. AC. 


28 
82 
* 


rag in a ſtraight line drawn within a circle given in magni— 
| { tude cuts off a ſegment which contains a given angle; 
the ſtraight line is given in magnitude. 
be ES 
in Gf In the circle ABC given in magnitude, let the ſtraight line 
e FH, Ac be drawn, cutting off the ſegment AEC which contains the 
qual; WWpiveti angle AEC ; the ſtraight line AC is given in magnitude. 
wy Take D the centre of the circle“, join AD and produce ita 1. 3. 


F-t'3 to 


454 


b 31. 3. 
C 43. dat. 


d F. def. 


E 2. dat. 


89. 


2 I. dat. 


d 46, dat. 


EA to A 


the angle ACE is a right angle, therefore 


join BD, DC; and becauſe each of the 


E UCL I D's 


to E, and join EC: The angle ACE being 
a right ® angle is given; and the angle 
AEC is given ; therefore © the triangle 
ACE is given in ſpecies, and the ratio of 

2 is therefore given; and EA is 
given 4 in magnitude, becauſe the circle is A 
given in magnitude; AC is therefore gi- 
ven © in magnitude. 


PROP. XCIL 


| be a ſtraight line given in magnitude be drawn within; 
circle given in magnitude, it ſhall cut off a ſeguen 
containing a given angle, 


Let the ſtraight line AC given in magnitude be drawn vill. 
in the circle ABC given in magnitude ; it ſhall cut off a ſegmen 
containing a given angle. 

Take D the centre of the circle, join B 
AD and produce it to E, and join EC : 

And becauſe each of the ſtraight lines EA, 
and AC is given, their ratio is given“; and 


the triangle ACE is given“ in ſpecies AX 70 
and conſequently, the angle AEC is given. „ 


PROP. XCIIL 


F from any point in the circumference of a circle ii 
ven in poſition two ſtraight lines be drawn mecting 
the circumference and containing a given angle; it th 
point in which one of them meets the circumference agal 
be given, the point in which the other meets it is allo 9 
ven. 


From any point A in the circumference of a circle ABC gi! 
in poſition, let AB, AC be drawn to the circumference makit 
the given angle BAC ; if the point B be 
given, the point C is allo given. 

Take D the centre of the circle, and 


points B, D is given, BD is given * in po- 
ſition 3 and becauſe the angle BAC is gi- 
yen, the angle BDC is given®, therefore 


r are 


cauſe the ſtraight line DC is drawn to the given point D in 
he ſtraight line BD given in poſition in the given angle BDC, 
)C is given © in poſition: And the circumference ABC is gi» © 32, dat. 
en in polition, therefore © the point C is given. | d 28, dat, 


PROP, XCIV. 


91. 


F from a given point a ſtraight line be drawn touching 
12 circle given in poſition ; the ſtraight line is given in 
 Whoſtion and magnitude. 
IN 7 | | | 
neu Let the ſtraight line AB be drawn from the given point A. 
ouching the circle BC given in poſition; AB is given in poli- 
jon and magnitude, | 

Take D the centre of the circle, and join DA, DB: Becauſe 
ach of the points D, A is given, the 
raight line AD is given a in poſition 
nd magnitude: And DBA is a right ® 
Ingle, wherefore DA is a diameter © of 
be circle DBA, deſcribed about the tri- 
gle DBA; and that circle is therefore 
ven d in poſition : And the circle BC is 
yen in- poſition, therefore the point B 
$ given © : The point A is alſo given; therefore the ſtraight e 23 de. 
ne AB is given “ in poſition and magnitude. 


Viths 
ment 


PROP. XCV. 5 
Fa ſtraight line be drawn from a given point without 

a circle given in poſition; the rectangle contained by 

e ſegments betwixt the point and the circumterence of 

Pe circle is given. 


Let the ſtraight line ABC be drawn from the given point A 
without the circle BCD given in poli- SEN 
nellen, cutting it in B, C; the rectangle 5 

A, AC is given. 

From the point A, draw * AD touch- C mt a 15. 3. 


by the circle; therefore AD is given B A 
Fin poſition and magnitude: And be- b 94. d 
zuſe AD is given, the ſquare of AD is 


Ven which is equal © to the rectangle BA, AC: Therefore e 56. 4x 
ve rectangle BA, AC is given. d 36. 3. 
| 14 PROP. 


0 


E U Cc. ID's 
: PROP. XCVI. 


F a ſtraight line be drawn through a given point with, 
in a circle given in poſition, the rectangle contained by 


the ſegments betwixt the point and the circumference g 
the circle is given. 


Let the ſtraight line BAC be drawn through the given point 
A within the circle BCE given in poſition ; the tefhangl BA, 
A is given. | 3s DAP 


'Take D the centre of the circle, join 
a. 
C 
— 


Becauſe the points A, D are given, the 
ſtraight line AD is given * in poſition ; 
and the circle BEC is given in poſition 
therefore the points E, F are given d, and R 
the point A is given, therefore EA, AF 
are each of them given 2; and the rect- 
angle EA, AF is therefore given; and it is equal © to the rec: 
angle BA, AC, which conſequently is given. 


AD and produce it to the points E, F. 


PROP. XCVII. 


F a ſtraight line be drawn within a circle given i 
magnitude cutting off a ſegment containing a give! 
angle; if the angle in the ſegment be biſected by a ſtraigit 
line produced till it meets the circumference, the ſtraigi 
; lines which contain the given angle ſhall both of them to 
1 gether have a given ratio to the {traight line which biſcc 
the angle: And the rectangle contained by both teh 
lines together which contain the given angle, and the pat 


of the biſecting line cut off below the baſe of the {cgment 
ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC gr 
ven in magnitude cutting off a ſegment containing the giv 
angle BAC, and let the angle BAC be biſected by the ſtraight 
line Al, BA together with AC has a given ratio to AD; at 
the r:Ctangle contained by BA and AC together, and the ſtraight 
line ED cut off from AD below BC the baſe of the fegmen!, 

IVE. 
. Jain BD; and becauſe BC is drawn within the circle AB 
HIVEs 


rect: 


BFA, BAD, the angle BFA is equal to BAD ; and the angle 
BCA is equal to BDA, therefore the triangle FCB is equiange- 
Har to ABD; As therefore as FC to CB, ſo is AD to DB; and, 
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given in magnitude cutting off the ſegment BAC, containing 
the given angle BAC; BC is given? in magnitude: By the a 9. dat. 
ame reaſon BD is given; therefore® the ratio of BC to BD b 1. dat. 
is given: And becauſe the angle BAC is biſected by AD, as 
BA to AC, ſo is© BE to EC; and, by permutation, as AB © 3. 6. 
0 BE, ſo is AC to CE; whereſore 4 as BA and AC together d 12. 5. 
0 BC, ſo is AC to CE: And hecauſe the angle BAE is equal 
%o EAC, and the angle ACE toe F 
ADB, the triangle ACE is equiangu- 
ar to the triangle ADB; therefore 
Ac to CE, fois AD to DB: But 
AC to CE, fo is BA together with 
AC to BC; as therefore BA and AC 
to BC, ſo is AD to DB; and, by 
permutation, as BA and AC to AD, | 
ſois BC to BD: And the ratio of BC to BD is given, the'®©” 
fore the ratio of BA together with AC to AD is given. | 
Alſo the rectangle contained by BA and AC together, and 
DE is given. | 
Becauſe the triangle BDE is equiangular to the triangle ACE, 
23 BD to DE, fo is AC to CE; and as AC to CE, to is BA 


© . 3. 


B 


and AC to BC; therefore as BA and AC to BC, fo is BD to 


DE; wherefore the rectangle contained by BA and AC toge- 
ther, and DE, is equal to the rectangle CB, BD: But CB, BD 
given; therefore the rectangle contained by BA and AC to- 
gether, and DE, is given. 


Other wiſe. 


Produce CA, and make AF equal to AB, and join BF; 
and becauſe the angle BAC 1s double“ of each of the angles Ce. & 
a 


by permutation, as FC, that is, BA and AC together to AD, 
ſo is CB to BD: And the ratio of CB to BD is given, there= 


ore the ratio of BA and AC to AD is given. 


And becauſe the angle BFC is cqual to the angle DAC, 
that is, to the angle DBC, and the angle Ach equal to the 


jangle ADB; the triangle FCB is equiangular to BDE, as 
therefore FC to CB, ſo is BD to DE; therefore the rectangle 


contained by FC, that is, BA and AC together, and DE 1s 4 
| | qua 


* 


if the angle adjacent to the angle in the 


2 91. dat. 


cumference, ſhall be given. 


E U.. C- L *x D *s 


qual to the rectangle CB, BD, which is given, and therefore 
the rectangle contained by BA, AC together, and DE is give, 


PROP. XCVIIL 


JF 2 {traight line be drawn within a circle given in may, 

nitude, cutting off a ſegment containing a given angle; 
ſegment be b. 
ſeed by a ſtraight line produced till it, meet the circum, 
ference again and the baſe of the ſegment ; the exceſs d 
the ſtraight lines which contain the given angle ſhall hay: 
a given ratio to the ſegment of the biſecting line which i 
within the circle; and the rectangle contained by the ſam: 
exceſs and the ſegment of the biſecting line betwixt th: 
baſe produced and the point where it again meets the ci. 


Let the ſtraight line BC be drawn within the circle ABC 
given in magnitude cutting off a ſegment containing the given 
angle BAC, and let the angle CAF adjacent to BAC be biſed. 
ed by the ſtraight line DAE meeting the circumference again 
in D, and BC the baſe of the ſegment produced in E; the en 
ceſs of BA, AC has a given ratio to AD; and the reCtangl: 
which is contained by the ſame exceſs and the ſtraight line LI) 
is given. 

Join BD, and through B, draw BG parallel to DE meectnyi 
AC produced in G: And becauſe BC cuts off from the circi 
ABC given in magnitude the ſeg- D 
ment BAC containing a given an- 
gle, BC is therefore given“ in mag- 
nitude: By the ſame reafon BD is 
given, becauſe the angle BAD is e- 
qual to the given angle EAF; there. 
fore the ratio of BC to BD is given : 
And becauſe the angle CAE is equal 
to EAF, of which CAE is equal to 
the alternate angle AGB, and EAF to the interior and oppolit 
angle ABG; therefore the angle AGB is equal to ABG, 2" 
the ſtraight line AB equal to AG; fo that GC is the cx 
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BA, AC: And becauſe the angle BGC is equal to GAE, 
at is, to EA F, or the angle BAD; and that the angle BCG 
equal to the oppoſite interior angle BDA of the quadrilateral 
CAD in the circle ; therefore the triangle BGC is equiangu- 
to BDA: Therefore as GC to CB, ſo is AD to DB; and, 
y permutation, as GC which is the exceſs of BA, AC to AD, 
is CB to BD: And the ratio of CB to BD is given; there- 
re the ratio of the exceſs of BA, AC to AD is given. 

And becauſe the angle GBC is equal to the alternate angle 
EB, and the angle BCG equal to BDE; the triangle BCG is 
iangular to BDE: Therefore as GC to CB, ſo is BD to DE; 
xd conſequently the rectangle GC, DE is equal to the reQ- 
pele CB, BD which is given, becauſe its ſides CB, BD are gi- 
n: Therefore the rectangle contained by the exceſs of BA, 
c and the ſtraight line DE is given. 


P RO P. NIX. 955 


F from a given point in the diameter of a circle given 
in poſition, or in the diameter produced, a ſtraight 
ne be drawn to any point in the circumference, and 
om that point a ſtraight line be drawn at right angles to 
ge firſt, and from the point in which this meets the cir- 
umference again, a ſtraight line be drawn parallel to the 
it ; the point in which this parallel meets the diameter 
given; and the rectangle contained by the two parallels 
given. 


la BC the diameter of the circle ABC given in poſition, or 

BC produced, let the given point D be taken, and from D 
Et a ſtraight line DA be drawn to any point A in the circum- 
etence, and let AE be drawn at right angles to DA, and from 
ſhe point E where it meets the circumference again let EF be 
Wrawn parallel to DA meeting BC in F; the point F is given, 
Valio the rectangle AD, EF. 
# Produce EF to the circumference in G, and join AG: Be- 
aufe GEA is a right angle, the ſtraight line AG is“ the dia- a Cor. g. 4. 
Peter of the circle ABC; and BC is alſo a diameter of it; 
Percfore the point H where they meet is the centre of the 
prele, and contequently H is given: And the point D is given, 
Ficrclore DH is given in magnitude: And becauſe AD is * 
3 ralle 


4 
1 
1 
5 
id 
* 
5 
3 
1 
3 
2 
= 
* 


I 


q 7 F 
L 
. 
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16. therebore © the rectangle EF, FG is given: And GF is equi 
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rallel to FG, and GH equal to HA; DH is equal® to HF, ,, 
AD equal to GF: And DH is given, therefore HF is gien 


magnitude; and it is alſo given in poſition, and the point Ki 
given, therefore © the point F is given. 

And becaufe the ſtraight line EFG is drawn from a gin 
point F without or within the circle ABC given in poſtin 


, wherefore the tectangle AD, EF is given. 


FROF. e. 


F from a given point in a ſtraight line given in pil 
I tion, a ſtraight line be drawn to any point in the d 
cumference of a circle given in poſition ; and from tl 
point a ſtraight line be drawn making with the firſt 
angle equal to the difference of a right angle and the any 
contained by the ſtraight line given in poſition, and th 
ſtraight line which joins the given point and the centres 
the circle; and from the point in which the ſecond lit 
meets the circumference. again, a third ſtraight line 6 
drawn making with the fecond an angle equa] tot! 
which the firſt makes with the ſecond: The point in wii 
this third line meets the ſtraight line given in poſition 
given; as allo the rectangle contained by the firlt {tray 
line and the ſegment of the third betwixt the circum 

rence and the ſtraight line given in poſition, is given, 


Let the ſtraight line CD be drawn from the given pont 
in the ſtraight line AB given in poſition, to the circurmtcr 
of the circle DEF given in poſition, of which G is the cel 
join CG, and from the point D let DF be drawn making! 
angle CDF equal to the difference of a right angle aud 
angle BCG, and from the point F let FE be drawn u 
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e angle DFE equal to CDF, meeting AB in H: The point I is 
ten; as alſo the rectangle CD, FH. 

Let CD, FH meet one another in 

e point K, from which draw KL D 
rpendicular to DF; and let DC 
et the circumference again in M, 
4let FH meet the ſame in E, and 
in MG, GF, GH. | 

Becauſe the angles MDF, DEE are 
nal to one another, the circumfe- 
aces MF, DE are equal“; and add- 
or taking away the common part 

, the circumference DM is equal 

EF; therefore the ſtraight line DM D 
equal to the 1 line EF, and 

e angle GMD to the angle b GFE; 
i the angles GMC, GFH are equal E 
| one another, becauſe they are ei- 
er the ſame with the angles GMD, 
FE, or adjacent to them: And be- 
uſe the angles KDL, LED are toge- 
requal© to a right angle, that is, 
the hypotheſis, to the angles KDL, Wo 
B; the angle GCB or GCH is & 

al to the angle (LKD, that is, 0 C HB 

angle) LEF or GEH : Therefore the points C, K, H. G 

in the circumference of a circle; and the angle GC is 

refore equal to the angle GHF; and the angle GMC is e- 

al to GFH, and the ſtraight line GM to GF; therefore 4 CG d 26. k. 
equal to GH, and CM to HF: And becauſe CG is equal to 

H, the angle GCH is equal ro GHC ; but the angle GCH is 

en: Therefore GHC 1s given, and conſequently the angle 

His given; and CG is given in poſition, and the point G; 

rctore® GH is given in polition 3 and CB is alſo given in po- © 32 dat. 
lon, wherefore the point H is given. 

And becauſe HF is equal to CM, the rectangle DC, FH is e- 

al to DC, CM: But DC, CM is givenf, becauſe the point f 95: or 96. 
is given; therefore the rectangle DC, FH is given. * 
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N O T 8 
ON 


r. 


DEFINITION II. 


HIS is made more explicit than in the Greek text, to pre- 
vent a miſtake which the author of the ſecond demon- 
ſration of the 24th propoſition in the Greek edition has fallen 
into, of thinking that a ratio is given to which another ratio is 
ſhown to be equal, though this other be not exhibited in given 
magnitudes. See the notes on that propoſition, which 1s the 
13th in this edition. Beſides, by this definition, as it is now gi- 
ren, ſome propoſitions are demonſtrated, Which in the Greek 
are not ſo well done by help of prop. 2. 


DTF. IV. 


In the Greek text, def. 4. is thus: “ Points, lines, ſpaces, 
and angles are ſaid to be given in polition which have always 
the ſame ſituation ;”” but this is imperfect and uſeleſs, becauſe 
there are innumerable cafes in which things may be given accor- 
ding to this definition, and yet their poſition cannot be found; 
for inſtance, let the triangle ABC be given in poſition, and let 
it be propoſed to draw a ſtraight line BD from the angle at B 


to the oppobte ſide AC which ſhall cut A 

off the angle DBC which ſhall be the 

leyenth part of the angle ABC; ſuppoſe 

this is done, therefore the ſtraight line — 
BD is invariable in its poſition, that is, B C 


has always the ſame ſituation; for any 
other ſtraight line drawn from the point B on either ſide of 
BD cuts off an angle greater or leſſer than the ſeventh part of 
the angle ABC; therefore, according to this definition, the 
ſtraight line BD is given in poſition, as alſo* the point D in a 28. dat. 
which it meets the ſtraight line AC which is given in poſition. 
But from the things here given, neither the ſtraight line BD 
nor the point D can be found by the help of Euclid's Ele- 
ments only, by whick every thing in his data is ſuppoſed may 

e 


b 44. dat. 
e 2. dat. 


can be ſound“; let this be C; and becauſe the ratio ot 
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be found. This definition is th erefore of no uſe. We hare; 
mended it by adding,“ and which are either actually exhibits 
1 or can be found ;” for nothing is to be reckoned given, whic 
cannot be found, or is not actually exhibited. a 

The definition of an angle given by poſition is taken out 
the 4th, and given more diſtinctly by itſelf in the deſinitie 
marked A. | 


DEF. XI. XII. XI. XIV. XV. 


The 11th and 12th are omitted, becauſe they cannot be gin 
in Engliſh ſo as to have any tolerable, ſenſe; and, therefor, 
wherever the terms defined occur, the words which exptel 
their meaning are made uſe of in their place. 

The 13th, 14th, 15th are omitted, as being of no uſe. 

It is to be obferved in general of the data in this book, thi 
they are to be underitood to be given bear vacant not alway 
arithmetically, that is, they cannot always be exhibited in nun 
bers; for inſtance, if the fide of a ſquare be given, the ratios 
it to its diameter is given ® geometrically, but not in numbers 
and the diameter is given ©; but though the number of anye 
qual parts in the ſide be given, for example 10. the number 
them in the diameter cannot be given: And the like holds1 
many other caſes. 


PROPOSETION: L 


In this it is ſhown that A is to B, as C to D, from this, that 
A is to C, as B to D, and then by permutation; but it follos 
directly, without theſe two ſteps, from 7. 5. 


PR O P. II. 


The limitation added at the end of this propoſition betweet 
the inverted commas is quite neceſſary, becauſe without it the 
propoſition cannot always be demonſtrated : For the autbo! 
having faid ® „ becauſe A is given, a magnitude equal to 


« to B is given, a ratio which is the ſame to it can be tound®, 
adds, „let it be found, and let it be the ratio of C to 4 
Now, from the ſecond definition nothing more follov 
than that ſome ratio, ſuppoſe the ratio of E to Z, can ® 
found, which is the ſame with the ratio of A to B; 01 
when the author ſuppoſes that the ratio of C to 4, which 


* Sce Dr Gregory's edition of the data, 
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ſo the fame with the ratio of A to B, can be found, he ne- 
Marily ſuppoſes that to the three magnitudes E, Z, C, a 
burth proportional A may be found; but this cannot always 
je done by the Elements of Euclid; from which it is plain 
uclid muſt have underſtood the Propoſition under the limita- 
jon which is now added to his text. An example will make 


his clear; let A be a given angle, 
ind B another angle to which A has A 
given ratio, for inſtance, the ratio 
pf the given ſtraight line E to the gi- 
en one Z; then, having found an | 
C 1 


ngle C equal to A, how can the 
ngle A be found to which C has the 
ame ratio that E has to Z? certainly 
jo way, until it be ſhewn how to find 
n angle to which a given angle has 
| given ratio, which cannot be done 2 

by Euclid's Elements, nor probably by any Geometry known 
In his time. Therefore, in all the propoſitions of this book 
yhich depend upon this ſecond, the above mentioned limitation 
muſt be underſtood, though it be not explicitly mentioned. 


PROP. V. 


The order of the Propoſitions in the Greek text between 
prop. 4. and prop. 25. is now changed into another which is 
ore natural, by placing thoſe which are more ſimple before 
thoſe which are more complex; and by placing together thoſe 
which are of the ſame kind, ſome of which were mixed among 
others of a different kind. Thus, prop. 12. in the Greek is now 
made the 5th, and thoſe which were the 22d and 23d are made 
the 11th and 12th, as they are more ſimple than the propoſitions 
oncerning magnitudes, the exceſs of one of which above a gi- 
en magnitude has a given ratio.to the other, after which theſe 
wo were placed; and the 24th in the Greek text is, for the 
ame reaſon, made the 13th. 


PROP. VI. VII. 


nonſtrated by prop. 2, which has a limitation; they are there- 
Me now ſhewn without it. | 


Theſe are univerſally true, tho? in the Greek text they are de- 


NOT E S ON 


PROP. XII. 


In the 23d prop. in the Greek text, which here is the 120. 
the words, “ wy Tv; aun, 3+,” are wrong tranſlated by Claud. 
Hardy, in his edition of Euclid's Data, printed at Part, 
ann. 1625, which was the firſt edition of the Greek text 
and Dr Gregory follows him in tranſlating them by the 
words, ** etfi non eaſdem,“ as if the Greek had been « »« w 
1s; aur, as in prop. 9. of the Greek text. Euclid's meaning 
is, that the ratios mentioned in the propoſition mult not be the 
7 for, if they were, the propoſition would not be true 
Whatever ratio the whole has to the whole, if the ratios of the 
parts of the firſt to the parts of the other be the ſame with this 
ratio, one part of the firſt may be double, triple, &c. of the « 
ther part of it, or have any other ratio to it, and conſequently 
cannot have a given ratio to it; whereſore, theſe words mul 
be rendered by“ non autem eaſdem,” but not the ſame ratio: 
as Zambertus has tranſlated them in his edition. 


PROP. XIII. 


Some very ignorant editor has given a ſecond demonſtration 
of this propoſition in the Greek text, which has been as igno 
rantly kept in by Claud. Hardy and Dr Gregory, and has beet 
retained in the tranſlations of Zambertus and others; Carolu 
Renaldinus gives it only : 'The author of it has thought that a 
ratio was given if another ratio could be ſhown to be the ſame! 
it, though this laſt ratio be not found: But this is altogether a! 
ſurd, becauſe from it would be deduced that the ratio of the 
ſides of any two ſquares is given, and the ratio of the diameters 
of any two circles, &c. And it is to be obſerved, that the mo 
derns frequently take given ratios, and ratios that are always the 
ſame, for one and the ſame thing; and Sir Iſaac Newton ha 
fallen into this miſtake in the 19th Lemma of his Principia, ed: 
1713, and in other places; but this ſhould be carefully avoided 
as it may lead into other errors. 


PROP. XIV. XV. 


Euclid in this book has ſeveral propoſitions concerning 


magnitudes, the exceſs of one of which above a given mas 
nitu 
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nitude has a given ratio to the other; but he has given none 
concerning magnitudes whereof one together with a given 
magnitude has a given ratio to the other ; though theſe laſt oc- 
cur as frequently in the ſolution of problems as the firſt ; the 
reaſon of which is, that the laſt' may be all demonſtrated by 
help of the firſt; for, if a magnitude, together with a given 
magnitude has a given ratio to another magnitude, the exceſs of 
this other above a given magnitude ſhall have a given ratio to 
the firſt, and on the contrary; as we have demonſtrated in prop. 
14 And for a like reaſon prop. 15. has been added to the 
data, One example will make the thing clear; ſuppoſe it 
were to be demonſtrated, that if a magnitude A together with a 
given magnitude has a. given ratio to another magnitude B, 
that the two magnitudes A and B, together with a given mag- 
nitude, have a given ratio to that other magnitude B; which is 
the ſame propolition with reſpeCt to the laſt kind of magnitudes 


above mentioned, that the firſt part of prop. 16. in this edition 


is in reſpect of the firſt kind: This is ſhewn thus; from the hy- 
potheſis, and by the firſt part of prop. 14. the exceſs of B above 
a given magnitude has unto A a given ratio; and, therefore, by 
the firſt part of prop. 17. the exceſs of B above a given magni- 
tude has unto B and A together a given ratio; and by the ſe- 
cond part of prop. 14. A and B together with a given magni- 
tude has unto B a given ratio; which is the thing that was to 
be demonſtrated. In like manner, the other propoſitions con- 
cerning the laſt kind of magnitudes may be ſhewn. 


PROP. XVI. XVII. 


In the third part of prop. 10. in the Greek text, which is the 
16th in this edition, after the ratio of EC to CB has been 
ſhown to be given; from this, by inverſion and converſion the 
ratio of BC to BE is demonſtrated to be given ; but without 
thele two ſteps, the concluſion ſhould have been made only by 
citing the 6th propoſition. And in like manner, in the firſt 
part of prop. 11. in the Greek, which in this edition is the 17th 
ſrom the ratio of DB to BC being given, the ratio of DC to DB 
is ſhewn to be given, by inverſion and compoſition, inſtead of 


citing prop. 7. and the ſame fault occurs in the ſecond part of 
the ſame prop. 11, | | 
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NOTE 5 ON 


PROP. XXI. XXIL 
Theſe now are added, as being wanting to complete the ſub. 
ject treated of in the four preceding propoſitions. 


PROP. XXIII. 

This, which is prop. 20. in the Greek text, was ſeparated 
from prop. 14. 15. 16. in that text, after which it ſhould bare 
been immediately placed, as being of the ſame kind; it is now 
put into its proper place; but prop. 21. in the Greek is left out, 
as being the fame with prop. 14. in that text, which is here 


Prop. 18. 
PROP. XXIV. 
This, which is prop. 13. in the Greek, is now put into its 
proper place, having been disjoined from the three following i: 
in this edition, which are of the ſame kind. 


PROP. XXVIII. 

This, which in the Greek text is prop. 28. and ſeveral of the 
following propoſitions are there deduced from def. 4. which is 
not ſufhcient, as has been mentioned in the note on that deb. 
nition: They are therefore now ſhewn more explicitly. 


PROP. XXXIV. XXXVI. 
Each of theſe has a determination, which is now added, whick 
occalions a change in their demonſtrations. 


PK O'P. Aen. AXXIXZX. XL ALL 

The 35th and 36th propoſitions in the Greek text are joined 
into ane, which makes the 39th in this edition, becauſe the lame 
enunciation and demonſtration ſerves both: And for the ſame 
reaſon prop. 37. 38. in the Greek are joined into one, which 
here is the 40, 

Prop. 37- is added to the Data, as it frequently occurs in the 
ſolution of problems ; and prop. 41. is added to complete the 


reſt. 
PROP. XLII. 
This is prop. 39. in the Greek text, where the whole con- 
ſtruCtion of prop. 22. of book I. of the elements is put, without 
need, into the demonſtration, but is now only cited. 


P'R OP. XIV. . 
This is prop. 42. in the Greek, where the three ſtraight lines 
made uſe of in the conſtruction are ſaid, but not ſhewn, to be 
ſuch that any two of them is greater than the third, which !s 
now done. 


PROF. 
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"PROP. XLVIL 


This is prop. 44. in the Greek text; but the demonſtration 
of it is changed into another wherein the ſeveral cafes of it are 
ſewn, which, though neceſſary, is not done in the Greek. 


PROP. XLVUL 
There are two caſes in this propolition, arifng from the two 
caſes of the third part of prop. 47. on which the 48th depends; 
and in the compohtion theſe two caſes are explicitly given, 


PR OP. LIL 


The conſtruction and demonſtration of this, which is prop. 
48. in the Greek, are made ſomething ſhoiter than in that text. 


PR O P. LA. 


Prop. 63. in the Greek text is omitted, being only a caſe ot 
prop. 49. in that text, which is prop. 53+ in this edition. 


FRO P. LVIII. 

This is not in the Greek text, but its demonſtration is con- 
tained in that of the firſt part of prop. 5 4. in that text; which 
propoſition is concerning hgures that are given in ſpecies: This 
53th is true of ſimilar figures, though they be not given in 
Ipecies, and, as it frequent'y occurs, it was ncceflary to add it. 


PRO FP. LI. LX 


This is the g4th in the Greek; and the 57th in the Greek, 
being the very ſame with it, is left out, and a ſhorter demon- 
liration is given of prop. 61. 


PROP. LXII. 


This, which is moſt frequently uſeful, is not in the Greek, 
and is neceſſary to prop. 87. 88. in this edition, as allo, though 
not mentioned, to prop. 86. 87. in the former editions. Prop. 
66. in the Greek text is made a corollary to it. 


ROPE. LXIV. 


This contains both prop. 74. and 73. in the Greek text; the 
ſirſt caſe of the 74th is a repetition of prop 56. from which it is 
leparated in that text by many propoſitions; and as there is no 
order in theſe propoſitions, as they ſtand in the Greek, they 
are now put into the order which ſecmed molt convenient and 


natural. 
G eg 3 The 


NOT ES NN 


The demonſtration of the firſt part of prop. 73: in the Greek 
is groſsly vitiated. Dr Gregory ſays, that the ſentences he hz 
incloſed betwixt two ſtars are ſuperfluons, and ought to be can. 
celled ; but he has not obſerved, that what follows them is ab. 
ſurd, being to prove that the ratio [See his figure] of Art, 
T K is given, which by the hypotheſis at the beginning of the 
propoſition is expreſsly given; ſo that the whole of this Part 
was to be altered, which is done in this prop. 64. 


PROP. LXVIL LXVIIL 


Prop. 70. in the Greek text is divided into theſe two, (9; 
the ſake of diſtinctneſs; and the demonſtration of the 65th i; 
rendered ſhorter than that of the firſt part of prop-. 70. in the 
Greek, by means of prop. 23. of book 6. of the elements. 


PROP. LXX. 


This is prop. 62. in the Greek text; prop. 78. in that text i; 
only a particular caſe of it, and is therefore omitted. 

Dr Gregory, in the demonſtration of prop. 62. cites the 49th 
prop- dat. to prove that the ratio of the figure AEB to the pa- 
rallelogram AH is given; whereas this was ſhewn a few lines 
before: And beſides, the 49th prop. is not applicable to theſe 
two figures ; becauſe AH is not given in ſpecies, but is by the 


ſtep for which the citation is brought, proyed to be given in 
ſpecies. 


PROP. LXXIII. 


Prop. 83. in the Greek text is neither well enunciated nor 
demonſtrated. The 73d, which in this edition is put in place of 
it, is really the ſame, as will appear by conſidering [See D. 
Gregory's Edition] that A, B, r, E in the Greek text are 
four proportionals; and that the propoſition is to ſhew that 
A, which has a given ratio to E, is to r, as B is to a 
ſtraight line to which A has a given ratio; or, by inverſion, 
that T is to A, as a ſtraight line to which A has a given 
ratio is to B; that is, if the proportionals be placed in this 
order, viz. T, E, A, B, that the firſt T is to A to which the 
ſecond E has a given ratio, as a ftraight line to which the 
third A has a given ratio is to the fourth B; which is the 
enunciation of this 73d, and was thus cbanged that it might 
be made like to that of prop. 72. in this edition, which Y 
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the gad in the Greek text: And the demonſtration of prop. 73. 
is the ſame with that of prop. 72. 8 making uſe of prop. 23. 
inſtead of prop. 22. of book 5. of the Elements. 


PROP. LXXVII. 

This is put in place of prop. 79. in the Greek text, which 
is not a datum, but a theorem premiſed as a lemma to prop. 80. 
in that text: And prop. 79. is made cor. 1. to prop. 77. in 
this edition. Cl. Hardy, in his edition of the data, takes no- 
tice, that in prop. 80. of the Greek text, the parallel KL in the 
figure of prop. 77. in this edition, muſt meet the circumference, 
but docs not demonſtrate it, which is done here at the end of 
cor. 3. of prop. 77. in the conſtruction for finding a triangle 


ſimilar to ABC. 
PR OP. LAXVIII. 


The demonſtration of this, which is prop. 80. in the Greek, 
is rendered a good deal ſhorter by help of prop. 77. 


PROP. LXXIX. LXXX. LXXXI. 


Theſe are added to Euclid's data, as propoſitions which are 
often uſeful in the ſolution of problems. 


PROP. LXXXII. 


This, which is prop. 60. in the Greek text, is placed before 
the 83d and 84th, which in the Greek are the 58th and 5yth, 
becauſe the demonſtration of theſe two in this edition are dedu- 
ced from that of prop. 82. from which they naturally tollow, 


PROP. LXXXVIII. XC. 


Dr Gregory, in his preface to Euclid's works, which he 
publiſhed at Oxford in 1703, after having told that he had 
ſupplied the defects of the Greek text of the data in innu— 
merable places from ſeveral manuſcripts, and corrected Cl. 
Hardy's tranſlation by Mr Bernard's, adds, that the 86th the- 
orem, or propoſition,” ſeemed to be remarkably vitiated, 
but which could not be reſtored by help of the manuſcripts z 
then he gives three different tranſlations of it in Latin, ac- 
cording to which he thinks it may be read; the two firſt have 
no diſtinct meaning, and the third, which he ſays is the beſt, 


though jt contains a true propoſition, which is the goth in this e- 
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dition, has no connection in the leaſt with the Greek tex; 
And it is ſtrange that Dr Gregory did not obſerve, that, ij 
prop. 86. was changed into this, the demonſtration of the 86th 
muſt be cancelled, and another put in its place : But the truth 
13, both the enunciation and the demonſtration of prop. 86, 
are quite entire and right, only prop. 87. which is more ſimple, 
aught to have been placed before it; and the deficiency which 
the Doctor juſtly obſerves to be in this part of Euclid's data, 
and which, no doubt, is owing to the careleſineſs and ignorance 
of the Greek editors, ſhould have been ſupplied, not by chan: 
ging prop. 86. which is both entire and neceſſary, but by add. 
ing the two propoſitions, which are the 88th and goth in this 
edition. | 


PROP. XCVIII. c. 


Theſe were communicated to me by two excellent geometer:, 
the {irit of them by the Right Honourable the Earl of Stanhope, 
and the other by Dr Matthew Stewart; to which I have added 
the demonſtrations. 

Though the order of the propoſitions has been in many pla- 
ces changed from that in former editions, yet this will be of 
little diſadvantage, as the antient geometers never cite the data, 
and the moderns very rarely. | | 


5 that part of the compoſition of a problem which is its 

conſtruction may not be fo readily deduced from the ange- 
iviis by beginners: For their ſake the following example is 
Z ven, in Which the derivation of the ſeveral parts of the con- 
ilrection from the analyſis is particularly ſhown, that they may 
be alliitcd to do the like in other problems. 
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Having given the magnitude of a parallelogram, the angle 
o which ABC 1s given, and alſo the exceſs of the ſquare of its 
{de BC above the iquace of the fide AB; to find its ſides, and 
deſcribe it. | | Eds 

The analyſis of this is the ſame with the demonſtration of the 
87th prop of the data, and the conſtruction that is given ot 
the problem at the end of that propoſition is thus derived from 
the aualyſis. N r 

Let 
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Let EFG be equal to the given angle ABC, and becaufe 
1 the analyſis it is ſaid that the ratio of the rectangle AB, 
c to the parallelogram AC is given by the 62d prop. dat. 
terefore, from a point in FE, the perpendicular EG is drawn 
G, as the ratio of FE to EG is the ratio of the reQtangle 


M 


n 
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D, BC to the parallelogram AC by what is ſhown at the end 
prop. 62. Next, the magnitude of AC is exhibited by 
xking the rectangle EG, GH equal to it; and the given 
xcels of the ſquare of BC above the ſquare of BA, to which 
xceſs the reQtangle CB, BD is equal, is exhibited by the 
tangle HG, GL: Then in the analyſis, the rectangle AB 
C is ſaid to be given, and this is equal to the rectangle FE, 
H. becauſe the rectangle AB, BC is to the parallelogram AC, 
s (FE to EG, that is, as the reCtangle) FE, GH to EG, GH; 
ach the parallelogram AC is equal to the rectangle EG, GH, 
erefore the W AB, BC, is equal to FE, GH: And 
nſequently the ratio of the rectangle CB, BD. that is, of the 
ctangie HG, GL, to AB, BC, that is, of the ſtraight line 
to BA, is the ſame with the ratio (of the rectangle GL, 
to FE, GH, that is) of the ſtraight line- GI to FE, which 
to of DB to BA is the next thing ſaid to be given in the 
talyſis; From this it is plain that the ſquare of FE is to the 
ware of GL, as the ſquare of BA, which is equal to the 
tangle BC, CD, is to the ſquare of BD: The ratio of which 
aces is the next thing ſaid to be given: And from this it 
lows that tour times the ſquare of FE is to the ſquare of GL, 
tour times the reCtangle BC, CD is to the ſquare of BD; 
i, by compoſition, four times the ſquare of FE together 
th the ſquare of GL, is to the ſquare of GL, as four times 
: reclangle BC, CD together with the ſquare of BD, is to 
* ſquare of BD, that is (8. 6) as the ſquare of the 
2\ght lines BC, CD taken together is to the ſquare of BD, 
nich ratio is the next thing ſaid to be given in the analyſis : 
nd becauſe four times the ſquare of FE and the iquire of 
Lare to be added together; therefore in the 26 a" 
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NOTES ON: 


EG there is taken KG equal to FE, and MG equal to he 7,1 
double of it, becauſe thereby the ſquares of MG, GL, ha rd 
3s, joining ML, the ſquare of ML is equal to four times the iſ: g 
ſquare of FE and to the ſquare of GL: And becauſe the inc 
ſquare of ML is to the ſquare of GL, as the ſquare of the bore 
ſtraight line made up of BC and CD is to the ſquare of BY, Wt B 
therefore (22. 6.) ML is to LG, as BC together with CD U A] 
to BD; and, by compoſition, ML and LG together, that is, conſe: 
producing GL to N, ſo that ML be equal to LN, the ſtraight given 
line NG is to GL, as twice BC is to BD; and by taking G60 ri 
equal to the half of NG, GO is to GL, as BC to BD, the :MMhcref 
tio of which is ſaid to be given in the analyſis : And from this nd B 
it follows, that the rectangle HG, GO is to HG, GL, ore tl 
the ſquare of BC is to the rectangle CB, BD which is equi aufe 
to the rectangle HG, GL; and therefore the ſquare of BC ir ar 
equal to the rectangle HG, GO; and BC is conſequently 
found by taking a mean proportional betwixt HG and G0 

as is ſaid in the conſtruction : And becauſe it was ſhown that | 
GO is to GL, as BC to BD, and that now the three firſt Let 


found, the fourth BD is found by 12. 6. It was likewiſe ſhownWed to 
that LG is to FE, or GK, as DB to BA, and the three firſt ate to } 
now found, and thereby the fourth BA. Make the angle AB ee tha 
equal to EFG, and complete the parallelogram of which een re 
ſides are AB, BC, and the conſtruction is finiſhed ; the relt oſs req 
the compolition contains the demonſtration. is to | 
prop. 
the gi 
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8 the propoſitions from the 13th to the 28th may be thought 
by beginners to be leſs uſeful than the reſt, becauſe they 
cannot fo readily ſee how they are to be made uſe of in the ſolu- Ah th 
tion of problems; on this account the two following problems{Wmnakir 
are added, to ſhow that they are equally uſeful with the other And | 
propoſitions, and from which it may be eaſily judged that many third, 
other problems depend upon theſe propoſitions. | e 
Ng t 
000 
to EF 
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PROBLEM 1. 


O find three ſtraight lines ſuch, that the ratio of tis 
| firſt to the ſecond is given; and if a given ſtraiglt 
line be taken from the ſecond, the ratio of the remail 
der to the third is given; alſo the rectangle containcs 
by the firſt and third is given, | 


Le 
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Let AB be the firſt ſtraight line, CD the ſecond, and EF the 
mird: And becauſe the ratio of AB to CD is given, and that 
fa given ſtraight line be taken from CD, the ratio of the re- 
minder to'EF is given; therefore“ the exceſs of the firſt AB 2 24. dat. 
thove a given (ſtraight line has a given ratio to the third EF: 

Let BH be that given ſtraight line; therefore AH, the exceſs 

of AB above it, has a given ratio to EF; and A H 

conſequently d the rectangle BA, AH, has a — — b x. 9. 
gen ratio to the rectangle AB, EF, which 

bf retanple is given by the hypotheſis; C G D 
therefore ® the rectangle BA, AH 1s given, E F 

and BH the exceſs of its ſides is given; where- 


c 2. dat, 


fore the ſides AB, AH are given*: And be- 


EF are given, CD and EF are“ given. 


The Compoſition. 


Let the given ratio of KL to KM be that which AB is requi- 
red to have to CD; and let DG be the given ſtraight line which 
js to be taken from CD, and let the given ratio of KM to KN 
te that which the remainder mult have to EF; alſo let the gi- 
ren rectangle NK, KO be that to which the rectangle AB, EF 
is required to be equal: Find the given ſtraight line BH which 
1s to be taken from AB, which is dope, as plainly appears from 
prop. 24. dat. by making as KM to KL, ſo GD to HB. To | 
the given ſtraight line BH apply © a rectangle equal to LK, KO e 29. 6. 
exceeding oy a ſquare, and let BA, AH be its ſides: Then is 
AB the firſt of the ſtraight lines required to be found, and by 
making as LK to KM, ſo AB to DC, DC will be the ſecond ; 
_ laſtly, make as KM to KN, fo CG to EF, and EF is the 
third, | 
For as AB to CD, ſo is HB to GD, each of theſe ratios be- 
ing the ſame with the ratio of LK to KM; therefore f AH is f 19. 5. 
to CG, as (AB to CD, that is, as) LK to KM; and as CG 
o EF, ſo is KM to KN; wherefore, ex aequali, as AH to EF, 
o is LK to KN: And as the rectangle BA, AH to the rectan- 
kle BA, EF, ſo is s the rectangle LK, KO to the rectangle KN, g f. 6. 
RO: And, by the conſtruction, the rectangle BA, AH is equal 
0 LK, KO: Therefore ® the rectangle AB, EF is equal to the h 14. 5. 
zen tectangle NK, KO: And AB has to CD the given ratio of 
Lio KM; and from CD the given ſtraight line GD being taken, 
ine remainder CG has to EF the given ratio of KM to KN. 


Q E. P. 
PROB, 
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\ d 85. dat. 
auſe the ratios of AB to CD, and of AH to &_ MME O © 7 
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4 34. dat. 


d 47 1. 


i 2. dat. 


Þ 44. dat. 
e 32. dat. 
e 34. dat. 


1 28. dat. 
2 33. dat, 


h 29. dat. 


NOT E E 8 


"TO find three ſtraight lines ſuch, that the ratio of the 
firſt to the ſecond is given; and if a given ſtraigtt 
line be taken from the ſecond, the ratio of the remain. 
der to the third is given; alſo the ſum of the ſquares 
the firſt and third is given. 


0 


Let AB be the firſt ſtraight line, BC the ſecond, and BD the 
third : And becauſe the ratio of AB to BC is given, and that if 
a given ſtraight line be taken from BC, the ratio of the remain. 
der to BD is given; therefore“ the exceſs of the firſt AB abore 
a given ſtraight line, has a given ratio to the third BD: Le 
AE be that given ſtraight line, therefore the remainder EB hz 
a given ratio to BD: Let BD be placed at right angles to EB, 
and join DE; then the triangle EBD is“ given in ſpecics; 
wherefore the angle BED is given: Let Ak, which is given in 
magnitude, be given alſo in poſition, as alſo the point E, and 
the ſtraight line ED will be given“ in poſition: Join AU, and 
becauſe the ſum of the ſquares of AB, BD, that is 4, the ſquare 
of AD is given, therefore the ſtraight line AD is given in may- 
nitude; and it is alſo given“ in poſition, becauſe from the g. 
ven point A it is drawn to'the ſtraight line ED given in poſition : 
Therefore the point D, in which the two ſtraight lines AD, LD 
given in poſition cut one another, is given f: And the {traight 
line DB which is at right angles to AB.is given © in poſition, aud 
AB is given in poſition, therefore f the point B is given: An 
the points A, D are given, wherefore the ſtraight lines A, 
BD are given: And the ratio of AB to BC is given, and thee: 
fore i BC is given. | 


The Compoſition. 


Let the given ratio of FG to GH be that which AB is requi- 
red to have to BC, and let HE be the given ſtraight hie 
which is to be taken from BC, and let the ratio which thc te. 


D 


L 


© BUM C: | 
mainder 1s required to have to BD be the given ratio © 
to GL, and place GL at right angles to FH, and join LY, 
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ext, as HG is to GF, ſo make HK to AE; produce AE to 

| ſo that AN be the ſtraight line to the ſquare of which the 

um of the ſquares of AB, BD is required to be equal; and 

nake the angle NED equal to the angle GFL; and from the 

entre A at the diſtance AN deſcribe a circle, and let its cir- 

umference meet ED in D, and draw DB perpendicular to AN, 

nd DM making the angle BDM equal to the angle GLH. 

Laſtly, produce BM to C, ſo that MC be equal to HK; then is 

\B the firſt, BC the ſecond, and BD the third of the ſtcaight 

nes that were to be found. 

For the triangles EBD, FGL, as alſo DBM, LGH being 

quiangular, as EB to BD, fo is FG to GL; and as DB to 

BM, ſo is LG to GH; therefore, ex aequali, as EB to BM, | 

bis (FG to GH, and ſo is) AE to HK or MC; wherefore , Kk 12. 5? 

AB is to BC, as AE to HK, that is, as FG to GH, that is, 

in the given ratio; and from the ſtraight line BC taking MC, 

which is equal to the given ſtraight line HK, the remainder 

BM has to BD the given ratio of HG to GL; and the ſum of 

the ſquares of AB, BD is equal to the ſquare of AD or AN, d 47. 1. 

phich is the given ſpace. Q. E. D. | 
| believe it would be in vain to try to deduce the preceding 

conſtruction from an algebraical ſolution of the problem. 
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LANE TRIGONOMETRY. 
"LEMMA L Fic. r; 


ET. ABC be a rectilineal angle, if about the point B as a 
centre, and with any diſtance BA, a circle be deſcribed, 
meeting BA, BC, the ſtraight lines including the angle ABC 
in A, C; the angle ABC will be to four right angles, as the 
ich AC to the whole circumference. 
produce AB till it meet the circle again in F, and through B 
dtaw DE perpendicular to AB, meeting the circle in D, E. 
By 33- 6. Elem. the angle ABC is to a right angle ABD, as 
the arch AC to the arch AD; and quadrupling the conſe- 
quents, the angle ABC will be to four right angles, as the 
uch AC to four times the arch AD, or to the whole circum- 
[erenCe., 


LEMMA IL. Fic. 2. 


ET ABC be a plane reCtilineal angle as before: About B 

as a centre with any two diſtances BD, BA, let two cir- 

cies be deſcribed meeting BA, BC in D, E, A, C; the arch 
AC will be to the whole circumference of which it is an arch, 
43 the arch DE is to the whole circumference of which it is an 


ch. 


By Lemma 1. the arch AC is to the whole circumference of 
which it is an arch, as the angle ABC is to four right angles; 
and by the ſame Lemma 1. the arch DE is to the whole cir- 
eumſerence of which it is an arch, as the angle ABC is to four 
ght angles; therefore the arch AC is to the whole circumfe- 
rence of which it is an arch, as the arch DE to the whole cirs 
wunference of which it is an arch. 


1 


DEFINITIONS. Fic. 3. 


J. 
ET ABC be a plane retilineal angle; if about B as a 
centre, with BA any diſtance, a circle ACF be deſcribed 
meeting BA, BC, in A, C; the arch AC is called the mea- 
lure of the angle ABC. | | 


II. 
The circumference of a circle is ſuppoſed to be divided 1 
H gon 
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360 equal parts called degrees, and each degree into 60 equal 
parts called minutes, and each minute into 60 equal pary 
called ſeconds, &c. And as many degrees, minutes, {: 
conds, &c. as are contained in any arch, of ſo many degrees 
minutes, ſeconds, &c. is the angle, of which that arch is th 
meaſure, ſaid to be. | | 1 

Cor. Whatever be the radius of the circle of which the me 
ſure of a given angle is an arch, that arch will contain the 
ſame number of degrees, minutes, ſeconds, &c. as is mani 
feſt from Lemma 2. = : a 

I. 


Let AB be produced till it meet the circle again in F, the ang 
CBF, which, together with ABC, is equal to two Tight angle; 
is called the Supplement of the angle ABC. 


Vi beit d g bot 
A ſtraight line CD drawn through C, one of the extremitics e 
the arch AC, perpendicular upon the diameter paſſing throug| 
the other extremity A, is called the Sine of the arch AC, of 
of the angle ABC, of which it is the meaſure. h 
Cor. The Sine of a quadrant, or of a right angle, is equal tt 
the radius, 1111422 
V. oy 
The ſegment DA of the diameter paſſing through A, one er 
tremity of the arch AC between the fine CD, and that en 
tremity, is called the Verſed Sine of the arch AC, or ang! 
ABC. y N 
I. 


A ſtraight line AE touching the circle at A, one extremity 0 
the arch AC, and meeting the diameter BC paſſing thioug 
the other extremity C in E, is called the Tangent ot the arc 

AC, or of the angle ABC. 5 


Fil t VII. 

The ſtraight line BE between the centre and the extremity e 
the tangent AE, is called the Secant of the arch AC, © 
angle ABC, 

Co. to def. 4. 6. 7. The ſine, tangent, and ſecant of any ang 
ABC, are likewiſe the fine, tangent, and ſecant of its ſuppl: 
ment CBF. 3 

It is manifeſt from Def. 4. that CD is the ſine of the ang 
CBF. Let CB be produced till it meet the circle again! 
G; and it is manifeſt that AE is the tangent, and BE tt: 


ſecant, of the angle ABG or EBF, from def. 6, 7. R 
. 0% 
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Cor. to Def. 4. 5. 6. 7- The fine, verſed fine, tangent, and ſe- Fig. 4. | | 
cant, of any arch which is the meaſure of any given angle | 0 
ABC, is to the ſine, verſed ſine, tangent, and ſecant, of any 1 
other arch which is the meaſure of the ſame angle, as the AN 
radius of the firſt is to the radius of the ſecond. 

let AC, MN be meaſures of the angles ABC, according to 

def. 1. CD the fine, DA the verſed line, AE the tangent, 

and BE the ſecant of the arch AC, according to def. 4. ;. 

6. J. and NO the fine, OM the verſed fine, MP the tan- 

gent, and BP the ſecant of the arch MN, according to the 

lame definitions. Since CD, NO, AE, MP are parallel, 

CD is to NO as the radius CB to the radius NB, and AE 

to MP as AB to BM, and BC or BA to BD as BN or BM 

to BO; and, by converſion, DA to MO as AB to MB. 

Hence the corollary is manifeſt ; therefore, if the radius 1 
be ſuppoſed to be divided into any given number of equal | 
parts, the ſine, verſed fine, tangent, and ſecant of any given 

angle, will each contain a given number of theſe parts; and, | 

by trigonometrical tables, the length of the ſine, verſed fine, 
tangent, and ſecant of any angle may be found in parts of | 
which the radius contains a given number; and, vice verſa, 
a number expreſſing the length of the ſine, verſed fine, tan- 
gent, and ſecant being given, the angle of which it is the 
line, verſed fine, tangent, and ſecant may be found. 


| VIII. Fig, . 

The difference of an angle from a right angle is called the f 
complement of that angle. Thus, it BH be drawn perpen- | 
dicular to AB, the angle CBH will be the complement of the » 4 
angle ABC, or of CBF. 


IX. 56 
Let HK be the tangent, CL or DB, which is equal to it, 
the fine, and BK the ſecant of CBH, the complement of 
ABC, according to def. 4. 6. 7. HK is called the co-tan- 
gent, BD the co-ſine, and BK the co-/ſecant of the angle 
ABC. | | 
Cor. 1. The radius is a mean proportional between the tan- # | 
gent and co-tangent. | Tay | 
For, fince HK, BA are parallel, the angles HKB, ABC will 99 | 
be equal, and the angles KHB, BAE are right; therefore . 
| H h 2 the - (48 
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the triangles BAE, KHB are fimilar, and therefore AE js 1, 
AB, as BH or BA to HK. | 


Cor. 2. The radius is a mean proportional between the coſine 
and ſecant of any angle ABC. : 
* CD, AE are parallel, BD is to BC or BA, as BAy 


PROP. I. Fic. 5. 


I a right angled plain triangle, if the hypothenuſt 
be made radius, the ſides become the fines of the 
angles oppoſite to them; and if either ſide be mad: 
radius, the remaining fide is the tangent of the angle op- 
poſite to it, and the hypothenuſe the ſecant of the fame 
angle. 


Let APC be a right angled triangle; if the hypothenuſe BC 
be made radius, either of the ſides AC will be the fine of the 
angle ABC oppoſite to it; and if either fide BA be made r. 
dius, the other ide AC will be the tangent of the angle ABC 


oppoſite to it, and the hypothenuſe BC the ſecant of the ſame 


angle. | 

. B as a centre, with BC, BA for diſtances, let two 
circles CD, EA be deſcribed, meeting BA, BC in D, E: Since 
CAB is a right angle, BC being radius, AC is the fine of the 
angle ABC by def. 4. and BA being radius, AC is the tangent, 
and BC the ſecant of the angle ABC, by det. 6. 7. 

Co. 1. Of the hypothenuſe a fide and an angle of a right an- 
gled triangle, any two being given, the third is allo given. 

Cok. 2. Of the two ſides and an angle of a right angled tt 
angle, any two being given, the third is allo given. 


ROF. U. Fic. 6. . 


HE ſides of a plain triangle are to one another, a: 
the ſines of the angles oppoſite to them. 


In right angled triangles, this prop. is manifeſt from prop. .. 
for if the hypothenuſe be made radius, the fides are the ſines 0: 
the angles oppoſite to them, and the radius is the fine of a rigi 
angle (cor. to def, 4) which is oppoſite to the hypothenuſe. 


” 
* 
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In any oblique angled triangle ABC, any two ſides AB, AC 
will be to one another as the fines of the angles ACB, ABC 
which are oppoſite to them. 

From C, B draw CE, BD perpendicular vpon the oppoſite 
des AB, AC produced, if need be. Since CEB, CDB are 
right angles, BC being radius, CE is the fine of the angle CBA, 
and BD the fine of the angle ACB; but the two triangles CAE, 
DAB have each a right angle at D and E; and likewiſe the 
common angle CAB; therefore they are bmilar, and conſe- 
quently, CA is to AB, as CE to DB; that is, the des ate as 
the ſines of the angles oppoſite to them. 

Cor. Hence of two ſides, and two angles oppoſite to them, 
in a plain triangle, any three being given, the fourth is allo 
given. 


or m. Fic. 8. 


N a plain triangle, the ſum of any two ſides is to their 
difference, as the tangent of halt the ſum of the angles 
at the baſe, to the tangent of half their difference. 


Let ABC be a plain triangle, the ſum of any two ſides AB, 


RAC will be to their difference as the tangent of half the ſum ot 


the angles at the baſe ABC, ACB to the tangent of half their 
difference. 

About A as a centre, with AB the greater (ide for a diſtance, 
jet a circle be deſcribed, meeting AC produced in E, F, and 
in D; join DA, EB, FB; and draw FG parallel to BC, 
meeting EB in G. 

The angle EAB (32. 1.) is equal to the ſum of the angles 
at the baſe, and the angle EFB at the circumference 1s equal 
to the half of EAB at the centre (20. 3.) ; therefore EIB is 
half the ſum of the angles at the baſe ; but the angle AC3 
32. 1.) is equal to the angles CAD and ADC, or ABC te- 
gether; therefore FAD is the difference of the angles at the 
bale, and FBD at the circumference, or BFG, on account ol 
the parallels FG, BD, is the half of that difference; but lince 
te angle EBF in a ſemicircle is a right angle (1. of this) F 
being radius, BE, BG, are the tangents ut the angles EFB, 
BFC; but it is manifeſt that EC is the ſum of the tides BA, 
AC, and CF their difference; and ſince BC, FG are parallel 
2. 6.) EC is to CF, as EB to BG; that is, the ſum of the 
H h 3 ſides 
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ſides is to their difference, as the tangent of half the ſum ; 
the angles at the baſe to the tangent of half their difference, 


p RO. IV. Fig; 18. 


* any plain triangle BAC, whoſe two ſides are BA 

AC and baſe BC, the leſs of the two ſides, which let 
be BA, is to the greater AC as the radius is to the tan 
gent of an angle, and the radius is to the tangent of the 
exceſs of this angle above half a right angle as the tan 
gent of half the ſum of the angles B and C at the baſe 
is to the tangent of half their difference. 


of th: 
the r. 
Fri 
then 
(qual 
wice 
twice 
of th 
10 BI 


co ſir 


At the point A, draw the ſtraight line EAD perpendicul; 


( to BA; make AE, AF, each equal to AB, and AD to AC [N 

| join BE, BF, BD, and from D, draw DG perpendicular upo al 
14.9 BF. And becauſe BA is at right angles to EF, and EA, AB nete 
Lf AF are equal, each of the angles EBA, ABF is half a rig ed: 
ud angle, and the whole EBF is a right angle; alſo (4. 1. El.) EB half 
. is equal to BF. And ſince EBF, FGD are right angles, EB is «th 
11S parallel to GD, and the triangles EBF, FGD are fmikr; ch. 
as therefore EB is to BF as DG to GF, and EB being equal . 
ws BF, FG mult be equal to GD. And becauſe BAD is a right 
i angle, BA the leſs ſide is to AD or AC the greater, as the a- Lt 
bl dius is to the tangent of the angle ABD; and becauſe BGD is AG, 
Wh a right angle, BG is to GD or GF as the radius is to the tan-W CBE 
mm gent of GBD, which is the exceſs of the angle ABD abovMl ind 
\ ABF half a right angle. But becauſe EB is parallel to GD, Bor 
j by is to GF as ED is to DF, that is, ſince ED is the ſum of the KM. 
N Fe ſides BA, AC and FD their difference, (3..of this), as the ten- (crib 
Ws gent of half the 1um of the angles B, C, at the baſe to the tan-W AD 
* gent of half their difference. Therefore, in any plain triangle, man 
1 &c. Q. E. D. e 1 
Jl lets 
18 PROP. V. Fils. 9. and 10. ang] 
. mon 
bi ku any triangle, twice the rectangle contained by any cM 
4 two ſides is to the difference of the ſum of the ſquares IM BC 1 
118 of theſe two ſides, and the ſquare of the baſe, as the ta- *nd. 
al dius is to the co- ſint of the angle included by the two fides. ef 
4 Let ABC be a plain triangle, twice the rectangle ABC con- * 
4 tained by any two ſides BA, BC is to the difference of the fun July 

wh | EI Ol 
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of the ſquares of BA, BC, and the ſquare of the baſe AC, as 
he radius to the co-fine of the angle ABC. | 

From A, draw AD perpendicular upon the oppoſite ſide BC, 
then (by 12. and 13. 2. El.) the difference of the ſum of the 
ſquares of AB, BC, and the ſquare of the baſe AC, is equal to 
wice the rectangle CBD ; but twice the rectangle CBA is to 
twice the rectangle CBD, that is, to the difference of the ſum 
of the ſquares of AB, BC, and the ſquare of AC, (1: 6.) as AB 
to BD; that is, by prop. 1. as radius to the fine of BAD, which 
the complement of the angle ABC, that is, as radius to the 
co ſine of ABC. | 


10 


PR OP VI. Fic. 11; 


[N any triangle ABC, whoſe two fides are AB, AC, 

and baſe BC, the reQangle contained by half the peri- 
meter, and the exceſs of it above the bale BC, is to the 
ectangle contained by the ſtraight lines, by which the 
halt of the perimeter exceeds the other two fades AB, AC, 
the ſquare of the radius is to the ſquare of the tangent 
of half the angle BAC oppoſte to the baſe, 


Let the angles BAC, ABC be biſected by the flraight lincs 
5 AG, BG; and, producing the fide AB, let the exterior angle 
-c be biſcEted by the ſtraight line BK, meeting A6 in K; 
ed from the points G, K, let there be drawn perpendicular 
won the ſides the ſtraight lines GD, GE, GF, KH, KL, 
can KM. Since therefore (4. 4.) G is the centie of the circle in— 
died in the triangle ABC, GD, GF, GE will be equal, and 
ib will be equal to AE, BD to BF, and CE to CF, In like 
anner KH, KL, KM will be equal, and BH will be equal 
to BM, and AH to AL, becauſe the angles HBM, HAL are bi- 
lected by the ſtraight lines BK, KA: And becauſe in the tri- 
angles KCL, KCM, the des LK, KM are equal, KC is com- 
mon and KLC, KMC are right angles, CL will be equal to 
CM: Since therefore BM is equal to BH, and CM to CL; 
will be equal to BH and CL together; and, adding AB 


and AC together, AB, AC, and BC will together be equal 


WAH and AL together: But AH, AL are equal: Wheretore 
each of them is equal to half the perimeter of the triangle 
ABC: But ſince AD, AE are equal, and BD, BF, and alſo 
CE, CF, AB together with FC, will be equa] to half the pe- 
imeter of the triangle to which AH or AL was ſhewn to be 


equal; taking away therefore the common AB, the remain- 
H h 4 der 
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der FC will be equal to the remainder BH: In the fame mag. 
ner is it demonſtrated, that BF is equal to CL: And ſince the 
point B, D, G, F, are in a circle, the angle DGF will bee 
qual to the exterior and oppoſite angle FBH, (22. 3.) ; where 
fore their halves BGD, HBK will be equal to one another 
'The right angled triangles BGD, HBK will therefore be e 
quiangular, and GD will be to BD, as BH to HK, and the 
rectangle contained by GD, HK will be equal to the rectanęle 
DBH or BFC: But ſince AH is to HK, as AD to DG, th 
rectangle HAD (22. 6.) will be to the rectangle contained by 
HK; DG, or the rectangle BFC, (as the ſquare of AD is tt 
the ſquare 'of DG, that is) as the ſquare of the radius to the 
ſquare of the tangent of the angle DAG, that is, the half dl 
BAC : But HA is half the perimeter of the triangle ABC, an 
AD is the exceſs of the ſame above HD, that is abore the 
baſe BC ; but BF or CL is the exceſs of HA or Al. above th; 
ſide AC, and FC, or HB is the exceſs of the ſame HA aboy 
the fide AB; therefore the rectangle contained by half the pe 
rimeter, and the exceſs of the ſame above the baſe, viz. the 
rectangle HAD, is to the reCtangle contained by the ſtraight 
lines by which the half of the perimeter exceeds the other two 
ſides, that is, the rectangle BFC, as the ſquare of the radius 
is to the ſquare of the tangent of half the * BAC oppoſite 
to the baſe, Q. E. D. 


NO FP. VIE Fig. 12. 13. 


| ho a plain triangle, the baſe is to the ſum of the ſides, 
as the difference of the ſides is to the ſum or differ. 
ence of the ſegments of the baſe made by the perpend. 
cular upon it from the vertex, according as the ſquare 0 
the greater ſide is greater or leſs than the ſum of tlic 
{ſquares of the lefler ſide and the baſc. 


Let ABC be a plane triangle; if from A the vertex be drawn 
a ſtraight line AD perpendicular «54 the baſe BC, the bale 
BC will be to the ſum of the ſides BA, AC, as the difference 
of the ſame ſides is to the ſum or difference of the ſegments CI), 
BD, according as the ſquare of AC the greater ſide is gieate! 
or leſs than the ſum of the (quares of the leſſer ſide AB, and the 
baſe BC. 

About A as a centre, with AC the greater fide for a di. 
ſtance, let a circle be deſcribed meeting AB produced in E, 
. and CB in G: It is manifeſt that FB is the ſum, and . 
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the difference of the ſides; and ſince AD is perpendicular to 
GC, GD, CD will be equal; conſequently GB will be equal 
to the ſum or difference of the ſegments CD, BD, according 
zs the perpendicular AD meets the baſe, or the baſe produced; 
that is, (by Conv. 12, and 13. 2.) according as the ſquare 
of AC is greater or Jeſs than the ſum of the ſquares of AB, 
BC : But (by 35. 3.) the rectangle CBG is equal to the rect- 
angle EBF; that is, (16. 6.) BC is to BF, as BE is to BG: 
that is, the baſe is to the ſum of the ſides, as the difference 
of the ſides is to the ſum or difference of the ſegments of the 
baſe made by the perpendicular from the vertex, according as 
the ſquare of the greater fide is greater or leſs than the ſum of 
the ſquares of the lefſer fide and the baſe. Q. E. D. 


PROP. VIII. PROB. Fic. 14. 


HE ſum and diflerence of two magnitudes being gi- 
ven, to find them. 


Half the given ſum added to half the given difference, will 
be the greater, and half the difference ſubtracted from half the 
ſum, will be the leſs. 

For, let AB be the given ſum, AC the preater, and BC the 
leſs. Let AD be half the given ſum; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, 
and DC together; that is, to BC, and twice DC; conſequent- 
ly twice DC is the difference, and DC half that difference; 
but AC the greater is equal to AD, DC; that is, to halt the 
lum added to half the difference, and BC the leſs is equal to 


the exceſs of BD, half the tum above DC half the difference. 


CE. F. 
Or AN. 


Of the fix parts of a plain triangle (the three ſides and three 
angles) any three being given, to tind the other three is the bu- 
lineſs of plane trigonometry; and the ſeveral cates of that 
problem may be retolved by means of the preceding propoli- 
tions, as in the two following, with the tables annexed. In 
theſe, the ſolution is expreſſed by a fourth proportional to three 
given lines; but if the given parts be expreſſed by numbers 
trom trigonometrical tables, it may be obtained arithmetically 


by the common Rule of Three. 
SOLUTION 


Nate. In the tables the following abbreviations are uſed. R, is put for the Ra- 
dius; T, for Tangent; and 8, for Sine. Degrees, minutes, ſeconds, &c. arc 
unten in this mauer; 3025 13“, &c. which ſignifics 30 degrees, 25 minutes, 
* ſeconds, &c. | 
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SOLUTION of the Caszs of right angled Ir. 
ANGLES. i 


GENERAL PROPOSITION. 


* a right angled triangle, of the three ſides and three 
1 angles, any two being given beſides the right angle, 
the other three may be found, except when the two a. 
ute angles are given, in which caſe the ratios of the ſides 
arc only given, being the ſame with the ratios of the ſine; 
of the angles oppoſite to them. 


It is manifeſt from 47. 1. that of the two ſides and hypothe- 
nuſe any two be given, the third may alſo be found. It is al{y 
manifeſt from 32. 1. that if one of the acute angles of a right. 
angled triangle be given, the other is alſo given, for it is the 
complement of the former to a right angle. 

If two angles of any triangle be given, the third is alſo given, 
being the ſupplement of the two given angles to two right an- 


les. | 
Fig. 15, he other caſes may be reſolved by help of the preceding pto- a 
poſitions, as in the following table. 2 (c 
Given. Sou GRT. . 
1] Two fides, AB} Theangles AB: AC: R: T, B. of (| 
AC. D.C. which Cis the complement | 
2 | AB,BC, afideand]| Theangles BC: BA: R: 8, C, ol, 
| [the hypothenuſe. IB, C. which B is the complement. 
31 AB, B, a fide and The other R J, 1 BA : AC. 
jan angle. ide AC. | 
4 "AB and B, a ſide} The 154 8, C: R :: BA: BC. 
and an angle. thenuſe BC, 
5 BC and B, the] The fide | R: 8, B :: BC : CA. 
hypothenuſe and an|AC. 
_ . angle. 8 Bo 


Theſe five caſes are reſolved by prop. 1. 


— 
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;0LUTION of the Caszs of oblique-an- 
gled TRIANGLES. 8 


GENERAL PROPOSITION. 


» 


an oblique-angled triangle, of the three ſides and 
three angles, any three being given, the other three 
may be found, except when the three angles are given; 
n which caſe the ratios of the ſides are only given, be- 
ng the ſame with the ratios of the fines of the angles op- 
polite to them. 


GIVEN. SOUGHT. 
1| A, B, and there BC, AC. S, C: 8, A AB: Be, 
fore C, and the fide and alſo, 8, C: 8, B:: AB: 
AB. AC. (2.) 


AB, AC, and B,] The angles AC: AB:: 8, B: 8, C. 
two ſides and an[A and C. (2.) This caſe admits of two 
angle oppoſite to ſolutions; for C may be 
one of them. greater or leſs than a qua- 
drant. (Cor. to def. 4.) 


12 


AB, AC, and A, Theangles AB+AC: AB—AC:: T, 
1 ſides, and theſBß and C. JC+B. : T. C—B : (3.) and 
included angle. . 


the ſum and difference of the 
angles C, B, being given, 
ach of them is given. (7.) 
Otherwiſe, FIG. 18. 
BA: AC:: R: T, ABC, and 
alſo R: T, ABC —-45“: T, 
 ]B+C: T. B— C: (4.) there 
— - 


fore B and C are given as 
before. (7) 


— 


GIVEN 


Fig. 16. 17, 
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—ABg :: R: Cos, C. 
AC9g+CBg be greater th 
ABg. Fig. 16. 
2 ACXCB: 8 
AB, BC, CA, A, B, C, the —CBg : Tp R +8, Cob, C. 
8 three aer. * tes angles Ser 58 than Acg 
418 CBg Fi 17. (4.) 


Otherwiſe. 


Let AfA 
Px — : 1 2 — AC 


P—<RBC :: : Rg;; Tg, x C, an 
hence C is known. (5.) 
Otherwiſe. 11. 

Let AD be perpendicul; 
to BC. 1. If AB be de 
than ACg+CBg. FiG. 6 
BC : BA TAE BA 
AC: BD—DC, and BC the 
ſum of BD, DC. is given 
| therefore each of them 1 
| given. (7.). 3 

| | 2 If APg be greater than 

| AC94+CBy Fig. 17. BC 
BAT AC:: BA Ac BI 
+DC; and BC the differ 
ence of BD, DC is given, 
therefore each of them 1: 
given (7.) 

And CA: CD:: R: Cov, 
C. (1.) and C being found, 
A and E are found * caſe 2 2. 
or Zo l 
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SPHERICAL TRIGONOMETRY. 


DEFINITIONS. 


I. 
HE pole of a circle of the ſphere is a point in the ſuper- 
ficies of the ſphere, from which all ſtraight lines drawn 

o the circumference of the circle are equal. 

1 25 ſl. 

A great circle of the ſphere is any whoſe plane paſſes through 
the centre of the ſphere, and whole centre therefore is the 
ſame with that of the ſphere. 

| HL. 

A ſpherical triangle is a figure upen the ſuperficies of a ſphere 
comprehended by three arches of three great circles, each of 
which is leſs than a ſemicircle. 

IV. 

A ſpherical angle is that which on the ſuperficies of a ſphere is 
contained by two arches of great circles, and is the ſame with 
the inclination of the planes of theſe great circles. 


PROP. I. 
[5 RE AT circles biſe& one another. 


As they have a common centre their common ſection will be 
a diameter of each which will biſect them. 


PFAOQOP IL Fic. 1 


| hn arch of a great circle betwixt the pole and the 
circumference of another is a quadrant. 


Let ABC bea great circle, and D its pole; if a great circle 
De paſs through D, and meet ABC in C, the arch DC will be 
a quadrant. 

Let the great circle CD meet ABC again in A, and let 

AC be the common ſection of the great circles, which will 


paſs 
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IN iſoſceles ſpherical triangles, the angles at the baſe arc 


inf Let ABC be an iſoſceles triangle, and AC, CB the equi! 
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paſs through E the centre of the ſphere : Join DE, DA, De: 
By def. 1. DA, DC are equal, and AE, EC are alſo equal, and 
DE is common; therefore (8. 1.) the angles DEA, DEC are 
equal; wherefore the arches DA, DC are equal, and conſe. 
quently each of them is a quadrant. Q. E. D. 


PROP. III. Fic. 2. 


F a great circle be deſcribed meeting two great cir- 
cles AB, AC paſſing through its pole A in B, C, the 
angle at the centre of the ſphere upon the circumfe- 
rence BC, is the ſame with the ſpherical angle BAC, 
and the arch BC is called the meaſure of the ſpherical 
angle BAC. 


Let the planes of the great circles AB, AC interſe& one au- 
other in the ſtraight line AD paſling through D their common 
centre; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles; therefore (6. def. 11.) the 
angle CDB. is the inclination of the planes of the circles AB, 
AC; that is, (def. 4.) the ſpherical angle BAC. Q. E. D. 

Cor. If through the point A, two quadrants AB, AC, be 
drawn, the point A will be the pole of the great circle BC, 
paſſing through their extremities B, C. 

Join AC, and draw AE a ſtraight line to any other point E 
in BC; join DE: Since AC, AB are quadrants, the angles 
ADB, ADC are right angles, and AD will be perpendicular to 
the plane of BC: Therefore the angle ADE is a right angle, 
and AD, DC are equal to AD, DE, each to each; theretore 
AE, AC are equal, and A is the pole of BC, by def. 1. 


. E. D. 
PROP. IV. Fis. 3. 


equal. 


* 
" 
* « 


ſides; the angles BAC, ABC, at the baſe AB, are equal. : 
| ct 
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Let D be the centre of the ſphere, and join DA, DB, 
DC; in DA take any point E, from which draw, in the plane 
WC, the ſtraight line EF at right angles to ED meeting CD 
in F, and draw, in the plane ADB, EG at right angles to the 
ame ED; therefore the rectilineal angle FEG is (6. def. 11.) 
the inclination of the planes ADC, ADB, and therefore is 
the ſame with the ſpherical angle BAC: From F draw FH 
perpendicular to DB, and from H draw, in the plane ADB, 
the ſtraight line HG at right angles to HD meeting EG in 
G, and join GF. Becauſe DE is at right angles to EF and 
EG, it is perpendicular to the plane FEG, (4. 11.) and there- 
fore the plane FEG is perpendicular to the plane ADB, in 
which DE is: (18. 11.) In the ſame manner the plane FUG 
1s perpendicular to the plane ADB; and therefore GF the 
common ſection of the planes FEG, FHG is perpendicular 
to the plane ADB; (19. 11.) and becauſe the angle FHG is 
the inclination of the planes BDC, BDA, it is the ſame with 
the ſpherical angle ABC; and the ſides AC, CB of the ſphe- 
ical triangle being equal, the angles EDF, HDF, which 
ſand upon them at the centre of the ſphere, are equal; and 
in the triangles EDF, HDF the ſlide DF is common, and the 
angles DEF, DHF are right angles; therefore EF, FH are e- 
qual; and in the triangles FEG, FHG the fide GF is com- 
mon, and the fides EG, GH will be equal by the 47. 1. and 
therefore the angle FEG is equal to FHG; (8. 1.) that is, the 
ſpherical angle BAC is equal to the ſpherical angle ABC, 


PROP. v. Fic. z. 


JF, in a ſpherical triangle ABC, two of the angles 
BAC, ABC be equal, the fides BC, AC oppoſite to 
them, are equal. 


Read the conſtruction and demonſtration of the preceding 
propoſition, unto the words, “ and the ſides AC, CB,” &c. 
and the reſt of the demonſtration will be as follows, viz. 


And the ſpherical angles BAC, ABC being equal, the 
tectilineal angles FEG, FHG, which are the ſame with them, 
are equal; and in the triangles FGE, FGH the angles at G 
are right angles, and the fide FG oppoſite to two of the . 

anne, | angles 


1 
4 
4 


T. 2 ſpherical triangle the greater angle is oppoſite to 


| | Let ABC be a ſpherical triangle, the greater angle A is op- 
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angles is common therefore (26. 1.) EF is equal to FH: and 
in the right angled triangles DEF, DHF the fide DF is con. 
mon; wherefore (47. 1.) ED is equal to DH, and the ang 


EDF, HDF are therefore equal, (4. r.) and conſequently the 
tides AC, BC of the ſpherical triangle are equal. 


PROP. VI. Fic. 4. 


NY two ſides of a ſpherical triangle are greater than 
the third. 


\ 


Let ABC be a ſpherical triangle, any two ſides AB, BC il 
be greater than the other fide AC. 

Let D be the centre of the ſphere ; join DA, DB, DC. 

The ſolid angle at D is contained by three plane angle 
ADB, ADC, BDC; and by 20. 11. any two of them AD}, 
BDC are greater than the third ADC; that is, any two ſides 
AB, BC of the ſpherical triangle ABC, are greater than th: 
third AC. 


P-R;0:P. VL. Fi6:-4. 


HE three fides of a ſpherical triangle are leſs than : 
circle. 


Let ABC be a ſpherical triangle as before, the three ſides 
AB, BC, AC are leſs than a circle. 
Let D be the centre of the ſphere: The ſolid angle at Di 
contained by three plane angles BDA, BDC, ADC, which to- 
gether are Jeſs than four right angles, (21. 11.) therefore th: 
ſides AB, BC, AC together, will be leſs than four quadrants; 
that is, leſs than a circle. 


PROP. VIII. Fic. 5. 
the greater ſide ; and converſely, 


poſed to the greater fide BC. 
Let the angle BAD be made equal to the angle B, an! 
then BD, DA. will be equal, (5. of this) and therefore a 
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DC are equal to BC; but AD, DC are greater than AC, (6. 
of this), therefore BC is greater than AC, that is, the greater 
angle A is oppoſite to the greater fide BC. The converſe is de- 
monſtrated as prop. 19. 1. El. Q. E. D. 


p R O P. IX. Fic. 6. 


N any ſpherical triangle ABC, if the ſum of the ſides 
AB, BC be greater, equal, or leſs than a ſemicircle, 
the internal angle at the baſe AC will be greater, equal, 
or leſs than the external and oppoſite BCD ; and there- 
fore the ſum of the angles A and ACB will be greater, 
equal, or leſs than two right angles. 


Let AC, AB produced meet in D. | 

t. If AB, BC be equal to a ſemicircle, that is, to AD, BC, 
BD will be equal, that is, (4. of this) the angle D, or the angle 
A will be equal to the angle BCD. 

2. If AB, BC together be greater than a ſemicircle, that 
is, greater "than ABD, BC will be greater than BD; and 
therefore (8. of this) the angle D, that is, the angle A, is 
greater than the angle BCD. Y 

3- In the ſame manner is it ſhown, that if AB, BC together 
be leſs than a ſemicircle, the angle A is leſs than the angle 
BCD. And fince the angles BCD, BCA are equal to two 
right angles, if the angle A be greater than BCD, A and ACB 
together will be greater than two right angles. If A be 0 
to BCD, A and ACB together will be equal to two right angles; 
and if A be leſs than BCD, A and ACB will be leſs than two 
right angles. Q. E. D. 


PROP. X. Fis. 7. 


[ the angular points A, B, C of the ſpherical triangle 
ABC be the poles of three great circles, thele great 
circles by their interſections will form another triangle 
IDE, which is called ſupplemental to the former; that 
ls, the ſides FD, DE, EF are the ſupplements of the 
| 11 mcaſures 
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meaſures of the oppoſite angles C, B, A, of the triangle 
ABC, and the meaſures of the angles F, D, E of the tri. 
angle FDE, will be the ſupplements of the ſides AC, BC, 


- 


BA, in the triangle ABC. 


Let AB produced meet DE, EF in G, M, and AC meet PD, 
FE in K, L, and BC meet FD, DE in N, H. 

Since A is the pole of FE, and the circle AC paſtes through 
A, EF will paſs through the pole of AC, (13. 15. 1. Th.) and 
ſince AC paſſes through C, the pole of FD, FD will paſs 
through the pole of AC; therefore the pole of AC is in the 
point F, in which the arches DF, EF interſe each other. In 
the ſame manner, D is the pole of BC, and E the pole of AB, 

And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML toge- 
ther, are equal to a ſemicircle. But ſince A is the pole of ML, 
ML. is the meaſure of the angle BAC, conſequently FE is the 
ſupplement of the meaſure of the angle BAC. In the ſame 
manner, ED, DF are the ſupplements of the meaſures of the 
angles ABC, BCA. | | $:% 

Since likewiſe CN, BH are quadrants, CN, BH together, 
that is, NH, BC together are equal to a ſemicircle ; and ſince 
D is the pole of NH, NH is the meaſure of the angle FDE, 
therefore the meaſure of. the angle FDE 1s the ſupplement 
the fide BC. In the ſame manner, it is ſhown that the mes 
ſures of the angles DEF, EFD are the ſupplements of the ſides 


AB, AC, in the triangle ABC. Q. E. D. 


PROP. XI. Fs. . 


3 three angles of a ſpherical triangle are greater 
than two right angles, and leſs than fix right an. 


gles. 


" The meaſures of the angles A, B, C, in the triangle ABC, 
together with the three ſides of the ſupplemental triangle DEF, 
are 10. of this) equal to three ſemicircles; but the three (ide: 
ot the triangle FDE, are (7. of this) leſs than two men 

SP | theretore 
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therefore the meaſures of the angles A, B, C are greater than 
a ſemicircle z and hence the angles. A, B, C are greater than 
two right angles. | "Ry 

All the external and internal angles of any triangle are equal 
to ſix right angles; therefore all the internal angles are leſs 
than fix right angles. | 


PRO P. AL FG. 8. 


JF from any point C, which is not the pole of the great 

circle ABD, there be drawn arches of great circles 
Ca, CD, CE, CF, &c. the greateſt of theſe is CA, 
which paſſes through H the pole of ABD, and CB the 
remainder ot ACB is the leaſt, and of any others CD, 
CE, CF, &c. CD, which is nearer to CA, is greater 
than CE, which is more remote, 


Let the common ſection of the planes of the great circles 
ACB, ADB be AB; and from C, draw CG perpendicular to 


AB, which will alſo be perpendicular to the plane ADB; (4. 


def. 11.) join GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the ſtraight lines drawn from G to the circumference 
ADB, GA 1s the greateſt, and GB the leaſt; (7. 3.) and GD 
which is nearer to GA is greater than GE, which is more 
remote. The triangles CGA, CGD are right angled at G, 


and they have the common fide CG; therefore. the ſquares of 


CG, GA together, that is, the ſquare of CA, is greater than 
the ſquares of CG, GD together, that is, the ſquare of CD; 
and CA is greater than CD, and therefore the arch CA. is 
greater than CD. In the ſame manner, ſince GD is greater 
than GE, and GE than GF, &c. it is ſhown that CD is 
greater than CE, and CE than CF, &c. and conſequently, the 
arch CD greater than the arch CE, and the arch CE greater 
than the arch CF, &c. And ſince GA is the greateſt, and GB 
the leaſt of all the ſtraight lines drawn from G to the circum- 
terence ADB, it is manifeſt that CA is the greateſt, and CB 
the leaſt of all the ſtraight lines drawn from C to the circum- 
ference ; and therefore the arch CA is the greateſt, and CB 
N ot of all the circles drawn through C, meeting ADB. 
D. 


11 2 PROP. 


go 


Fig. 10. 


Fig. 9. 


is leſs than CE, that is, leſs than a quadrant. | Q. E. D. 
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pP RO P. XIII. FIG. 9. 


FF. a right angled ſpherical triangle the fides are of the 
ſame affection As the oppoſite angles; that is, if the 
fides be greater or leſs than quadrants, the oppoſite angles 
will be greater or leſs than right angles. 


Let ABC be a ſpherical triangle right-angled at A, any ſide 
AB, will be of the ſame affection with the oppoſite angle ACB, 
Cafe 1. Let AB be leſs than a quadrant, let AE be a qua- 


drant, and let EC be a great circle paſſing through E, C. 


Since A is a right angle, and AE a quadrant, E is the pole 
ef the great circle AC, and ECA a right angle; but ECA is 


greater than BCA, therefore BCA is leſs than a right angle, 


Q. E. D. 
Caſe 2. Let AB be greater than a quadrant, make AE a quz- 
drant, and let a great circle paſs through C, E. ECA is a right 


angle as before, and BCA is greater than ECA, that is, greater 
than a right angle. Q- E. D. 


P R OP. XIV. 


JF the two ſides of a right angled ſpherical triangle be 

of the ſame affection, the hypothenuſe will be lets than 
a quadrant ; and if they be of different affection, the hy- 
pothenuſe will be greater than a quadrant. 


Let ABC be a right angled fpherical triangle, if the two ſides 


AB, AC be of the ſame or of different affection, the hypothe- 


nuſe BC will be leſs or greater than a quadrant. 
Caſe 1. Let AB, AC be each leſs than a quadrant. Let 


AE, AG be quadrants; G will be the pole of AB, and E the 


pole of AC, and EC a quadrant; but, by Prop. 12. CE is 
greater than CB, fince CB is farther off from CGD than CE. 
In the ſame manner, it is ſhown that CB, in the triangle CBD, 
where the two ſides CD, BD are each greater than a quadrant, 


Caſe 
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Caſe 2. Let AC be leſs, and AB greater than a quadrant ; Fig. 10. 


then the hypothenuſe BC will be greater than a quadrant ; for 
let AE be a quadrant, then E is the pole of. AC, and EC will 
be a quadrant. But CB is greater than CE"by prop. 12, ſinee 
AC paſſes through the pole of ABD. Q. E. D. 


'PROP. XV. 


J the hypothenuſe of a right-angled triangle be greater 
or leſs than a quadrant, the ſides will be of different 
or the ſame affection. 


This is the converſe of the preceding, and demonſtrated in 
the fame manner. 


5 PROP. XVI. 

N any ſpherical triangle ABC, if the perpendicular AD 
from A upon the baſe BC fall within the triangle, the 

angles B and C at the baſe will be of the ſame affection; 

and if the perpendicular fall without the triangle, the 


angles B and C will be of different affection. 


1. Let AD fall within the triangle; then (13. of this) ſince Fig. 1. 


ADB, ADC are right-angled ſpterical triangles, the angles B, 
C muſt each be of the ſame affection as AD. 


2. Let AD fall without the triangle, then (13. of this) the Fig. . 


angle B is of the ſame affection as AD; and by the ſame, the 
angle ACD is of the fame affection as AD; therefore the angle 
ACB and AD are of different affection, and the angles B and 
ACB of different affection. 

Cox. Hence if the angles B and C be of the ſame affection, 
the perpendicular will fall within the baſe ; for, if it did not, 
(16, of this), B and C would be of different affection. And it 
the angles B and C be of oppobte affection, the perpendicular 
will fall without the triangle ; for, if it did not, (10. of this), 
the angles B and C would be of the ſame affection, contrary to 
he ſuppoſition, 


Lia PROP. 
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PROP. XVII Fic. 13. 


IN right · angled ſpherical triangles, the fine of either of 

the ſides about the right angle, is to the radius of the 
ſphere, as the tangent of the remaining fide is to the tan- 
gent of the angle oppoſite to that fide. 


Let ABC be a triangle, having the right angle at A; and 
let AB be either of the ſides, the ſine of the ſide AB will be 
to the radius, as the tangent of the other fide AC to the tan- 
gent of the angle ABC, oppoſite to AC. Let D be the cen- 
tre of the ſphere; join AD, BD, CD, and let AE be drawn 
perpendicular to BD, which therefore will be the fine of the 
arch AB, and from the point E, let there be drawn in the 
plane BDC the ſtraight line EF at right angles to BD, meeting 
DC in F, and let AF be joined. Since therefore the ſtraight 
line DE is at right angles to both EA and EF, it will allo be 


at right angles to the plane AEF, (4. 11.) wherefore the plane. 


ABD, which paſſes through DE, is perpendicular to the plane 
AEF, (18. 11.) and the plane AEF perpendicular to ABD: The 
plane ACD or AFD is alfo perpendicular to the ſame ABD: 
"Therefore the common ſection, viz. the ſtraight line AF, is at 
right angles to the plane ABD: (19. 11.) And FAE, FAD are 
right angles; (3. def. 11.) therefore AF is the tangent of the 
arch AC; and in the rectilineal triangle AEF, having a right 
angle at A, AE will be to the radius as AF to the tangent of the 
angle AEF, (I. PI. Tr.) ; but AE is the fine of the arch AB, 
and AF the tangent of the arch AC, and the angle AEF is the 
inclination of the planes CBD, ABD, (6. def. 11.) or the ſphe- 
rical angle ABC: Therefore the fine of the arch AB is to the 
radius as the tangent of the arch AC, to the tangent of the 
oppoſite angle ABC. _ 

COR. 1. If therefore of the two ſides, and an angle opp0- 
ſite to one of them, any two be given, the third will allo bc 
given. 

Cor. 2. And fince by this propoſition the fine of the fide 
AB is to the radius, as the tangent of the other ſide AC to the 


7 9 1 
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tangent of the angle ABC oppoſite to that ſide; and as the 
radius is to the co-tangent of the angle ABC, ſo is the tangent 
of the ſame angle ABC to the radius, (Cor, 2. def. Pl. Tr.) 
by equality, the fine of the fide AB is to the co-tangent of the 
angle ABC adjacent to it, 2s the tangent ol the other ſide AC 
to the radius. | 


PROP. XVIII. Fic. 13. 


N right angled ſpherical triangles the ſine of the hypo- 
thenuſe is to the radius, as the tine of cither fide is to 
the fine of the angle oppoſite to that ſide, 


Let the triangle ABC be right angled at A, and let AC be 
either of the ſides; the fine of the hypothenuſe BC will be to 
the radius as the fine of the arch AC is to the ſine of the angle 
ABQH © 4: -. 

Let D be the centre of the ſphere, and let CG be drawn per- 
pendicular to DB, which will therefore be the line of the hy- 
pothenuſe BC; and from the point G let there be drawn in the 
plane ABD. the ſtraight line GH perpendicular to DB, and let 
CH be joined: CH will be at right angles to the plane ABD, as 
was ſhown in the preceding propoſition of the ſtraight line FA : 


Wherefore CHD, CH are right angles, and CH is the fine of 


the arch AC; and in the triangle CHG, having the right angle 
CHG, CG is*to the radius as CH to the line of the angle 
CGH : (1. Pl. Tr.) But ſince CG, HG are at right angles to 
DGB, which is the common ſection of the planes CBD, ABO, 
the angle CGH will be equal to the inclination of thele planes ; 
(6. def. 11.) that is, to the ſpherical angle ABC. the line, 
therefore, of the hypothenuſe CB is to the radius as the line of 
the fide AC is to the ſine of the oppolite angle ABO. Q. E. D. 

Cor. Of theſe three, viz. the hypothenuſe, a ſide, and the 
angle oppoſite to that fide, any two being given, the thud 1s 
allo given by prop. 2. 
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PROP. XIX. Fic. 14. 


IN right-angled ſpherical triangles, the co- ſine of thc 
hypothenuſe is to the radius as the co - tangent of ei- 


ther of the angles is to the tangent of the remaining 
angle. | 4 2: 


Let ABC be a ſpherical triangle, having a right angle at A, 
the co-fine of the hypothenuſe BC will be to the radius as the 
co-tangent of the angle ABC to the tangent of the angle ACB. 

Deſcribe the circle DE, of which B is the pole, and let it 
meet AC in F, and the circle BC in E; and ſince the circle BD 
paſſes through the pole B of the circle DF, DF will alſo paſ; 
through the pole of BD. (13. 18. 1. Theod. ſph.) And ſince 
AC is perpendicular to BD, AC will alſo paſs through the pole 
of BD; whetefore the pole of the circle BD will be found in 
the point where the circles AC, DE meet, that is, in the point 
F: The arches FA, FD are therefore. quadrants, and likewiſe 
the arches BD, BE: In the triangle CEF, right-angled at the 
point E, CE is the complement of the hypothenuſe BC of the 
triangle ABC, EF is the complement of the arch ED, which is 
the. meaſure of the angle ABC, and FC the hypothenuſe of the 
triangle CEF, is the complement of AC, and the arch AD, 


which is the meaſure of the angle CFE, is the complement of 
AB. 25 | 


But (17. of this) in the triangle CEF, the fine of the fide | 


CE is to the radius, as the tangent of the other fide is to the 
tangent of the angle ECF oppoſite to it, that is, in the triangle 
ABC, the co-line of the hypothenuſe BC is to the radius, as the 
3 of the angle ABC is to the tangent of the angle ACB. 
ox 1. Of theſe three, viz. the hypothenuſe and the two 
angles, any two being given, the third will alfo be given. 
Conz 2. And ſince by this propobtion the co-fine of the 


| bypothenuſe BC is to the radius as the co-tangent of th: 


angle ABC to the tangent of the angle ACB. But as the ra- 
dius is to the co-tangent of the angle ACB, ſo is the tangent 
of the fame to the radius; (Cor. 2. def. Pl. Tr.) and, ex 
acguo, the co-ſine of the hypothenuſe BC is to the co-tangen' 

: ; . 0! 


SPHERICAL TRIGONOMETRY, 59g 


of the angle ACB, as the co-tangent of the angle ABC to the 
radius. 3-4 34 * e | 


1 P PFR O'P:; X. Fi. 14. 


I right-angled ſpherical triangles, the co-fine of ati 
angle is to the radius, as the tangent of the ſide ad- 
jacent to that angle is to the tangent of the bypothenuſc. 


Ic The ſame conſtruction remaining; in the triangle CEF, 
. (17. of this) the ſine of the fide EF is to the radius, as the 
it tangent of the other ſide CE is to the tangent of the angle CFE 

oppoſite to it; that is, in the triangle ABC, the co- ine of the 
ls angle ABC is to the radius as (the co-tangent of the hypothe- 

nufe BC to the co-tangent of the fide AB, adjacent to ABC, or 
le 25) the tangent of the fide AB to the tangent of the hypothe- 


* nuſe, fince the tangents of two arches are reciprocally propor- 
* tional to their co-tangents. (Cor. 1. def. Pl. Tr.) 

c Con. And fince by this propolition the co-line of the angle 
8 ABC is to the radius, as the tangent of the {ide AB is to the 
7 tangent of the hypothenuſe BC; and as the radius is to the co- 


(5 tangent of BC, fo is the tangent of BC to the radius; by e- 
quality, the co-ſine of the angle ABC will be to the co-tangenr 
of the hypothenuſe BC, as the tangent of the ſide AB, adjacent 
to the angle ABC, to the radius. 


FROP. XII. Fic. 14 


IN right · angled ſpherical triangles, the co- ſine of ei- 
ther of the ſides is to the radius, as the co- ſine of the 
hypothenuſe is to the co-fine of the other fide. 


{ » 


The fame conſtruftion remaining; in the triangle CEF, the 
line of the hypothenuſe CF is to the radius, as the ſ ne of the 
ſide CE to the fine of the oppolite angle CFE ; (18. of this) thar 
is, in the triangle ABC the co-fine of the ſide CA is to the ra- 
dius as the co. ine of the hypothenuſe BC to the co- ſine of the 
other ſide BA. Q. E. D. | od bs 


PROP. 
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PROP. XXII. Fic. 14. 


IN right angled ſpherical triangles, the co-ſine of either 
of the ſides is to the radius, as the co-ſine of the angle 
oppoſite to that fide is to the ſine of the other angle, 


The ſame conſtruction remaining; in the triangle CEF 
ſine of the hypothenuſe CF is to I radius as a fine of 4 
ſide EF is to the ſine of the angle ECF oppoſite to it; that is 
in the triangle ABC, the co-ſine of the fide CA is to the % 
dius, as the co-ſine of the angle ABC oppoſite to it, is to the 
fine of the other angle. Q. E. D. 
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Of the CIRCULAR PARTS, 


le hy any right angled ſpherical triangle ABC, the complement Liss. 
of the hypothenuſe, the complements of the angles, and the 
two ſides, are called The circular parts of the triangle, as if it 
were following each other in a circular order, from whatever 
part we begin: Thus, if we begin at the complement of the 
hypothenuſe, and proceed towards the fide BA, the parts fol- 
lowing in order will be the complement of the hypothenuſe, the 
complement of the angle B, the ſide BA the fide AC, (for the 
right angle at A is not reckoned among the parts), and, laſtly, 
the complement of the angle C. And thus at whatever part we 
begin, 1f any three of theſe five be taken, they either will be 
all contiguous or adjacent, or one of them will not be cont:- 
guous to either of the other two: In the firſt caſe, the part 
which is between the other two is called the Middle part, and 
the other two are called 4djacent extremes. In the ſecond calc, 
the part which is not contiguous to either of the other two is 
called the Middle part, and the other two Oppoſite extremes. 
For example, if the three parts be the complemeat ot the hy» 
pothenuſe BC, the complement of the angle B, and the hide 
BA; Gnce theſe three ate contiguous to each other, the com- 
plement of the angle B will be the middle part, and the com- 
plement of the hypothenuſe BC and the fide BA will be adjacent 
extremes : But it the complement of the hypothenuſe BC, and 
the ſides BA, AC be taken; fnce the complement of the hypo— 
thenuſe is not adjacent to either of the ſides, viz. on account 
of the complements of the two angles B and C intervening be- 
tween it and the fides, the complement of the hypothenuſe BC 
will be the middle part, and the ſides, BA, AC oppoſite ex- 
tremes. The molt acute and ingenious Baron Napier, the in— 
ventor of Logarithms, contrived the two following rules con- 
cerning theſ- parts, by means of which all the caſes of right» 
angled ſpherical triangles are reſolved with the greateſt eaſc. 


RJ: & J. 


The rectangle contained by the radius and the ſine oſ the 
middle 
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middle part, is equal to the rectangle eontained by the tangen; 
of the adjacent parts. 10 


CY IS 26 


The rectangle contained by the radius, and the ſine of th: 
middle part is equal to the rectangle contained by the co- 
ſines of the oppoſite parts. | 

Theſe rulcs are demonſtrated in the following manner. 
Firſt, Let either of the ſides, as BA, be the middle part, and 

therefore the complement of the angle B, and the fide AC wil 

be adjacent extremes. And by Cor, 2 prop. 17. of this 8, BA 
is to the Co-T, B, as T, AC is to the radius, and therefore 

RxS, BA=Co-T, BxT, AC. Ris 

The ſame ſide BA being the middle part, the complement of 
the hypothenuſe, and the complement of the angle C, are op- 

ſite extremes; and by prop. 18. 8, BC is to the radius, as 5, 

A to 8, C; therefore RxS, BA=S, BCxs, C. | c 

Secondly, Let the complement of one of the angles, as B, be | 
the niiddle part, and the complement of the hypothenuſe, and 
the ſide BA will be adjacent extremes: And by Cor. prop. 20. 
Co-S, B is to Co-T, BC, as T, BA is to the radius, and there 
fore RxCo-S B=Co-'T, BCXxT, BA. ns LT Babe! 

Again, Let the complement of the angle B be the middle 

t, and the complement of the angle C, and the fide AC will 

Rare extremes: And by prop. 22. Co-S,.AC is to the ra- 

dius, as Co 8, B is to 8, C: And therefore Rx Co 8, BS Cod, 

AC xs, C. a e He . 

Thirdly, Let the complement of the hypothenuſe be the mid- 
dle part, and the complements of the angles B, C, will be adjz- 
cent extremes: But by cor. 2. prop. 19. Co 8, BC is to Co-1, 
C as Co-T, B to the radius: Therefore Rx Co 8 BCS Co-, 
BXCo-T, . | | | 

Again, Let the complement of the hypothenuſe be the mid- 
dle part, and the ſides AB, AC will be oppoſite extremes: 
But by prop. 21. Co-5S, AC is to the radius, Co-S, BC to Co-», 

BA; therefore Rx Co-&, BC=Co-S, BAXCo-S, AC. Q. E. P. 
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vents 


SOLUTION of the Sixteen Caszs of right= Fig. 16, 
angled Spherical Triangles, 


GENERAL PROPOSITION. 


* [N a right angled ſpherical triangle, of the three ſides, 
and three angles, any two being given beſides the 
and WM right angle, the other three may be found. 


Will 

Ba n the following table the ſolutions are derived from the prece- 
"My ding propoſitions, It is obvious that the ſame ſolutions may 
Ly be derived from Baron Napier's two rules above demonſtra- 


ted, which, as they are eaſily remembered, are commonly 
"pe uſed in practice. 


Caſe | Given [ought | 
rlacecls R: Cos, AC :: 5, C cos, B: And Bis 
| of the ſame ſpecies with CA,by 22.and 13. 


2 [AC, BC cos, Ac: R. Cos, B: 8, C: By 22. 


| 


2 _ 


N, e: cos, B : R: Cos, AC: By 22. and 
Nel AC is of the ſame ſpecies with B. 13. 


— — 


R: CoS, BA:: Cos, AC: Cos, BC 21.and 
f both BA, AC be greater or leſs than aj 
BC quadrant, BC will be leſs than a quadrant. 
But if they be of different affection, BC 
will be greater than a quadrant. 14. 


| Cos, BA:R :: Cos, BC; Cos, AC 21. 

c and if BC be greater or leſs than a qua- 
| Peng AC drant, BA, AC will be of different or the 
ſame affeCtion : By 15. 


4 7 
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6 1 8, BA: R T CA:T B. 17. and Bis 
5A, Ac 8 bene ſame affection with. AC, 13. | 
7 Caſe 
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Caſe | Given Sought; 
*. | | N | | | ; k 
ER: 8, BA:: T, B: T, AC. 17. AndACi; 
„ of the ſame affection with B. 13. 
8 [AC, BI BA T. B: R:: T, CA: 8, BA. 17. 
R: Cos, C:: T. BC: T, CA. 20. If BC 
| leſs or greater than a quadrant, C and} 
9 SC, C AC will be of the ſameor different affeCtion, 
; | 15. 13. x 
Cos, C: R:: T. AC: T, BC. 20. And l 
is leſs or greater than a quadrant, accor 
e, &f.0% ding as C and AC or C and B are of thi 
ſame or different affection. 14. 1. 
r, BC: R:: T, CA: Cos, C. 20. If BC 
| ide leſs or greater than a quadrant, CA 
11 C, CAC and AB, and therefore CA and C, are 
of the ſame or different affection. 15. 
| R: 8, BC: :8 B: 8, AC. 18. And AC 
12 C, BAC is of the ſame affection with B. 
13 AC, B BC 5, B: 8, AC:: R: 8, BC: 18. 
8, BC: R:: 8, AC: 8, B: 18. AndBi: 
14 [C, AC B of the ſame affection with AC. 
| | | uy 1 
T, C: R:: Co T, B: Cos, BC. 19. Ane 
\ {according as the angles B and C are 0 
1- 3 B, C | BC. different or the ſame affection, BC vil 
; b be greater or leſs than a quadrant. 14. 
5 —.— M4 Co8, BC: : T.C Co T, B. 19. 150 
16 [BC, C B be leſs or greater than a quadrant, C and! 


will be of the ſame or different affection: 15 


| 
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The ſecond; eighth, and thirteenth caſes, which are common- 
ly called ambiguous, admit of two ſolutions : For in theſe it is 
not determined whether the ſide or meaſure of the angle ſought 
be greater or leſs than a quadrant. 7 


PROP. . i. 16. 


[N ſpherical triangles, whether right angled or oblique 
angled, the fines of the ſides are proportional to the 
ines of the angles oppoſite to them. 


Firſt, Let ABC be a right-angled triangle, having a right 
angle at A; therefore by prop. 18. the ſine of the hypothenuſe 
eis to the radius (or the (ine of the right angle at A) as the 
toe of the fide AC tothe line of the angle B. And, in like man- 
ner, the fine of BC is to the line of the angle A, as the (ine of 
AB to the fine of the angle C; wherefore (11. 5.) the line of 
the fide AC is to the fine of the angle B, as the ſine of AB to 
the fine of the angle C. 

Secondly, Let BCD be an oblique-angled triangle, the fine 
of either of the ſides BC, will be to the fine of either of the 0- 
ther two CD, as the fine of the angle D oppoſite to BC is to 
the fine of the angle B oppoſite to the (ide CD. Through the 
point C, let there be drawn an arch of a great circle CA per- 
pendicular upon BD; and in the right angled triangle ABC 
(18. of this) the fine of BC is to the radius, as the fine of AC 
to the fine of the angle B; and in the triangle ADC (by 18. of 
this:) And, by inverſion, the radius is to the (ine of DC as the 
line of the angle D to the ſine of AC: Therefore, ex aequo per- 
turbate, the ſine of BC is to the fine of DC, as the ſine of the 


| angle D to the (ine of the angle B. Q. E. D. 


PROP. XXIV. Fi. 17. 18. 


N oblique-angled ſpherical triangles, having drawn a 
perpendicular arch from any of the angles upon the 

oppoſite fide, the co-fines of the angles at the bale are 

proportional to the ſines of the verticle angles. 


Let 


Fig. 17. 18. 
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Let BCD be a triangle, and the arch CA perpendicular 0 l 
the baſe BD; the co-ſine of the angle B will be to the co-ſine 


of the angle D, as the fine of the angle BCA to the ſine of the 
angle DCA. 


For by 22. the co-ſine of the angle B is to the ſine of the 
angle BCA as (the co-fine of the fide AC is to the radius; that 
is, by Prop. 22. as) the co-fine of the angle D to the bne of the 
angle DCA; and, by permutation, the co-ſine of the angle B 
is to the co-ſine of the angle D, as the ſine of the angle BCA 
to the fine of the angle DCA. Q. E. V. 


PROP. XXV. Fic. 17. 18. 


T ſame things remaining, the co-fines of the fidez 
BC, CD, are proportional to the co-ſines of the 
baſes BA, AD. 


For by 21. the co-ſine of BC is to the co- ſine of BA, as (the 
co-line of AC to the radius; that is, by 21. as) the co-ſine of 
CD is to the co-fine of AD: Wherefore, by permutation, the 
co- ſines of the ſides BC, CD are proportional to the co ſines of 
the baſes BA, AD. Q. E. D. 


PROP. XXVI. Fic. 17. 18. 


HE ſame conſtruction remaining, the fines of the 


baſes BA, AD are reciprocally proportional to the 
tangents of the angles B and D at the baſe, 


For by 17. the fine of BA is to the radius, as the tangent 
of AC to the tangent of the angle B; and by 17. and inverbon, 
the radius is to the fine of AD, as the tangent of D to the tan: 
gent of AC: Therefore, ex aequo perturbate, the fine of BA 1 
tothe fine of AD, as the tangent of D to the tangent of B. 


PROT 
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PR OP. XXVII. Fio. 17. 18. 


THE co-fines of the vertical angles are reciprocaliy 
proportional to the tangents of the ſides, 


For by prop. 20. the co-Hne of the angle BCA, is to the ra- 
dius as the tangent of CA is to the tangent of BC; and by the 
me prop. 20. and by inverſion, the radius is to the co-line of 
the angle DCA, as the tangent of DC to the tangent of CA : 
Therefore, ex aequo perturbate, the co line of the angle BCA 
is to the co-ſine of the angle DCA, as the tangent of DC is to 


the tangent of BC. Q. E. D. 


LE M M N Fic. 19. 20. 


IN right-angled plain triangles, the hypothenuſe is to 

the radius, as the exceſs of the hypothenuſc above 
either of the ſides to the verſed ſine of the acute angle 
adjacent to that ſide, or as the ſum of the hypothenuſe, 
and either of the ſides to the verſed fine of the exterior 
angle of the triangle. 


Let the triangle ABC have a right angle at B; AC will be 
to the radius as the exceſs of AC above AB, to the verſed fine 
of the angle A adjacent to AB; or as the tum of AC, AB to 
the verſed fine of the exterior angle CAK. 

With any radius DE, let a-circle be deſcribed, and from D 
the centre let DF be drawn to the circumference, making the 
angle EDF equal to the angle BAC, and from the point F, let 
FG be drawn perpendicular to DE: Let AH, AK be made e- 
qual to AC, and DL to DE: DG therefore is the co- ine of 
the angle EDF or BAC, and GE its verſed fine : And becauſe 
of the equiangular triangles ACB, DFG, AC or AH is to DF 
or DE, as AB to DG : Therefore (19. 5.) AC is to the radius 
DE as BH to GE, the verſed fine of the angle EDF or BAC: 
And fince All is to DE, as AB to DG, (12. 5.) AlN or AC 
will be to the radius DE as KB to LG, the verſed fine ot the 
angle LDF or KAC. Q. E. P. 


K Kk PROP, 
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DF. (18. 11.) 


CSL; therefore the plane CGL is at right angles to the plane CI 
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PROP. XXVIIL Fic. 21. 22. 


N any ſpherical triangle, the reQangle contained by 
the fines of two ſides, is to the ſquare” of the radius, 
as the exceſs of the verſed fines of the third ſide or baſe 


and the arch, which is the exceſs of the ſides, is to the 4 
verſed ſine of the angle oppoſite to the baſe. 1 
| The 

Let ABC be a ſpherical triangle, the rectangle contained by WM to tk 
the fines of AB, BC will be to the ſquare of the radius, as the the 
exceſs of the verſed fines of the baſe AC, and of the arch, which the 
is the exceſs of AB, BC to the verſed fine of the angle ABC of ( 
oppolite to the baſe. | ang] 
Let D be the centre of the ſphere, and let AD, BD, CD be fed 
joined, and let the fines AE, CF, CG of the arches AB, BC, by 
AC be drawn; let the ſide BC be greater than BA, and let BH the 
be made equal ro BC; AH will therefore be the exceſs of the WM the 
ſides BC, BA; let HK be drawn perpendicular to AD, aud tot 
fince AG is the verſed fine of the baſe AC, and AK the ver O. 


fine of the arch AH, KG is the exceſs of the verſed fines of the 
baſe AC, and of the arch AH, which is the exceſs of the fide 
C, BA: Let GL likewiſe be drawn parallel to KH. and let 
it meet FH in L, let CL, DH be joined, and let AD, FH mee: 
cach other in M. 

Since thereſore in the triangles CDF, HDF, DC, Dll 
are equal, DF is common, and the angle FDC equal to thc 


angle FDH, becauſe of the equal arches BC, BH, the bal: WF eq1 
HF will be equal to the baſe FC, and the angle HFD equal WM ſuu 
to the right angle CFD: The ſtraight line DF therefore (4 

11.) is at right angles to the plane CFH: Wherefore the plant 


CFH is at right angles to the plane BDH, which paſſes through 
In like manner, ſince DG is at right angles to ON 
both GC and GL, DG will be perpendicular to the plan: 


BDH, which paſſes through DG : And it was ſhown, that th 
plane CFH or CFL, was perpendicular to the fame plane 
BDH ; therefore the common ſection of the planes CTL, 
CGL, viz. the ſtraight line GL, is perpendicular to the plane wr 
BDA, (19. 11.) and therefore CLF is a right angle: In th: | 


triangle CFL having the right angles CLF, by the lemma 1 Bir 
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is to the radius as LH, the exceſs, viz. of CF or FH above 
FL, is to the verſed fine of the angle CFL; but the angle 
CFL is the inclination of the planes BCD, BAD, fince FC, 
FL, are drawn in them at right angles to the common ſection 
BF: The ſpherical angle ABC is therefore the ſame with the 
angle CFL; and therefore CF is to the radius as LH to the 
verſed tne of the ſpherical angle ABC; and fince the triangle 
AED is equiangular (to the triangle MFD, and therefore) to 
the triangle MGL, AE will be to the radius of the ſphere A), 
(as MG to ML; that is, becauſe of the parallels as) GK to LH : 
The ratio therefore which is compounded of the ratios of AF 
to the radius, and of CF to the ſame radius; that is, (23. 6.) 


the ratio of the reQtangle contained by AE, CF to the ſquare of 


the radius, is the fame with the ratio compounded of the ratio 
of GK to LH, and the ratio of LH to the verſed fine of the 
angle ABC ; that is, the ſame with the ratio of GK to the ver- 
ſed fine of the angle ABC; therefore, the rectangle contained 
by AE, CF, the fines of the ſides AB, BC, is to the ſquare of 
the radius as GK, the exceſs of the verſed lines AG, AK, of 
the baſe AC, and the arch AH, which is the excels of the hdes 
tothe verſed fine of the angle ABC oppolite to the baſe AC. 
Q. E. D. | 


PROP. XXIX. Fic. 23. 


HE. rectangle contained by half of the radius, and 
the exceſs of the verſed fſincs of two archey, is 


equal to the rectangle contained by the fines of half the 
ſum, and half the difference of the fame arcics. 


Let AB, AC be any two arches, and let AD be made. equs! 
to AC the leſs; the arch DB therefore is the ſum, and the arc! 
CB the difference of AC, AB: "Through AE the centre of the 
circle, let there be drawn a diameter DEF, and AL joined, and 
CD likewiſe perpendicular to it in G; and let BH be perpendi- 
cular to AE, and AH will be the verſed fine ot the arch AB, 
and AC the verſed fine of AC, and HG the excets of thete ver- 
led nes: Let BD, BC, BF be joined, and FC allo meeting 
BH in K. | 

Since therefore BH, CG are parallel, the alternate angles 
DKC, RCG will be equal; but KCG is in a icmicirele, an. 

K k 2 therefor 


* * 0 2 —— 
I _ 


be the verſed fine of the arch BA; but, becauſe of the ima 


Ge —— — 
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therefore a right angle; therefore BKC is a right angle; and 
in the triangles DFB, CBK, the angles FDB, BCE in the {ame 
ſegment are equal, and FBD, BKC are right angles; the tri. 
angles DFB, CBK are therefore equiangular; wherefore DF, 
to DB, as BC to CK, or HG ; and therefore the reQangle con. 
tained by the diameter DF, and HG is equal to that containeg 
by DB, BC; wherefore the rectangle contained by a fourth 
part of the diameter, and HG, is equal to that contained by the 
halves of DB, BC: But half the chord DB is the fine of half the 
arch DAB, that is, half the ſum of the arches AB, AC; and 
half the chord of BC is the fine of half the arch BC, which 1s 
the difterence of AB, AC. Whence the propoſition is maniſeſl. 


PROP. XXX. Fic. 19. 24. 


HE rectangle contained by half of the radius, and 
the verſed fine of any arch, is equal to the {quarc 
of the fine of half the ſame arch. 


Let AB be an arch of a circle, C its centre, and AC, Ch, 
BA being joined: Let AB be biſected in D, and let CD be 
joined, which will be perpendicular to BA, and biſect it in E. 
(4. 1.) BE or AE therefore is the fine of the arch DB or AD, 
the balf of AB: Let BF be perpendicular to AC, and Af will 


triangles CAE, BAF, CA is to AE as AB, that is, twice AL to 
AF; and by halving the antecedents, half of the radius C:\ 1s 
to ALE the ſine of the arch AD, as the ſame AE to AF the te 
jed hne of the arch AB. Wherefore by 16. 6. the propolitici 
25 manifeſt. 


P-R O P. XXXE FIS. 25. 


N a ſpherical triangle, the rectangle contained by tlic 
ſines of the two ſides, is to the ſquare of the radius, 

as the rectangle contained by the fine of the arch which 
is half the ſum of the baſe, and the exceſs of the ſides, 
and the fine of the arch, which is half the difference 0! 
the ſame to the ſquare of the fine of half the angle oppo- 


{ite to the baſe, 
Let 
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Let. ABC be a ſpherical triangle, of which the two ſides are 


B. BC, and baſe AC, and let the leſs ſide BA be produced, 
o that BD ſhall be equal to BC: AD therefore is the exceſs of 
BC, BA; and it is to be ſhown, that the rectangle contained 
y the fines of BC, BA is to the ſquare of the radius, as the 
«tangle contained by the fine of half the ſum of AC, AD, 
zd the fine of half the difference of the ſame AC, AD to the 
ſquare of the ſine of half the angle ABC, oppoſite to the baft 
AC. | 

vince by prop. 28. the rectangle contained by the ſines of 
the ſides BC, BA is to the ſquare of the radius, as the exceſs 
the verſed fines of the baſe AC and AD, to the verſed finc 


of the angle B; that is, (1. 6.) as the rectangle contained by 


alf the radius, and that exceſs, to the rectangle contained by 
aal the radius, and the verſed fine of B; therefore (29. 30. of 
bis), the rectangle contained by the fines of the ſides BC, BA 
to the ſquare of the radius, as the rectangle contained by the 
ine of the arch, which is halt the ſum of AC, AD, and the 
ine of the arch which is half the difference of the ſame AC, AD 
to the ſquare of the fine of half the angle ABC. Q. E. D. 
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SOLUTION of the twelve CAsEs of oblique 
' angled SPHERICAL TRIANGLES, 


GENERAL PROPOSITION. 


N an oblique angled ſpherical triangle, of the three 
des and three angles, any three being given, the o- 
ther three may be found. 


Given 


** 


1 


B, D, and 
BC, two an- 
gles and a 
ſlide oppo- 
ſite one of 
them, 


Sought| 


* —_ * 2 


C. 


different affection. 


— — .__ 2» — 


CoS, BC:R +: Co T, B: T, BCA 
19. Likewiſe by 24. Co 8, B > 8, BCA 9 
Cos, D: 8, DCA; wherefore BCD i: 
the ſum or difference of the angles DCA, 
BCA according as the perpendicular CA 
falls within or without the triangle 
BCD; that is, (16. of this,) according 
as the angles B, D are of the ſame o 


2 


, E, and 
BC two an- 
gles and the! 
f de between 
them. 


— — —ü— — — a — 6 n 


Cos, BC: R: Co T, B: T, BCA, 
I 9. and alſo by 24. 8, BCA : : 0, DCA :: 
Co 8, B: Co 8, D; and according as theſ 
angle BCA is leſs or greater than BCD, 
the perpendicular CA falls within o 
without the triangle BCD; and there 
fore (16. of this,) the angles B, D wil 
be of the ſame or different affection. 


— 
— — — — 


1 —— CL” 


R:iCoS 8: iTBC:T; BA. 20. 
and Cos, BC : Co 8, BA : : Co 8, 
DC: Cos, DA. 1 and BD is the ſum 
or difterence of E DA. 


mm rn — * — — — | 


R :CoS, B:: T, BC: T, BA: 20. 
and Co 8, BA: Cod BGS: : C8 Te 
Co 8, DC. 25. and according as BA, 
AC are of the ſame or different aſfec- 
tion, DC will be leſs or greater then, 


— —— 


— 
* 


a i quadrant. 14. 


= » _- - 
<—— ——_ — — _ 


OI — 


- * — - 
a — — 
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* * 


Given. Sought. 


— 


ande: TBA: 26. 
and T, D: T, B:: 8, BA: 8, DA 26. 
and BD is the ſum or difference of BA 
DA. 


— — — — 


5 B, D and DB. 
Ahh 
PO" HUE REY FLITW 
61. -BC, BD 4 D, 
and B. 
71. BC, DC | C. 
land B. 
| 
6 B, C and [DC. 
BC. 
| 
þ 
| 
9 BC, DCI. 
land B. ” 
10 B, D andj|pC. 
BC. 
7 BC, BA, | B. 
AG: 
Fig. 25» 
| 
| 


Gm — 
1 


NK : Co S,; B; T, BC: T, BA. 20. 
and 8, DA: 8, BA:: T, B: T, D; and 
according as BD is greater or lets than 
BA, the angles B, D are of the ſame or 
different affection. 16. 


—— 


Co 8, B: R:: Co T, B: T., BCA. 
io and 1, De; 1, BC :: Co 8, {BCA : 
Co 8, DCA. 27. the ſum or difference of 
the angles BCA, DCA is equal to the 
angle BCD. 


B 


S ee, , BCA 


::; T. BC: T, DC. 27. if DCA and B de 
of the ſame affection; that is, (13.) it 
AD and CA be ſimilar, DC will be lets 
than a quadrant, 14. and if AD, CA be 
not of the ſame affection, DC is greater 
than a quadrant. 14. 


— —_— 


19. alſo by 27. Co 8, DCA: Co8, BCA 


* — 
1 


S.CD:$S,B:: 8, BC : 9, D. 


— 


8, D: 8, BC: : 8, 5:8, De. 


—— C _—Y 
8 


— »» 


8, AB * 8, BC: Ry: : 8, AC + AD 


8, AC—AD : Sg, ABC. 8ce Fig. 25 


AD being the difference of the ſides BC, 


BA. 


— A 


| 
| 
| 
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Given. Sought. 


See FiG. 7. 
12] A, B, C.] The In the triangle DEF, DE, EF, PI 
Fig. 7. | ſides. are reſpectively the ſupplements of thi 
meaſures of the given angles B, A, ( 
in the triangle BAC; the ſides of th 
triangle DEF are therefore given, ant 
by the preceding caſe the angles D, E 
F may be found, and the ſides BC, BA 
AC are the ſupplements of the mea 
ſures of theſe angles. 


. 
The 3d, 5th, jth, gth, r1oth, caſes, which are commonly c 
ed ambiguous, admit of two ſolutions, either of which will at 
ſwer the conditions required; for, in theſe caſes, the meaſuiY 
of the angle or fide ſought, may be either greater or leſs than 
quadrant, and the two ſolutions will be ſupplements to each 
ther. (cor. to def. 4. 6. PI. Tr.) | 

If from any of the angles of an oblique-angled ſpherical t: 
angle, a perpendicular arch be drawn upon the oppoſite 11d 
moſt of the caſes of oblique angled triangles may be reſolved 
means of Napier's rules. 
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